Direct Sampling for Stand Density Index
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A direct method of estimating stand density index in the field, without complex calculations, would be useful in a variety of silvicultural situations. We present

ABSTRACT

just such a method. The approach uses an ordinary prism or other angle gauge, but it involves deliberately “pushing the point” or, in some cases, “pulling
the point.” This adjusts the usual limiting distances in prism sampling to match the limiting distances required for sampling with a specified stand density factor
(SDF). The estimate of stand density associated with a point is just the number of trees tallied times the SDF; no diameter measurements are needed. We give
guidelines on choosing an SDF on the basis of expected stand characteristics and equations for calculating the limiting distances and the amount of “push.”
Field implementation of the resulting method is exiremely fast and simple.

Keywords: Reineke, relative density, density management diagram, horizontal point sampling

cultural, forest health, and habitat management applications

(Long 1985). Reineke’s (1933) stand density index (SDI),
along with related density measures such as those of Curtis (1971)
and Long and Daniel (1990), has proven valuable and enjoys en-
during popularity.

Zeide (2005) calls Reineke’s SDI “the best measure we have” for
evaluating stand density but bemoans its dismissal by such author-
ities as Spurr (1952, 282), Bickford et al. (1957), and Avery and
Burkhart (2002, 324), in part on the grounds that basal area is
simpler to measure than SDI. Basal area can, of course, be measured
simply by multiplying the number of trees tallied at a prism point by
the basal area factor of the prism used (Bitterlich 1948, Grosen-
baugh 1952). By contrast, methods for obtaining SDI have relied on
charts or on mathematical computation but have always required
postprocessing of inventory data after data collection is complete.
Stand prescriptions and density management recommendations
written in terms of SDI must often be converted back to basal area
for practical use (Zeide 2005). A direct method of estimating SDI in
the field would be quite useful but has so far remained elusive.

Here, we propose just such a direct method. The approach in-
volves modifying prism sampling by deliberately “pushing the point”
(Oderwald and Gregoire 1995). Ordinarily, pushing the point is an
error. We push the point (or, in some cases, do the opposite by
“pulling the point”) by a specified amount to change the basal area
factor (BAF) of the prism to a stand density factor (SDF). The
resulting field procedure is extremely fast and simple; stand density
index at a point can be calculated by multiplying the number of
tallied trees by the SDF, without any tree diameter measurements.

I “oresters need a measure of stand density in a variety of silvi-

Stand Density Index
Reineke (1933) proposed a stand density index for even-aged
stands of the form

SDI = TPA X (QMD/10)* (1)

where SDI is stand density index, TPA is trees per acre, QMD is
stand quadratic mean diameter (in.), and R is an exponent that is
constant for a particular species and independent of site and age.
Reineke (1933) suggested R = 1.605 for several western conifer
species. We will use that value of R for the specific recommendations
and tables presented in this article, although our approach general-
izes easily when R takes a slightly different value.

Long and Daniel (1990), building on earlier work by Stage
(1968) and Curtis (1971), suggested that for uneven-aged or irreg-
ular stands a modified form of SDI might be more appropriate:

SDI = XTPA, X (D,/10)F (2)

where the summation is over diameter classes in a stand, TPA, is the
number of trees in the 7th diameter class, and D; is the dbh of the ith
class. Although the additive form of SDI in Equation 2 has some
appealing properties (Shaw 2000), field evidence of an improve-
ment over the original form remains weak (Ducey and Larson 2003,
Woodall et al. 2003). In an even-aged context, however, where the
stand diameter distribution is not too broad, Equations 1 and 2 give
nearly identical values of SDI (Long and Daniel 1990, Ducey and
Larson 2003, Long and Shaw 2005), and that result is critical for the
sampling strategy developed here. Ducey and Larson (2003) de-
velop exact relationships between the two density indices when the
stand diameter distribution is a Weibull; the discrepancy is generally
less than 10% until the distribution approaches a reverse-J shape.
Their calculation also assumes that all diameters of trees (down to
those with a minimal dbh) are included in the density estimate; the
discrepancy would typically be less if small trees were excluded.
Ordinary cruise data, such as prism sampling data, give estimates
of the original form of SDI that have a bias that varies with sample
size (Ducey and Larson 1997). That problem is not shared by the
additive form (Ducey and Larson 1999), but both forms require that
the raw data be processed to give estimates of stand QMD, or of
TPA by diameter class, before SDI can be estimated. This has lim-

ited the usefulness of SDI in situations where an “instantaneous”
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Figure 1. Area of the inclusion zone and critical distance (or radius of the

inclusion zone) for ordinary prism cruising with a BAF 20 prism and
sampling with probability proportional to stand density index with a stand
density %cfor of 25. Critical distances are the same as those given in Table
1. BA, basal area.

density measure would be helpful, for example in controlling the
marking of a uniform thinning,.

