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ABSTRACT

T h i s  p a p e r  c o n s i d e r s  l a m i n a t e d  b e a m s  w i t h  l a y e r s o f  d i f f e r e n t  i s o t r o p i c
o r  o r t h o t r o p i c  m a t e r i a l s  f a s t e n e d  t o g e t h e r  b y  t h i n  a d h e s i v e s . The
s t r e s s e s  t h a t  r e s u l t  f r o m  s u b j e c t i n g  e a c h  c o m p o n e n t  l a y e r  o f  t h e  b e a m
t o  d i f f e r e n t  t e m p e r a t u r e  o r  m o i s t u r e  s t i m u l i  w h i c h  m a y  a l s o  v a r y  a l o n g
t h e  l e n g t h  o f  t h e  b e a m ,  a r e  c a l c u l a t e d . T w o - d i m e n s i o n a l  e l a s t i c i t y
t h e o r y  i s  u s e d  s o  t h a t  a  w i d e  r a n g e  o f  p r o b l e m s ,  s u c h  a s  t h a t  o f  b e a m s
c o m p o s e d  o f  l a y e r s  o f  o r t h o t r o p i c  m a t e r i a l s  l i k e  w o o d ,  c a n  b e  s t u d i e d ,
a n d  a c c u r a t e  d i s t r i b u t i o n s  o f  n o r m a l  a n d  s h e a r  s t r e s s e s  o b t a i n e d . The
s t r e s s  i n t e n s i t y  a l o n g  t h e  b e a r i n g  s u r f a c e s  o f  t h e  l a y e r s  o f  t h e  b e a m
i s  o f  p a r t i c u l a r  i m p o r t a n c e  b e c a u s e i t  i s  r e s p o n s i b l e  f o r  d e l a m i n a t i o n
f a i l u r e s  o f  l a m i n a t e d  s t r u c t u r a l  e l e m e n t s . T h e  d i s t r i b u t i o n s  o f  i n t e r -
l a m i n a r  n o r m a l  a n d  s h e a r  s t r e s s e s  m e a s u r e d  a l o n g  t h e  l o n g i t u d i n a l  a x i s
o f  t h e  b e a m  i n d i c a t e  t h a t  h i g h  s t r e s s  i n t e n s i t y  o c c u r s  i n  t h e  e n d  z o n e s
of  the  beam. T h u s ,  d e l a m i n a t i o n  f a i l u r e ,  w h e n  i t  o c c u r s ,  w i l l  s t a r t  a t
the  ends  of  the  beam.
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LAMINATED BEAMS OF ISOTROPIC OR ORTHOTROPIC MATERIALS

SUBJECTED TO TEMPERATURE CHANGE

By

SHUN CHENG
1 /

a n d
T. GERHARDT 2 /

INTRODUCTION

Beams are  among the  most  widely  used s t ructural  e lements . T h e  a p p l i -
c a t i o n  o f  l a m i n a t e d  b e a m s  i s  e x p a n d i n g  a s  t h e y  a r e  s t u d i e d  a n d  d e v e l o p e d
b y  t h e  f o r e s t  p r o d u c t s  i n d u s t r y  a s  w e l l  a s  o t h e r  i n d u s t r i e s  [ 1 , 2 , 3 ] .
However, t h e  d e l a m i n a t i o n  f a i l u r e  o r  d e f o r m a t i o n  ( b o w ,  t w i s t ,  w a r p ,  e t c . )
i nduced  i n  l amina t ed  beams  by  t he rma l  o r  mo i s tu r e  s t imu l i  ha s  a lways
been of  major  concern.

T h e  u s e  o f  e l e m e n t a r y  b e a m  t h e o r y  i n  s o l u t i o n  o f  t h i s  p r o b l e m  d o e s  n o t
a l l o w  e v a l u a t i o n  o f  t h e  s h e a r i n g  a n d  n o r m a l  s t r e s s e s  a l o n g  t h e  b e a r i n g
s u r f a c e . Thus, t h e s e  s t r e s s e s  c a n n o t  b e  d e t e r m i n e d  f r o m  T i m o s h e n k o ' s
p i o n e e r i n g  a n a l y s i s  [ 4 ]  o f  a  b i m e t a l  s t r i p  s u b m i t t e d  t o  u n i f o r m  h e a t i n g
a l o n g  i t s  l e n g t h . N o t a b l e  c o n t r i b u t i o n s  o n  t h i s  s u b j e c t  d u e  t o  B o l e y
a n d  o t h e r s  m a y  b e  f o u n d  i n  [ 5 , 6 ] .  H o w e v e r ,  G r i m a d o ' s  a n a l y s i s  [ 7 ]  i s
a  f u r t h e r  c o n s i d e r a t i o n ,  e x t e n s i o n , a n d  s i g n i f i c a n t  i m p r o v e m e n t  o f  t h e
same problem treated by Timoshenko. When Grimado [7] uses elementary
beam theo ry  t he  e f f ec t  o f  t he  bond ing  ma te r i a l  be tween  t he  two  l aye r s
o f  t h e  s t r i p  i s  t a k e n  i n t o  a c c o u n t  b y  t r e a t i n g  t h e  b o n d i n g  m a t e r i a l  a s
a  t h i r d  l a y e r . G r i m a d o  d e d u c e s  a  s i x t h - o r d e r  g o v e r n i n g  d i f f e r e n t i a l
e q u a t i o n  [ 7 ]  c o m p a r e d  t o  t h e  f o u r t h - o r d e r  b i h a r m o n i c  e q u a t i o n  o f  p l a n e
s t r e s s  p r o b l e m s . I t  i s  s h o w n  i n  [ 7 ]  t h a t  t h e  s i x t h - o r d e r  e q u a t i o n
r e d u c e s  t o  a  c h a r a c t e r i s t i c  c u b i c  e q u a t i o n  w h i c h ,  u n l i k e  t h e  b i h a r m o n i c
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equat ion,  may yield  complex roots  when solved. T h u s ,  t h e  a n a l y s i s
p r e s e n t e d  i n  [ 7 ]  i s  n o t  n e c e s s a r i l y  a s  s i m p l e  a n d  d i r e c t  a s  t h a t  b a s e d
on  t he  two-d imens iona l  e l a s t i c i t y  t heo ry  u sed  he re .

