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ABSTRACT:: Data fmm 190 CF4 plots located in southern and west-cenaal Indiana are used 
to develop a stmd density diagmm for sawtinnber-sized mixed lapland h r~dwods  in the 
Central States. The stand density cfiagmsra utilizes the concepts of self-thim-iing to establisfi a 
maximum size-density curve, and the stocking standards of Ginpi& (1967) to fornulate 
intermediate stmking levels. Like Gingric5's diagram, the stand density diagram can be used 
to deternine  inning needs and other intensive managemerlt operations. Aefcbitionally the 
diagram has the ahantages of relating volume rather than basal area to stand density and is 
organized in such a manner as to allow stand development patterns to be followed and 
predicted. Simulation runs from the Central States version of W I G S  are used to compare 
stand developnnent ~djectories on the density managemnt diapam versus the tradtionai 
stocking & a p m .  

The detemination of cziite~on for the expression of stand density or stcxking has been a 
frequent subject of forestry esewch. 'Fhe mast widely used stocking s~nda rd  in the Central 
States is the tree-area equkttion r9eveloped by Gingich (1967), GingPich developed stocking 
standrmis fbr upland h a r d w d  forests by utilizing tree-area ratios (Chisman and Schumacher 
1940, Krajicek ea al. 1961) for uees Down in natural stands uradec competition, and grown in 
open conditions free from competition. The me- wca equations express growing space (i-e. - 
tree i~eri) as a function of ~~uxnher of trees, sum of dianleters, and sum of diameters squared. 
Gingrich presen~eed his results in the form of stocking guides based on number sf stems per 
acre, basal area per acre, and quadratic mean sand diameter (Fig. 1). 

Gingrich's stmking guide, and others of similar fomaa (Solomon and Leak 1969; Roach 
1977; TubRs 1977; Hllibbs and Bentley 19831, are widely used by practicing foresters in the 
East as a basis for cfeciding thinning needs, residual basal m a s ,  and intensive management 
practices in even-aged smds  (Leak 1981). A major reason for the wide utility is that the 
smdards are not consider& to be signifificar(,t!y influenced by site quality, stand age, or s m d  
smcture (Gina&ckr 1967). 
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Densly QStemslAcre) 
figure I. GingYich's (1967) Upland Cewml H w d w d  stocking guide. 

In an dtemative approach to the expression of optimum stand density and stocking Drew and 
FlewelXing (1977) u~l ized  concepts developed by Japanese scientists ro & t e d n e  size-&nsity 
and yield-density relationships. By zcognizing the relationship between a given density 
(stems per unit area) and the maimam marn tree size (weight or volume) a maximum 
size-densixy relationship utilizing the -312 power rule of self- thinning (Yo& et al. 1963) was 
developed. Fusther recognizing there are regions of both rmdom and compedeion induced 
xnomlity, the zone of imminent competition mortality was identified (approximately .S 1 
rat~imram six-densiey). Then locating the pi nk  of crown closure (.I5 mrnxiaunn 
six-density) Drew and Flewelling developed a density d i a ~ a m  for Radiau Pine based on 
density and m a n  me volume (cubic feet), thus providing fearesters with a simple biological 
model relating stand density and yield at my stage of stmd development. This concept of 
stakad density management has also been applid to Douglas-fu (Drew md Flewelling %979), 



western hemlmk (Fbwelling, Wiley, md  h w  lf380), westen: ~dcedtlrr (Smith 1989), and to 
natural mixed deciduous f o ~ s t s  in Japan (Kkuzawa 1982). 

Like the stocking guides developed in the East the stand density diagrams developed is the 
West apply to dl stages of stand development (Drew and Flewelling 1977), aaad have the 
ad&tic)nal dvaneage, through the use of volsme, of provl63ing a PPtrcsler with a simple 
biological model relating density and srand c9evelopmene to yield (Drew and ReweiTing 1977). 
In this paper we develop a stand density diagram for sawtimber-sized mixed upland 
hardwoods in  the Cenmd States md use simulations from the Cenrral States version of 
TWIGS to compare stand development trajectories an the traditional stacking diagram versus 
the density mmagernent diagram. 

