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Reliable Results from

STOCHASTIC
SIMULATION MODELS

ABSTRACT

Development of a computer simulation model is usually done
without fully considering how long the model should run (e.g.
computer time) before the results are reliable.

However construction of confidence intervals (CI) about critical
output parameters from the simulation model makes it possible to
determine the point where model results are reliable. If the results
are not reliable, due to the variability within the model, the model
user at least knows the degree of confidence that may be placed
in the results. L

Such factors as: 1) model variability, 2) prescribed width of the
CI, and 3) the level of confidence of the simulation model results,
have a profound effect on the amount of computer time needed to
obtain reliable results. Since proper choice of these parameters can
significantly affect the time and cost needed to obtain the results
from the model, it is imperative that the user of the model consider
these factors.




OMPUTER SIMULATION models of

existing or hypothesized systems are often
developed to obtain information about one

or more system parameters. The simulation
model provides the analyst with a tool for
generating values of the system variables
under study. However, the results obtained
from stochastic simulation models are subject
to the same questions of statistical reliability
— precision of parameter estimates — as re-
sults of any other experiment. The analyst
needs to know the statistical reliability of the
results (Reese 1968) since accepting an unre-
liable estimate, because the simulation experi-
ment was terminated too soon, could be costly
when results are applied. Conversely, further
computations after the results are reliable are
unnecessary and wasteful.

The precision of estimates obtained from a
simulation model depends on the length of
the stochastic simulation run in the same way
that the precision of a real-life experiment
depends on the sample size. Failure to con-
sider the precision of estimate may cause
premature termination of the simulation ex-
periment, resulting in unreliable parameter
estimates or estimates no more reliable than
those found by intuition or past experience
in less time and at lower cost.

METHODS

The sample size can be determined from
interval estimates of the mean. This proce-
dure involves setting a prescribed interval half
width (D) and a probability that the popula-
tion parameter falls within a distance D of
the estimate and then calculating the sample
size (n) needed to meet these requirements.
This approach requires knowledge of the
population variance (o?) or the assumption
of a normally distributed variable. One advan-
tage of simulation experiments is that obser-

vations can be obtained sequentially, and the
results from previous observations can be re-
tained. (One observation equals one time
period in the simulator, where one time period
could be 1 hour, 1 day, 1 week, 1 year, etc.)
This allows one to make use of the past
values in deciding whether the parameter
estimates are reliable.

There are various procedures available that
can be used to signal the termination of the
simulation model. Reese used methods based
on Chebychev’s inequality, trend-corrected t
tests, and sequential t tests to obtain param-
eter estimates after runs had reached steady
state conditions. Stein’s (1945) two-sample
method, could also be used to stop the simu-
lator run. However, in these works restrictions
are imposed on the observations from the
simulator. For example, normality of the vari-
able under study has to be assumed or the
simulator must run long enough to obtain a
reliable estimate of .

A procedure that can be used to obtain
results reliable at a prescribed probability
level, and that is less restrictive than the
methods previously discussed, can be obtained
using a theorem by Chow and Robbins. This
procedure involves estimating a confidence
interval (CI) with coefficient y and termina-
tion of the simulator when the half width of
the confidence interval (d,) is less than a
prescribed half width (D). If o? is finite, the
method will satisfy any (y, D) reliability con-
dition for n large enough. With ¢* unknown
and D sufficiently small, the population pa-
rameter u, will lie within the estimated inter-
val, centered about the sample mean, with
probability v (Chow and Robbins 1965).

For example, suppose we want to obtain a
reliable estimate of the average daily profit
u, by operating a given system for an un-
known period of time. The sample size must
be large enough to provide reasonable assur-




Read:

D = the prescribed half width of the confidence interval
v = the confidence coefficient

K = number of observations to the next reliability check

KK = number of observations [time periods} for the first reliability check

MAXNUM = maximum number of observations to be run in the simulation experiment

Set: n = 0, where n is the total number of observations run

J

distribution.

Set: Zu,, the deviate associated with the /2 percentile point of a standardized normal

m = KK

Run simul for m observations

Compute estimates of the mean and error variance (B, and s%) based
on n observations.

J

Compute d, = Z S,/V/n where d, is the half width of the confidence
interval.

'

Is the estimate of the system
parameter reliable?

(dn < D)

Has the simulation experiment run
the maximum number of observa-
tions?

fi-e. is n > MAXNUM])

!

Print results, Indicate that the esti- @

mate is not statistically reliable.

of confidence.

Print results. Indicate the reliability
of the mean by printing the level




ance that 3, the estimated average daily profit,
is close to u,. Misleading results could occur
if the sample size is too small. Using a sequen-
tial stopping procedure adapted from Chow
and Robbin’s theorem, it is necessary to make
D small enough and perform the series of
steps presented in figure 1.