Prism Sampling and SDI Sampling

Intuitively, each tree tallied in prism cruising represents the same
amount of basal area per acre (the BAF) because prism cruising
samples trees with probability proportional to the basal area of the
tree. More specifically, recall that the basal area of a tree is
0.005454D%, where D is dbh (in.) and 0.005454 includes a factor of
/4 and unit conversions from in.” to ft*. Recall also that the prism
or other angle gauge is used to judge a “limiting distance” L = kD,
where L is the limiting distance in feet, and # is a constant deter-
mined by the diopter of the prism or the angle of the gauge. If the
tree is closer than that limiting distance, it is tallied; otherwise, it is
not. The inclusion zone is an area centered on the tree; if the sample
point falls inside the inclusion zone of the tree, it is tallied, and
otherwise, it is not. The inclusion zone is a circle with radius Z, so its
area (in ft®) is L7 or wk°D?. The expansion factor (EF), or number
of trees/ac that a tallied tree represents, is as follows:

EF = 43,560/(mk*D") (3)

where 43,560 is a conversion factor with units of ft*/ac. When we
multiply EF by the basal area of one tree, to obtain the basal area one
tallied tree represents, we obtain the equation

BAF = EF X 0.005454D" = 43560 X 0.005454D%/(mwk* D) 4)

which is a constant because the factors of D? in the numerator and
denominator cancel, leaving only unit conversion constants and the
number # that determines the BAF of the prism. The original and
still classic work tying this fundamental result to probability sam-
pling, and firmly establishing the unbiasedness of prism sampling, is
Grosenbaugh (1958).

Look again at Equation 2. The contribution of an individual tree
on an acre to SDI is (D/10)% = (D®/10%). To obtain a sampling
method in which each tallied tree represents a constant SDF, we
need to cancel out this D¥ in the numerator. To do so, we need the
inclusion zone area in the denominator to be proportional to D%,
not D”. That means the radius of the inclusion zone must be pro-
portional to D®? instead of D. When R = 1.605, these inclusion
zone radii or critical distances are similar, but not identical; see
Figure 1 for an example. What we would like is a method to adjust

the usual prism sampling radius, so that it matches the SDI sampling
radius. This would give us a sampling method that is proportional to
the SDI contribution of individual trees.

The Hard Way and the Easy Way

There is precedent in the scientific literature for attempting an
adjustment to the inclusion zone radius. Zshrer (1978) pointed out
that ordinary prism or relascope sampling was one possibility in a
continuum of sampling schemes, in which the radius varied propor-
tional to D raised to some power. This idea was expanded by Bit-
terlich (1978) and Kuusela (1979); Bitterlich (1984, 39-40) gives a
short summary in English. However, the primary focus of this work
(to the degree that it had an applied focus) was on sampling with
probability proportional to a local volume table, which implies an
exponent greater than 2. Furthermore, Zshrer (1978, 1979) and
Bitterlich (1978, 1984) envisioned this approach as a rather pains-
taking method, in which a highly accurate dendrometer (such as a
tele-relascope) would be used in conjunction with a portable com-
puter or programmable calculator, to select trees with an angle that
would depend on D. Kuusela (1979) also envisioned sampling with
a continuously varying angle. This idea may well have been viewed
as impractical, and rightly so; to our knowledge nobody has taken
up Bitterlich’s (1984) challenge that the approach “still needs a lot of
research.”

Our approach is different, and it is motivated by the similarity
between the curves in Figure 1. Instead of using a continuously
changing angle, we will simply add to or take away from the limiting
distance enforced by an unchanging prism or angle gauge. The
procedure for doing this is relatively easy.