DATABASE 

Data from 190 0.2-acre Condnuous Forrest Inventory (CFI) plots located throughout southern 
and west-central. Endima were utilized to formulate tahc density relationships. The wd lands  
are typical of the unmanaged or under- managed mixed species woodlands found throughout 
the Central States. fn the early 1"35D's, when m:iny uf the CFI plots were established the 
w d s  were understt~kd, ofterl the result of previous high-grading, Since then only limited 
inrprovernent cutting or timber srand improvement ('H'SI) have been done. 

%he data collected an the CF1 plors at each measurement include plot characteristics as weil 
as me: charactepdstics. Trees are divided into two classes: sawria~tber Q 9.0 inches dbhj and 
poletimber (3.0 inches dbh rtp 8.9 inches dbh). The polctimber data were not collectec$ during 
df nneasurement: perids and therefoft: ;an: not used in this study (thus restricting the scope of 
this paper to sawtimber-sized strtr~ds). The span of nreasurement ranges from 9 to 30 years. 
The measurement intervals range between 3 and 14 years with an average of 5 yeas. A totd 
of 919 plot measuxments are utilized in this study. For a con~plete desc~ptian of data 
collecti6)n and the waKd1ands see Schrmring and Fischcr (1982), Rseher and Rerstxaw (1955), 
and Fischer (1986). 

The species coinposition of these plots was fairly typical of c e n ~ a l  h a r d w d  stands (Table 
I). White oak. (Quercus Q ~ Q  k.) average 15% of she stems per plat. Yellow poplar 
(Lirs'c?d~rtciron talipfera I.,.) averaged 12%. A~nerican beech (Fagus gr~ndtfolia Ehrh.), sugar 
maptple (Acer saccharm Mash.), and hickorgr (Carya spp.) each represen~d an average s f  
1 1 %  of the sterns, Black oak (Quercm nigra L,), and northern red oak (Qra6ircu.s rubrca L,) 
represented 10% and 8% respectively. White ash (Frayinus americaaza k.) averaged 5% abd 
black walnut (Juglaras raigra L,) averaged 3%. The remaining species included Pnmeecara 
basswood {l'k'lda utaericana L.), eastern cottonwmd (PupuHlds deltoidex Brertr. ex Mxsh.), 
black cherry (Prgnus serorina Ehrh.), elm (kflmids spp.), black locust (Rohirtira! psowioacada 
L.), chitaijuapin oak [(CPererc~ mudzde~lhergii Et-tgelm.), pin oak (Quercus gaftdsrris Mue~~chh.). 
sassafms (Sassr.Ilfri~.~ alhiduot QNutt.) Nees), and red ~naple (ACCP. r~brunt L,). All 
nom~t~c!ature follows Kmesz and Kartcsz 6 1 980). 



Table I .--Average percent ds~berrion of stemsiplor by species and diameter class for mixed 
ilpland central hardwood CFX plots Icacased in solathem and wesf-cen~d Indiana. 

Species .-- Diameter C l a s s  

10 12 ---- 14 16 18 20 22 24 26 28+ Total 

W h i t e  A s i i  1.95 1.56 0.79 0.23 0.20 0.18 0.18 0.02 0.06 5.23 
AmBeech 1 . 5 0  1.38 2-22 0.89 1.20 1.60 0,75 0.77 0.67 0.49 15.97 
Hickory 3.88 3.22 2.23 1.01 0.54 C.43 0.06 0.56 0.02 19.45 
Su. Maple 2.84 2.72 1-56 0.97 0.79 0.57 0.73 0.30 0.12 10. SO 
N Red Oak 2.13 1.52 1.20 C.69 0.51 0.65 0.36 0.28 0-10 0.15 7.80 
Black Oak 1.60 2.78 2.09 0.97 0-49 0.73 0.39 0.32 5.24 0.44 15.55 
White Oak 2.37 2.53 2.55 1.82 1.40 1.16 0.51 0.59 0.36 0.88 14.14 
Y .  P o p l a r  3.7'5 3.63 2.09 1.16 0.71 9-30 0.26 0.06 0.06 0.12 12.14 
B1.Wa:nwt 1.03 0.81 0.41 0.53 0.12 0.14 0.08 0.02 3.14 
Misc. 3.61 3.47 2.65 1.09 0.48 0.36 0,10 0.04 0.04 0.04 14.41 

Total 2 5 . 6 8  24.63 17.01 9.63 6.65 6.12 3.43 2.49 1.68 2.67 100.00 

DERIVATION OF 'h'B-XE RELATIVE DENSITY INDEX 

As stated above the maximum size-density relationship utilizs the -312. power law of 
self-thilsnrng to identify the maximu~n average nee size obtainable at a given dei'tsity (Drew 
and Fleweiling 1977). The maximum size- density relationship is defined as the natural 
log-log relationship between mean tree voihtrne and trees per acre: 

where, 
- In =: natural _log, 
V,,,, = Maximum mean tree volume, 

C = i f  constant, 
and N = Number of trees per acre. 

