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A Multivariate Model and
Statistical Method for Validating
Tree Grade Lumber Yield Equations

ABSTRACT

Lumber yields within lumber grades can be described by
a multivariate linear model. A method for validating lumber yield
prediction equations when there are several tree grades is presented.
The method is based on multivariate simultaneous test procedures.

Tree grading systems are designed to class-
ify trees by value. Hardwood sawtimber
grading systems have rules for determining
tree grade and a set of equations or tables
for predicting lumber yield by lumber grades
within each tree grade.

When a grading system is developed, a sam-
ple of trees, the “index sample”, is selected
and a number of external characteristics are
measured on each tree. Then the key variables
—those that separate the trees into value
classes—are determined. The grading rules
are based on these key variables. In addition, a
set of regression equations for predicting lum-
ber yields by lumber grade is developed. The
yields are usually functions of tree diameter
and length.

The next step is to validate the regression
equations. This is usually done by comparing
the lumber yields predicted from the regres-
sion equations with the actual yields obtained
from the second, or “validation” sample of
trees. The validation should be done by com-
paring the lumber yield equations in the
validation sample and the index sample.

The main purpose of this paper is to present

this statistical method of validating the regres-
sion equations. A second purpose is to fam-
iliarize foresters with multivariate general
linear models and multivariate analysis of
variance (MANOVA). As an example I have
used white oak graded with the Interim
Hardwood Tree Grades for factory lumber.
White oak has eight lumber grades and

three tree grades. Therefore there are 24
regression equations for predicting lumber
volume. The independent variables are

Xy = 1

X2 = square of the tree diameter (d?)

x3 = tree height (h)
and x4 = d%h.
The variable x; =— 1 allows for intercepts in
the regression model.
The dependent variables are

y1 = volume of FAS lumber

y» = volume of FASF lumber

ys = volume of Select lumber

y4 = volume of 1C lumber

ys = volume of 2C lumber

ys == volume of SW lumber

yz = volume of 3A lumber
and ys = volume of 3B lumber.



The measurements on the k* sample tree in
the j* tree grade in the i™ sample can be
written in vector notation as

[Xi, ¥ige] = [1 Xoue Xois Xaige Yk -« - - Yagiel -
THE MULTIVARIATE
REGRESSION MODEL

The usual procedure for developing the lum-
ber volume prediction equations is to develop,
one at a time, univariate multiple regression
equations for lumber grade in each tree grade.
However, the lumber volumes are known to
be highly correlated and the correlation among
lumber yields should be part of the statistical
model. A multivariate multiple regression
model can describe the vectors of lumber
volumes. Morrison (1967). has given an ex-
cellent discussion of the multivariate general
linear model and multivariate analysis of var-
iance (MANOVA).

The multivariate regression model for the
vector of lumber yields for k™ sample tree in
the j™ tree grade in the i sample is

Yije = Xijk Bi; ~+ Eijke
The model describing the set of measurements
on the nj; trees in the j™ tree grade of the it
sample can be succinctly written in matrix
notation as

Yi; = X5 By + e
where Y;; is a ny; X 8 matrix of dependent
variables, X;; is a n;; X 4 “design” matrix. 8j;
is a 4 X 8 matrix of regression coefficients, and
5 1s a ng; X 8 matrix of errors.
A model that combines the observations for
the three tree grades and two samples is

f— e — o— —

Y Xy B €11
Yo Xy 0 Bi2 €12
Yis | X3 Bz 4 e
Y. | X, Bai €21
Yoo 0 X Bez €22
Yo X B3 €23

An example of the data needed for the model
is given in figure 1. Symbolically the combined
model can be written as

]

-] [a ][

[

M

It is assumed that

and E [¢;] = 0 for all ijk
E [¢is aip] = 3 for ijk = ijk/,
= 0 otherwise.

Further, it is assumed the vectors of errors
have a multivariate normal distribution.

MULTIVARIATE LEAST SQUARES
ESTIMATORS AND TESTS

Using multivariate least squares procedures,
the multivariate normal equations are

X:X; 0 by |
0 XoX, b o
b, [XiXi]* XiY,

The solution of the normal equation is
b2 - [XéXg] -1 X;ZYQ

XY,
X:Y,

The matrix of residuals is
E = [Y],_Yl - Y£X1b1] + [Yng - YéXQbQ] .