This procedure, resulting in a fixed width
confidence statement that holds asymptotical-
ly makes the sample size (n) equal to the
smallest integer multiple of K greater than or
equal to Z%S,%/d.?> and KK. Rearranging n,
from above, to appear as d, = ZS,/n* a rea-
sonable procedure for ending the simulator is
to stop when the simulator-estimated half
width is shorter than the prescribed half
width D. Although the actual confidence co-
efficient is no longer exactly y due to sequen-
tial sampling, this procedure can be used to
signal an end to the simulation experiment.
If the parameter estimate is assured reliabil-

ity == D at approximately the confidence co-
~ efficient y, the results can be confidently used.
If the variability is so large that reliable

estimates are too costly to obtain, the simu-
lator will stop when the maximum number of
observations MAXNUM is reached.

DISCUSSION

Examination of the flow chart (fig. 1) indi-
cates several decisions that affect the number
of observations required. A decision must be
made on the prescribed half width D and on
the level of confidence y. These two values,
interacting with inherent variability of the
simulator, have a direct effect on the length
of the simulator run. Theoretically, as shown
by Emshoff and Sisson (1970) for any simu-
lation experiment, the length of the computer
run will be proportional to the variance (see
fig. 2 a and c¢). This would be true whether D
was small or large (see fig. 2 a and b). When
the variability is high, the observations vary
so much that the half width will exceed the
prescribed width until n gets very large. If
the model variability is small, the half width
becomes less than D sooner. Figure 2, which

Figure 2. — Total computer time of simulation experiment as
a function of the reliability of the estimate.
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makes use of Emshoff and Sisson’s work,
indicates general results from any arbitrary
simulation model while showing the relation-
ship between the computer time needed for
the simulation experiment, the magnitude of
D, and model variability. It shows that the
user of the simulation model must be very
careful when choosing values for D and ».
Even though the value of the prescribed
half width D is set by the analyst, the choice
is not independent of the parameters of the
simulation model. D must be small relative
to o and relative to the mean. A rule that is
often used in calculating the sample size is
to set D equal to + 10 percent of the mean.
In many cases, the analyst will have prelim-
inary runs of the simulator available to use

for estimating the mean and variance. It may

also be possible to derive approximations of
the mean and variance by analytical methods.
It is necessary to obtain reliable results from
the model, but only if the cost and time re-
quired to obtain these results do not outweigh
the potential benefits of using the model.

The following is an example of the stopping
rule outlined in figure 1 and the relationships
shown in figure 2:

An individual has contracted to do the log
hauling from a logging site 12 miles to the
sawmill. The logs are purchased at $29 per
thousand board feet (Mbf) from the logger
and sold to the mill for $34 per Mbf. The
contract requires six loads per day. The con-
tractor is presently hauling the six loads with
two trucks, but is interested in the effect on
total profit if one additional truck is used.
The costs (owning, fuel, maintenance, etc.)
involved in running two trucks are known and
provide data for estimating the costs for a
third truck.

The profit for a three-truck system is deter-
mined by using a model which simulates the
hauling operation through distributions of
loading time, hauling time, and operator effi-
ciency. The system is treated as a single-
channel queue with the loader as the queuing
point where trucks may wait for loading while
another truck is loaded.

The parameter of primary interest in the
simulation model is average profit per day.
Since a decision whether to purchase the

third truck will be based upon this parameter,
it must be reliable. The mean profit should
be within D units of the true value (100 X v)
percent of the time. However, the cost of
obtaining profit estimates must not be too
large.

The simulation model was run using dif-
ferent values for D, v, and ¢* and graphs were
plotted to show the resulting relationships.
(Note: the graphs serve to point out the
results from this particular example and
should not be interpreted for any other use.)
Figure 3 shows the length of computer runs
for various y and D values. As the confidence
coefficient increases for a fixed D value the
computer time increases. Conversely, as D is
decreased for a fixed y the time increases. The
analyst may want to choose y and D values
between the extremes of a small y and a

Figure 3. — Number of simulated days versus
level of confidence (y) for various levels of D.
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large D value resulting in a small amount of
computer time, (20 observations for our ex-
ample: one observation corresponds to one
simulated day) and a large y and a small D
value resulting in a great amount of computer
time (1,255 observations for our example).

Figure 4 shows the length of.computer runs
for 5 levels of (¢?) and 12 D values. In our
example the random variables were generated
from normal distributions and variability was
increased by increasing the variability of two
of the components. This example is just one
of many ways to change the model variability.
For a given D level, as o> of the model in-
creases, the time needed to obtain a reliable
parameter estimate increases. When the vari-
ance is held constant and D decreased, the
computer time increases. For this example,
when ¢* was small and D was large, the num-
ber of observations needed to obtain a reliable
parameter estimate was small (20 simulation
days); however, when ¢* was large and D was
small, the required number of observations
was large (1,125 simulation days).

Thus the three factors y, D, and 2 must be
carefully considered when analyzing the simu-
lation experiment results.

The analyst has the responsibility of insur-
ing reliable results from simulation experi-

Figure 4. — Number of simulated days versus
model variability (o?) for various levels of D.
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ments. The potential savings from use of the MODEL VARIABILITY (%)
model should not be diminished by excessive
costs in obtaining the results.
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