By solving ( I )  for M N )  the following is obtained: 

or (by taking the antilog): 

By substituting the cwenl  mean tree i~o2urne, V, into (3) an expression for she maximum 
n u d e r  of trees that can suppon the cumat mean tree volume is thus obtained. The relaGve 



Density (StemslAcre) 

Figure 2. Natuwl log-log plot of board foot volunle (Doyle)/st;em over sensity 
(stex-ilslacre) sklowing the location sf  the maximum size-density line. Based on 190 CFI 
plots Ictcated in southern and central Indiana. 

density index (WDI) is calculated as the ratio of ctjsrent number of trees per acre, W. to the 
nraximum number of trees per acre, N,,, that can support the current mean tree voluxne: 

Since mean tree volum, V, is simply VIM, where V is total volume per acre, (3) can be 
substituted into (4) and sin~plidied to obtain: 
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For csamvenience RDI can be multiplied by 100 so that relative density is expressed as a 
percentage of mwimum density rather than a fraction. In the diagram dcvebped here RDI is 
expressed in this xraanner. 

Since these is no statistical p r ~ ~ e d u r e  to eseimrate maximum =lationships, the constant, C, is 
typically found by placing (4j across the obsewed na~xima on a. natural fog-log gaph of mean 
tree size (vslnnne or weight) over number d trees per acre, and inteqofating (Drew and 
Flewelling 1977). B;or each plot, mean board foot volunle over nuxnl?er of trees per acre was 
plotted on a natum1 Hog-'log scale (Fig. 2). As can be seen from figure 2 there appears to be a 
maximum mean tree size (bomd foot vobtne Doyle) obtainable for a given density (number 
of trees/acre). @umtification of the maimurn size-density relationship was accomplished by 
consticting lines with slopes of -312 at various intelrcepts until it appeared to represent the 
observed maximitm (Fig. 2). The line placed across this maximum was inee~greted to be: 

The line selected was &ought to be a more obvious nnaximum because of the developnaental 
pattern of the plots rather than across the highest point as done in previous ~k~idies (Drew and 
Flewelling 1977, 1979; Flewelling, Wiley, and Drew 1980). Placing b e  maximum 
size-density line to allow stands to exceed the maximum size-density relationship temporarily, 
and thus becorrning "overstwked" reflects the thinjking of Gingrich (1967) and appears 
reasont4kPle. 

The coefficients; in (6) can be rearranged as before to obtain expressions for maximum density 
(N,,) and relative stand knsity (RDI). The expression for maimurn density (3) becomes, 

DEVELOPWWT OF 33333 DENSmY MANAGEMENT DIAGRAM 

A relative density measuhe suck as Wf. is not very useful unless it is pmserated 
diagrmaticdfy relation to easily measured s m d  parmeters. The relationship between 



meam tree volrame, density, and either basail a e a  or quadratic mean dihmeter was cxamined in 
a variety of equation fomzs, @anasfc9mtior~s, and aveighting schemes. The equations were 
compa~ed on the basis of Fmivd ' s  Index (4961) md ~sidtral  analyses. The following 
equation was selected as "best" based an the above criteria: 

where, 
V, 16 agt: as defined above, 
BA = Basal h a  (sq. ft./acre), 

and b,s are repssion parameters, 

The pahmeter estimates, stmdad errors, and approximate t values are given in table 2. All 
pameter  estimates were significant at the .01 level, the adjusted It2 was .63 and the root 
MSE was 41 (bd, ft-isten~). This equation will be subsequently used to establish quahatic 
mean &ameter contours on the density management &agram. 

MohtaIixy trends were not always as obvious as they were in the data used by Drew and 
Flewelling (1977, 1979) p ~ m ~ l y  because of the initial under-stocking and subsequent partial 
c~itting of many of the plots; therefore, another set of relative densiiy criteria needed to be 
utilized. The stocking sranbrds of Gingrich (9967) was thought to be the most logical 
criteria tr> examine. 