In ordinary prism cruising, remember that the prism must be
held over the sample point or “plot center.” (For a gauge such as a
target on a stick, it is the cruiser’s eye that should be kept over the
plot center.) Failing to do so—e.g., standing over the plot center
and moving the prism around the plot at arm’s length— causes an
error known as pushing the point (Oderwald and Gregoire 1995). If
the prism is not over the plot center but is pushed toward a particular
tree, then the distance between the plot center and the prism has
been effectively added to the limiting distance for that tree. The
tree’s inclusion area becomes “too large,” and the result is an over-
estimate. Conversely, if the prism is backed away from the point, so
that the cruiser sights across the point when looking at the tree, we
will call this pulling the point. Pulling the point reduces the limiting
distance for a tree and leads to an underestimate. The ordinary
procedure, pushing the point, and pulling the point are illustrated in
Figure 2.

Now, look again at Figure 1. For a few trees (those that are very
small, or those with a diameter very close to where the two curves
cross), the limiting distance for ordinary prism sampling is very close
to what would be needed for sampling with probability proportional
to stand density index. For a broad range of diameters (those be-
tween zero and the crossing point), the limiting distance for prism
sampling is slightly less than that for SDI sampling, but only a slight
push would be needed to make up the difference. For large
trees—those to the right of the crossing point—the limiting dis-
tance for prism sampling is greater than that for SDI sampling, so
the prism would have to be pulled back from the plot center to
obtain the correct distance.

WEST. J. AppL. FOR. 23(2) 2008 79



Ordinary Procedure

) S

Pushing the Point

Pulling the Point

- - _ __

Figure 2. The correct procedure for ordinary prism sampling (top panel),
pushing the point (middle panel), and pulling the point (bottom panels,. Inall
three cases, the flag is the sample point. The forester is looking through the
prism at a free somewhere to the right of the sample point. Ordinari?y, the
prism is held over the sample point, as in the top panel; pushing or pulling
the point would be an error. In the procedure developed Eere, pushing and
pulling the point are used deliberately to adjust the critical distance.

An Example

Before proceeding farther with equations and other mathemati-
cal details, let us consider a concrete example to show how the
method would be used in the field. Table 1 gives the required infor-
mation for sampling with an SDF of 25, using a prism that would
ordinarily have a BAF of 20. When we follow the procedure, every
tallied tree will represent 25 units of SDI, no matter what its
diameter.

The first column of Table 1 gives diameter classes. The second
column gives the ordinary limiting distances for a BAF 20 prism.
But these are not the limiting distances we want to use, if we want to
sample with an SDF of 25. The limiting distances for SDF 25 are
given in the third column. The difference between the third column
and the second column is the amount of “push” that is needed for a
tree of a particular diameter; these values are given in the fourth
column.

Now, suppose our forester establishes a sample point in a stand.
She looks at the first tree in the sweep, holding the prism normally.
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Table 1. Critical distances and required push for sampling with an
SDF of 25, using a BAF of 20 f*/ac prism. When the ﬁUSh is shown

as negative, the prism must be pulled back across the point.
BAF = 20 SDF = 25 Required
dbh (in.) critical distance critical distance push (ft)
2 3.9 6.5 2.6
4 7.8 11.3 3.5
6 11.7 15.7 4
8 15.6 19.7 4.1
10 19.5 23.6 4.1
12 23.3 27.2 3.9
14 27.2 30.8 3.6
16 31.1 34.3 3.2
18 35 37.7 2.7
20 38.9 41 2.1
22 42.8 44.3 L5
24 46.7 47.4 0.8
26 50.6 50.6 0
28 54.5 53.7 -0.8
30 583 56.7 -1.6

The tree appears to be just barely “out.” But she can plainly see that
the tree has a dbh of about 10 in., so she checks the table and then
takes a couple of steps toward the tree, pushing the point by 4.1 ft.
The tree is now clearly in, so it is tallied.

The second tree our forester checks is a very large tree for this
stand—about 30 in. dbh. It seems borderline, holding the prism
normally. But checking the table, this size tree should have a push of
—1.6 ft, or in other words, a pull of 1.6 ft. When our forester pulls
the point, she realizes this tree is now out. The tree is not tallied.

The next four trees she checks are mid-sized trees—not even 24
in. dbh. They are all clearly in, with the BAF 20. Since any tree less
than 26 in. dbh with this table has a positive push, and pushing
cannot cause a tree to drop out of the tally, all four trees are tally
trees.