With multivariate analysis of variance
(MANOVA) one can test hypotheses of the
form

ABC’ =D.

The hypothesis sums of products matrix is
H=T[AbC -D]’' [A[X'X]*A’]* [AbC -D].
The error sums of products matrix is

S = CEC.

Several test statistics are available for testing
multivariate hypotheses.

HYPOTHESIS TESTING OF THE
TREE GRADE LUMBER VOLUME
REGRESSION EQUATIONS

There are many relevant hypotheses about
the tree-grade regression equations for the
index and validation samples. These hypo-
theses can all be expressed as linear combina-
tions of the parameters of an overall hypothe-
sis. The overall hypothesis is that the sets of
regression equations for the two samples are
the same. If the overall hypothesis is accepted,
differences between the two sets of regression



equations are attributed to chance and the
equations are valid.

If the overall hypothesis is rejected, further
questions arise. Are the two sets of regression
equations different for all tree grades or only
for some tree grades? What tree-grade regres-
sions are different for which lumber grades?
Also, one might test whether the predicted
lumber volumes are the same for an average
size tree in the two samples. Are the predicted
volumes of average size trees the same for all
lumber grades or just some lumber grades?
Hypotheses concerning the total lumber vol-
ume and total value are also relevant. If some
of these hypotheses (for example, the equality
of lumber yield predictions for average size
trees) are accepted, the equations might be
considered valid.

The overall and the relevant hypotheses
for white oak are presented below as an ex-
ample.

The Overall Hypothesis

Formally, the overall hypothesis that the
regression equations for the two samples are
the same for the three tree grades and eight
lumber grades is

B11 = Bz Bi1=PBor =10
Bia=f22 Or Piz-Poa=10
Bia == Baa Biz - B2z = 0.

In MANOVA notation, the overall hypothesis
is

¥ = [L-I] g1 =0

10 0
whereI =| 0 1 O,B:@ﬂ,
o | 52
00 0
and 0 = 00 0
00 0

The Matrix I is called an identity matrix and
0 is called a null matrix. Note that 3 X8 = 24
regressions for each sample are being com-
pared. However, the overall hypothesis has 96

parameters since each regression equation has
four coefficients.

Component Hypotheses

The overall hypothesis can be resolved into
component hypotheses. A component hypothe-
sis is the equality of the two sample regres-
sions for one tree grade and one lumber grade.
The component hypotheses depend on certain
rows of the prematrix [I, -I] and one of the
columns of the postmatrix I. For example, the
hypothesis that the regression equations for
tree grade 2 and select lumber are the same
for the two samples is

¥ =[0I00-10]Jp [00100000] =0

where 0 and I are 44 matrixes. Altogether
there are 24 possible component hypotheses
for the white oak grading system. The dimen-
sions of each component hypothesis are 4 1.

Predicted Lumber Volumes
Conditional on Average Size Trees

The overall hypothesis implies all possible
linear combinations of the overall hypothesis.
One relevant linear combination is the pre-
dicted lumber volume for the average size
tree. The predictions are made from the popu-
lation mean vector. For example, the popula-
tion mean vector for the j** tree grade is

py = [1, paoj, pas, pasl
where ps; = population mean diameter
squared,
us; = population mean height,
na; = population mean diameter
squared X height.

and

One hypothesis of interest is the equality of
predicted lumber volume for the two samples
conditional on the mean vector. The hypo-
thesis is

p1 P11 = w1 Ba1
w2 Biz = p2 Bao
ns B1a = ps Pasz -

In MANOVA notation, the hypothesis is

0 =1 0 0
0 -u 0
pe 0 0 -pg

-

“If;n: BIZO.
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Denoting the prefactor matrix in ¥y as
[p,-n], the hypothesis can be written as
[p,-p] B I=0. Factoring p out of the pre-
factor matrix gives p [I,-I] g I =0, which
shows that ¥.; is a linear combination of the
overall hypothesis. The dimensions of ¥.; are
3% 8 compared to 128 for ¥,.