Table 2.--Para~ne&r estimates, srandasd emrs, and approximate t values for equation 9. 

Parameter Estimate Standard  E r r o r  t -value  

Gingxdch's stocking standards were q an slated onto the maximum size- density rejarionship 
utilizing the tree-area quaeons developed by Gingrich and equation (9). Because Gin,gich 
did not provide an quation far the C- line, the equation was derived by interpolating points 
from the sawking diagranl and fitting a simple quadratic equation. The resulting equation 
was: 

The Et2 was .97 md the root MSE was 4.5 (sq. ft.). Figure 3 shows the relationship between 
the msucimum size-densiv c w e  and the stocking s tandds  of Gingnich. Based on the 
equations developed here the maximum size-density curve and the A-line art: almost 
equivalent over the range OF data in which the size-density relarionship is most evident (45 - 
1043 aeesIacm). As a result of this relationship the density management &agram and the 
stocking guide are essentially equivalent merely representing a eransfomation. The f ind 
density management ditagam is shown in figure 4. The A-tine was not included because of 
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Density (StemsiAcre) 
Figure 3. Density managexraent diagram for mixed upland hardwosd sawtimber- sized 
stands (An 8.5 X 18" copy of this diagram is available upon request from the Authors). 

it's eequivdence to the maximum size-density line (300% relative density Bhne). 

APPLICA-OMS &ZF THE DENSRU MANAGEMENT DWGRAM 

GS (The Wdsman ' s  Bdeal Growth Simulator) was used to develop a series of examples 
with which to coqase the density management diagram with the stwking guide in 
relationship to stand development patterns. A stand of average composifion was developed 
from the Feldun Purdue Agricultuml Center (ELPAC) CFI database (Fischer et al. 1984). 
Three initid stand Bensity levels were selected: HOW - 25 trees per a m ;  average - 56) trees per 
acre; and high - BW mes per acre. The low and high densities Rpresennt the hinge for srxarjse 
of the CFH plots. 
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Density (StemslAcre) 
Figure 4. Plot of the mmlimum size-density relaeionship showing the lwation of the 
stocking criteria of GinMch (1967). 

In the first set of p w &  simulations (fig. 5) the stands were allowed to develop wiihaut ihe 
influence of ingowth. As can be seen from figure 5a the development of the low density 
stand is somewhat erratic, while the development of the high density stand is a rather smmth 
~ a j e c t o v  along the mmimum size-density curve. This agrees with the theories of  Drew and 



Density (Stems/Acae) 
B. Stocking Guide 

Figure 5. Compap.isons of stand development trajectories on the stocking guide versus 
the density mmagemena diagram using simulahon results from 
accounting for ingowh. 

=welling (1977) in which stmds below the B-line are subject to "random" nzonality, md, 
therefore, have more erratic development pattern; while srmds above the E-line expe~ence 
"competi.bion-indued' modity, and have more p~&ctable ps~ttems. Conng~ng the same 
data plotted on the stmEng guide (Fig. 5b) the trajectoGes are not nearly as obvious anand it is 



very difficult to discem exactly what stand deveIopment processes are uccur~ng especially 
with the high density stand. 

Density (S!%rnsiAcre) 

A. Density Management Diagram 

Oensity (SremsNlcfe) 
9. Stocking Guide 

Figure 6. Compatdsons of stand development trajectories on the stocking guide versus 
the density management diagra~t~ using simulation results from TWGS adding i n ~ o w t h  
at an :werage rate by species and density. 

In the second sea of sinmudations (Fig. 6) ingowrh was allowed to influence stand 
developrment. laapowth was d d e d  at an average rate (percentage) by species and density 
level as sonnputed froan the FELPAC database (Fischer ea d. 1984). In this set of simulations 
the s m d  development processes are ag&n more clearly reflected in the density mmagement 
wajectaries. The stocking guide trajectories for the %ow and average initid densities do make 
sense; however, on the density mmagement &agmm the process of self-thinning is more 
evident. Above a relarive density of 80 self-thinning is the major stand development process 
occurring in these simulated stands. On the density management diagram the results of self- 
rhirilning are illusuated by the "bend" in &a*jeetury and the movement along the maximum 
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size-density curve. On the stwKng guide the "bend"' occurs but is not as pronoulaced and the 
stand developmnt processes are not as easily iinesp~eted, 