The final tree the cruiser checks looks to be about 16 in., but after
pushing the point by 3.2 ft—which, after all, is a guess based on an
eyeballed diameter—the tree appears borderline. If she were doing
extremely crude work, she could just guess again, or flip a coin, or
count the tree as half a tally. But our cruiser is trying to do a profes-
sional job, so she treats this tree just like one should for a borderline
tree in prism cruising: she measures the diameter of the tree and
measures the distance from the sample point to the tree. Then, she
uses the diameter to get the limiting distance from the third column
of Table 1, where they are calculated for SDF 25. (She does not use
the ordinary BAF 20 limiting distance.) If she were truly fastidious,
and recorded the diameter to 0.1 in., she could calculate an exact
limiting distance back in the office, using a formula that we will give
below. Whether she uses the table or a formula, if the actual distance
is less than the limiting distance, she tallies the tree. In this case, we
suppose that she does tally it. No other trees are close enough to be

in.

Now, our forester’s dot tally (this is all the data that is strictly
required) for this point shows six tallied trees. She immediately
calculates that the SDI around this point is six trees, times an SDF of
25, giving a SDI of 150.

Later, she wants to calculate an average SDI for the stand. At the
end of the day, she has put in 20 sample points, and her dot tally
shows 140 trees. So the average SDI of the stand is 140 trees, divided
by 20 sample points, times an SDF of 25, giving an SDI of 175. If
our forester had kept the dot tally separate by sample point, she
could also calculate confidence limits for this average using standard
procedures.



It is worth mentioning here that our forester could have recorded
other data, in addition to how many trees were tallied at each point.
For example, if the dot tally were broken out by diameter class, then
she could easily calculate the SDI contribution of each diameter
class. The same could be said of crown classes, acceptable or unac-
ceptable growing stock, trees infected or not infected with mistletoe,
and so on. Anything one might do with a regular prism tally to break
out basal area into different categories can be done with the stand
density tally to break out stand density into different categories.

Finally, just as in ordinary prism cruising, if our forester had
recorded the diameter of each tallied tree, she could calculate an
expansion factor for each tree and “blow up” any attributes of those
trees (such as crown area or board foot volume) to a per-acre basis.
We will return to that subject below.

Design Guidelines

In prism cruising, it is important to select an appropriate BAF. In
stand density cruising, it is important to select an appropriate SDF.
In fact, the first step in choosing an SDF is to decide what BAF
prism you will use.

Most foresters have a well-established preference for a certain
BAF in particular kinds of stands. This preference is formed on the
basis of experience and on a few basic principles. Of these principles,
two are worth mentioning. The first is that a good BAF leads to
tallying several trees at a sample point: not too few, not too many. A
variety of rules-of-thumb specify what “too few” and “too many”
mean, but something in the range of 4 to 12 often feels right. What
is important here is that the limiting distances for ordinary prism
cruising and stand density cruising will be similar if the BAF and
SDF are well-matched, so the number of trees tallied in each method
should also be similar. If one chooses an appropriate BAF, and then
awell-matched SDF, the number of tallied trees should be about the
same.

The second key principle in choosing an appropriate BAF is that
the largest trees that will be tallied cannot be included from so far
away that they may not actually be seen. In the sampling literature,
this is called “nondetection bias.” Again, if an appropriate BAF is
used, and the SDF is well-matched, the limiting distances for large
trees in the two methods will be very close. If nondetection bias is
not a problem in prism cruising, it will not be a problem in stand
density cruising.

Once an appropriate BAF has been chosen, then an appropriate
SDF can be found that meets two goals. First, it should produce
limiting distances that are close to that for the chosen BAF, so the
push or pull can be done easily, quickly, and with reasonable accu-
racy. Second, the SDF should be a round number for easy calcula-
tions in the field. We have calculated and compared limiting dis-
tances for prism cruising and stand density cruising using a range of
commercially available BAFs and for a range of maximum diame-
ters. Recommendations for appropriate SDFs are given in Table 2.
These recommendations should be taken as suggestions, not com-
mandments. However, they all give SDFs that are round numbers,
and for which the largest push or pull is no more than a few feet.

Detailed Calculations

Once a BAF and SDF have been chosen, a table similar to Table
1 is needed to give the limiting distances and the push for stand
density cruising. It could also be useful to calculate the expansion
factor for any size tree. The simplest way to construct a table like
Table 1 starts with the expansion factor, so we begin there.

Table 2. Recommended stand density factors as a function of
original BAF and maximum diameter of trees expected in the stand.