One of the peculiarities of sawing logs is
that the sawyer has considerable leeway in the
way a log is cut. Therefore the proportions
of lumber grades may vary. Consequently the
lumber volume equations and predictions may
differ from one sample to another because
there is a difference in the way the logs were
sawn. Although the lumber volume predictions
may differ, certain combinations of lumber
volume predictions should be the same.

White oak lumber grades can be divided
into three groups, with the grades in each
group having more or less the same value per
board foot. The groups are (1) select lumber
and better, (2) number one common (1C),
and (3) 2C and poorer. Suppose one wants to
test whether the predicted volumes of the most
valuable (select and better), intermediate
(1C), and least valuable (2C and poorer)
lumber grades are the same. In MANOVA
notation, the hypothesis is

11100000
Voo = [m]1 800010000 |7=0
00001111

One is also interested in hypotheses in-
volving the total lumber volume. For example,
the hypothesis that the predicted total lumber
volumes for the two samples are the same is

oz = [p-p] B17=10

where 1’=1[1 1 ... 1]’. The vector 1’ is
called a summation vector. The dimensions of
W, are 3 X 1.

Predicted Lumber Volume
Conditional on Expected Tree
Grade Proportions

Other relevant hypotheses involve the
weighted average of the tree grades. The
weights should be the true proportion of trees

in each tree grade. One hypothesis is that
there is no difference between the average
lumber volume predictions for the two samples
for each lumber grade. In MANOVA notation,
the hypothesis is

Wiy = [T, Mope, Maps, T pa,~Tops,-Taps]8 1T = 0

where 11,, II,, and I; are the true proportion
in tree grades 1, 2, and 3 respectively. Let the
vector of proportions be I — [II;,II,,II5]. The
hypothesis ¥;; can be written as [IIu,-IIx]
BlI=0.

Hypotheses ¥,, tests the equality of the
predicted lumber volumes for a stand of ex-
pected tree grade composition with average
size white oaks. The hypothesis ¥; is also
a linear combination of ¥,. The dimensions of
¥, are 1X8.

If we want to test the hypothesis that there
is no difference in the total lumber yield, the
postfactor is the summation matrix. The hypo-
thesis is
Vo = [Mp,-Tlx] B8 1’ =0. The function 3,
is a scalar, that is, the dimensions of ¥;, are
1X1. The hypothesis consists of one para-
metric function.

Predicted Lumber Values

Another set of relevant hypotheses involves
the value of the lumber. Let v = [vy vy ... V5]
be the vector of average values for the eight
white oak lumber grades. The hypothesis that
the predicted total values of lumber for the
two samples are the same for the three tree
grades simultaneously is

Vi = [p-p] BV =0.

This hypothesis tests the equality of the total
predicted value for average size trees, for the
three tree grades simultaneously.

The average size trees can also be weighted
by their relative frequencies. The resulting
hypothesis is a scalar hypothesis which tests
the equality of the predicted total value of the
lumber. The hypothesis is

Uy = [H/.L,-Hp,] BV " =0.

Weighting the tree grades by their relative
frequencies gives more weight to the lower
grades, which are more common, while weight-



ing the lumber grades by their mean values
gives more weight to the better tree grades,
which are more valuable.

TESTING PROCEDURE

The overall hypothesis, that the 24 regres-
sion equations for the index sample are the
same as those for the validation sample, is a
matrix of 96 parameters. If there is a signif-
cant difference between the sets of equations,
the overall hypothesis, as a whole, does not
hold. Simultaneous test procedures (STP)
will show which sets of parameters cause the
hypothesis to be rejected (Gabriel 1968).

A simultaneous test procedure rejects all
hypotheses for which a particular statistic ex-
ceeds a single common critical value and ac-
cepts all others. A 5 percent level of an STP
means that the probability of rejecting one or
more true hypotheses out of all those tested is
no more than 5 percent, whether the overall
hypothesis or only some of its. components are
true. The significance level is said to be ex-
perimentwise rather than testwise.

Gabriel (1956) suggests several multivariate
test statistics that can be used in a simulta-
neous test procedure.