Finally, the last set of simulaa3ions inthduce paxtid harvesting into the stmind devebpment 
history, Using the high density stand a series of 1, 2, or 3 partial hmests are sirnulard to 
illus~ate the use of the &agams for making mmagement decisions. Cuts are made initial 
and at 25 year innrtewals. Alf hasvests attempt to reduce the relative density to the B-line. In 
this set of simulations both diagrms do an excellent jab at depicting the send development 
processes ;uld management activities (Fig. 7). In this case the major advmtag;e that the 
density Inanagernene &agmm has over the stocEcing guide is the depiction s f  relative density 
in terms of volume and stems/acre. Since foresf managers typ?icdly manage for volura~e being 
able to view managemetlt decisions and stand development in terns of volume is ex~ennely 
advantageous. 

DISCUSSION AND &IONCLUSEONS 

The relative density diagram presented in figure 4 provides practicing foresters with a 
valuable nlanagement tool relating volume yield per tree to stand density. The significance of 
this work t~ the problem of forest stocking evduation cannot be underestimated. Results of 
intermediate operations can now be examined in the units of interest to foresters managaging 
timber: volurne and trees per acre rather than in basal m a ,  

The density mmagennent diagram integrates relative stocking and stand development theory 
providing foresters with a tool that not only adlows point estimation of stocking but also 
serves as a stand mnitofing system in which stand development and kaunaent can be mced 
throughout the stand management history. As the Iandbase avdiable for cornmcsdity 
production continues to decrease foresters are going to need to intensify management efforts 
on the remaining acxage. This effort is going to require the <fevelopment and 
implementation of innova~ve management techniques and plans. Utilizing this diagram as a 
diagnostic and mo~toring tool should enable fo~s ters  to better evaluate mmagement 
activities and develop a more adaptive approach to stand mmagement. 

The relative density measures presented here do not depart fPom the measures developed by 
Gingrich (1967) but are a trmsfomaaion of Gingrieh's stmdards and an incorporation of the 
ideas of self-thinning and maximum size-density. The density management diagram is a 
simple biological model relating yield and density at any stage of s a d  development, and, 
dthough the thwreticd constancy of the self-binning slope (-312) has come under criticism 
(Weler 1987, Zeide 1987), the utility of these diagrams for monito~ng stand development 
a d  making manament  decisions should not be overlaoked (Smith 1989). Ad&tiona!ly, the 
criticisms do not ~ j e c t  the concept of self-thinning, but rather question whether the slope of 
the maximum size-density curve should be constant for a?E species. 

A potential shofl.coming of this &agm is the Back of infomation about mes less &an 9-8 
inches dbh. It needs to be emphasized that tfhs diagram i s  for sawtimber-sized stands. 
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A. Density Management Diagram 
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£3. Stocking Guide 

Figure '7. Comp~sons  sf stand development ~ajecturies on the stocking guide versus 
the density managenlent diagmm using simuliatian results from W I G S  illustrating the 
influence of management waivities on stand development. 

Stands which fall below the @-line are considemd understaeked in sawtimber-sized mes and, 
therefore, not sawtimber-sizd stands. Ia should also be pointed out that Cingrich's (1967) 
stocking ehaa only utilizes trees within the main canopy & - dominant or c d o ~ n a n t ) .  So 
even though &ees down to 2 inches dbh wem utilized, very few would be conBibuting to the 
overall percent stocking in sawtimber-si& stands. Ad&tionally, the density management 
&agam is based on mercharpsable volume; therefore, inclusion of trees below 9,O inches dbh, 
which have litde or no mexhantable volume, would hwe little or no effect on relative density 
because mean ~ r e e  volume will decrease propopfiondndly as the number of trees with no volume 
increase. Manas~nent guidelines for nsn-srpwpirnber-sized stands are definitely a gap in our 
stand mnagement kraowldge in the central hardwoods. 

Fwther deveicjpment of the maximum size-density xltationship presented here, including Hhe 
isrcc~rporation of qudity rel;at& infomation, will be irnpamnt future improvements. Much 
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work continues to be needed in the area of optimd stand density and yield in mixed upland 
hadwods. This work ~ p m s e n t s  a f ia t  Step in linking the :wo toge&er. 
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