BAF (ft*/ac)

Maximum dbh
(in.) 10 15 20 30 40
Less than 18 15 25 30 50 60
18-24 15 20 30 40 60
24-30 12 20 25 40 50
30-36 25 40 50
36-48 40

In ordinary prism cruising, the easiest way to calculate the expan-
sion factor of a tree is as follows:

EF = BAF/(0.005454D%) ()

If a table has been set up with D in the first column, and the
expansion factors have been calculated, then the limiting distance,
or radius of the inclusion zone, can be calculated as follows:

L = \[43560/(mEF) (6)

Calculating these limiting distances completes the second column of
Table 1.

Next, we need the expansion factors under stand density sam-
pling. These can be obtained easily by using the equation

EFsp; = SDF/[(D/10)¥] (7)

Then, the limiting distances (Lg) can be calculated just as in Equa-
tion 6, only using the expansion factors from Equation 7. This
completes the third column of Table 1.

Finally, one needs to know the amount of push that is needed for
a particular size tree. This is simply Ly — L. If Ly, — Liis positive,
the cruiser pushes the point toward each tree; if Lg,; — L is negative,
the cruiser pulls the point away. That completes the fourth column
of Table 1.

When an exact check of the limiting distance for a borderline tree
is needed, the exact diameter can be inserted in Equation 7, and
Equation 6 will give the limiting distance. If the recorded distance
from the sample point to the tree is less than the limiting distance,
the tree should be kept in the tally.

Finally, if one were to use this method to estimate things other
than SDI for a stand, recording the diameters of the tallied trees will
allow calculation of an expansion factor using Equation 7. Once that
is done, data analysis would proceed exactly as for ordinary prism
sampling, except that the expansion factors will be different and
each tree will still count as a constant amount of SDI, but not basal
area.

Conclusions

A simple modification of prism cruising gives a method of sam-
pling with probability proportional to stand density index. SDI can
be estimated on the basis of the number of trees tallied and a stand
density factor that is analogous to the basal area factor in ordinary
prism cruising.

Stand density sampling is a design-unbiased form of probability
proportional to size sampling. Stand density sampling should also
have low variance when SDI or closely related variables are of inter-
est. Strictly speaking, this approach estimates the additive form of
SDI (Equation 2). However, the value of Reineke’s (1933) original
SDI (Equation 1) is nearly identical to the additive form in the
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even-aged stands for which it was originally developed (Long and
Daniel 1990, Ducey and Larson 2003, Long and Shaw 2005). Or-
dinary prism cruising provides biased estimates of Reineke’s original
density index (as do fixed-area sample plots), so even as stands be-
come slightly irregular, the difference may not be appreciable.

In theory, stand density sampling could be used just like prism
cruising as a general sampling approach, if tree diameters are mea-
sured and used to calculate expansion factors. However, we are
reluctant to advocate replacing prism cruising with stand density
sampling for everyday use. The need to push the point in stand
density sampling does create an opportunity for error by the cruiser;
therefore, we speculate that the results from ordinary prism cruising
would be more precise and repeatable under typical field conditions.
The chief advantage of stand density sampling is its ability to pro-
vide rapid (nearly instantaneous) estimates of SDI in the field, with
only trivial calculation (multiplication of number of trees by the
stand density factor). This suggests two primary situations where
stand density sampling would be of use:

1. Rapid diagnosis and description of stand conditions. Immedi-
ate calculation of SDI would allow quick assessment of stand
dynamics, and the potential for timber operations, forest
health concerns, and wildlife habitat values while the forester is
still on site. This would allow more effective coupling and
synthesis with quantitative density description on the one hand
and silvicultural insight on the other, which neither density
indices nor their graphical counterparts (such as density man-
agement diagrams) can replace (Long and Shaw 2005).

2. Control of marking intensity in thinnings and other partial
harvests. Stand density sampling could be used to assess resid-
ual density, both in total and as it is partitioned among stand
components, during the marking process itself and in any fol-
lowup quality control. For example, the timber marker might
periodically spin a stand density point, to verify that the resid-
ual stand meets the silvicultural prescription. The need to
translate target structures to and from basal area would be
eliminated.

Finally, stand density sampling could provide a simple point
density estimate for use in ecological studies (such as evaluations of
regeneration) that is directly tied to stand-level density estimation.

Spurr (1952) and a number of authors writing later have objected
that whatever the advantage of SDI might be, it is more than offset
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by the difficulty of measurement. The availability of a relatively
simple technique for measuring SDI should enhance its usefulness.
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