9= C, [S™H] / [1 -+ C; [S'H]]
T2 — n, tr [S1H]
U=S|/[S+H]

and V = tr [[S--H]* H].

The notation C;[.] stands for the maximum
characteristic root, tr [.] stands for the trace
of a matrix, and |.| stands for the determi-
nant of a matrix.

For the white oak example, the maximum
root statistic 6 is used as an STP. The critical
value, for a 5 percent level STP, is the upper
5 percent point of the null distribution of 6
for the overall hypothesis. There are p, =8
lumber grades, r,= 3x4 =12 parameters,
and n. = 316 degrees of freedom. The param-
eters of the null distribution of ¢ are s=—=
min (po, r,) =8, m =1/2 (|r,-p,|-1) — 3/2,
and n=1/2 (n.p.1) = 153.5. The critical
value of ¢ at the .05 level is 0.13329 (see Pallai
1965). The maximum root STP compares the
calculated value of ¢ for any hypothesis, in-
cluding the overall hypothesis, to the value

0.13329. Any hypothesis is rejected if the cal-
culated ¢ exceeds 0.13329.

WHITE OAK TEST STATISTICS

Data on a sample of white cak trees were
obtained from Leland Hanks of the North-
eastern Forest Experiment Station. His find-
ings will be reported elsewhere.

The number of sample trees in the two
samples was

Tree Grade
Sample I 11 111 Total
Index 108 122 75 305

Validation 8 13 14 35.

The validation sample is considered to be a
random sample from the white oak popula-
tion of interest. The sample mean vector and
proportions are used to estimate the popula-
tion mean vector and proportions. For ex-
ample, the vector for the second sample for
the j™ tree grade is

%o; = [1,d%;, hyy, dhy]

No;
where d“)_-, = Sy dogi 2/ny;

th = 21 hoJk /n‘)J

— o
and d2hgj = 21;;213 d2h2jk /n2j-
The mean vectors are

X,y == [1.0 370.6 38.7 14435.8]
»=[1.0 317.8 36.8 11821.2]
s=[1.0 289.7 36.9 11215.8].

The proportion of logs in the j™ tree grade in
the validation sample is p; = ns; / (D21 + Nae
+ o).

The proportions of trees in the validation sam-
ple are p, = .2286, p. = .3714, and p; = .4000.
Multiplying the mean vectors by the propor-
tions gives

X9
Xo

p1 X = [.2286 84.7 8.8 3298.6]
p2X. = [.3714 118.0 13.7 4390.4]
ps X o = [.4000 1159 14.8 4486.3].

The average prices for the white oak lumber
are



Grade $/fbm
FAS .24511
FASIF .23439
SELECT .22169
1C .17004
2C .09961
SwW .09808
3A .08867
3B .06094

The vector of average prices is
v = [0.24511 ... 0.06094].

To test the hypotheses involving the mean
vector one can use X, X29, and X3 in place of
n1, o, and us. Likewise one can use py, p», and
ps in place of I, ITy, and II;. The vector Il is
replaced by [piXa1, p2Xa2, PsXo3].

Estimates of the regression coefficients and
test statistics were computed with a modified
version of the Multivariate General Linear
Hypothesis Program (BMDX863) (Dixon
1969). A partial listing of the data and a print-
out of the computer output follow.

The computed value of the test statistic for
the overall hypothesis is 0.10933, which is less
than the critical value. Therefore, in this ex-
ample, the overall hypothesis is accepted. The
differences between the two sets of regression
equations may be due to chance. Since the
overall hypothesis is accepted, there is no need
to test component hypotheses and other rele-
vant linear combinations. The sets of regres-
sion equations based on the index sample are
accepted.
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APPENDIX

The first page presents a partial listing of the white oak data.
The data is in the form for the multivariate regression model.
Each line contains data from one tree. The first 12 columns
contain values of the four independent variables for each of the
three tree grades in the index sample. The next 12 columns con-
tain the same data for the validation sample. The last eight
columns are values of the lumber yields.

The second page shows the regression coefficients and the
residual matrix. This is followed by the hypothesis matrices
and test statistics for each of the hypotheses discussed in the

paper.
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