I n  t h e  c u r r e n t  p a p e r  a  b e a m  o f  u n i f o r m  c r o s s - s e c t i o n  m a d e  o f  l a y e r s
o f  d i f f e r e n t  i s o t r o p i c  o r  o r t h o t r o p i c  m a t e r i a l s  ( s u c h  a s  w o o d ,  f a s t e n e d
toge the r  by  t h in  adhes ive s )  i s  cons ide red  i n  acco rdance  w i th  two-
d i m e n s i o n a l  e l a s t i c i t y  t h e o r y . I n s t e a d  o f  b e i n g  s u b j e c t e d  t o  a  u n i f o r m
h e a t i n g ,  t r e a t e d  p r e v i o u s l y  [ 4 , 7 ] ,  e a c h  l a y e r  m a y  h a v e  d i f f e r e n t  t e m -
p e r a t u r e  d i s t r i b u t i o n s  a l o n g  i t s  l e n g t h .  T h e  u s e  o f  t w o - d i m e n s i o n a l
e l a s t i c i t y  t h e o r y  s h o u l d  a c c u r a t e l y  y i e l d  t h e  d i s t r i b u t i o n  o f  s h e a r
a n d  n o r m a l  s t r e s s e s  i n  t h e  b e a m . T h e  i n t e r l a m i n a r  s t r e s s e s  b e t w e e n
l aye r s  a r e  known  to  be  ma in ly  r e spons ib l e  f o r  de l amina t i on  f a i l u r e s
of  laminated beams. I f  t h e  s t r e s s  d i s t r i b u t i o n  b e t w e e n  l a y e r s  c a n  b e
de te rmined , such  f a i l u r e s  may  be  min imized  o r  e l im ina t ed  by  an
a p p r o p r i a t e  c h o i c e  o f  m a t e r i a l s  a n d  b e a m - s e c t i o n  p r o p e r t i e s . The use
o f  t w o - d i m e n s i o n a l  e l a s t i c i t y  t h e o r y  c a n  b e  f u r t h e r  j u s t i f i e d  i n  t h e
a n a l y s i s  o f  b e a m s  o f  o r t h o t r o p i c  m a t e r i a l s  s i n c e  i n  s u c h  a  c a s e
e l emen ta ry  beam theo ry  canno t  t ake  i n to  accoun t  t he  e f f ec t s  o f  ma t e r i a l
p r o p e r t i e s  o n  s t r e s s e s  a n d  d e f o r m a t i o n .

I t  i s  d i f f i c u l t  t o  a c c u r a t e l y  e s t i m a t e  t h e  e f f e c t  o f  t h e  b o n d i n g  m a t e r i a l
o n  t h e  s t r e s s  d i s t r i b u t i o n  a n d  d e f o r m a t i o n  o f  t h e  l a m i n a t e d  s t r u c t u r a l
e l e m e n t  w i t h o u t  a l s o  t r e a t i n g  t h e  t h i n  l a y e r s  o f  t h e  b o n d i n g  m a t e r i a l
i n  t he  s ame  way  t ha t  t he  componen t  l aye r s  o f  p r imary  conce rn  a r e  t r e a t ed .
When the bonding mater ia l  between two component  layers  is  very thin ,
t h e  e f f e c t  o f  t h e  b o n d i n g  m a t e r i a l  o n  t h e  s t r e s s  d i s t r i b u t i o n  a n d
d e f o r m a t i o n  o f  l a m i n a t e d  b e a m s  c a n  b e  n e g l i g i b l e .  T h u s ,  t h i s  p a p e r
c o n s i d e r s  t w o  c a s e s : (1)  beams having two component  layers  r ig idly
bonded together  and (2)  beams having three  layers  where  the  bonding
m a t e r i a l  i s  t r e a t e d  a s  a  t h i r d  l a y e r . T h e s e  a r e  a n a l y z e d  s o  t h a t  t h e
e f f e c t  o f  t h e  b o n d i n g  m a t e r i a l  c a n  b e  r e v e a l e d . S p e c i a l  a t t e n t i o n  i s
g i v e n  t o  t h e  s t r e s s  i n t e n s i t y  a l o n g  t h e  b e a r i n g  s u r f a c e s  o f  t h e  l a y e r s
o f  t h e  l a m i n a t e d  b e a m s  s i n c e  i t  i s  r e s p o n s i b l e  f o r  d e l a m i n a t i o n  f a i l u r e s .
O n l y  l a m i n a t e d  b e a m s  s u b j e c t e d  t o  t h e r m a l  s t i m u l u s  a r e  t r e a t e d  i n  d e t a i l .
However, b e a m s  s u b j e c t e d  t o  m o i s t u r e  s t i m u l u s  c a n  b e  a n a l y z e d  i n  t h e
same  way  s imp ly  by  r ep l ac ing  t he  l i nea r  coe f f i c i en t  o f  t he rma l  expan -
s i o n  m u l t i p l i e d  b y  t h e  c h a n g e  o f  t e m p e r a t u r e  w i t h  a  l i n e a r  c o e f f i c i e n t
o f  m o i s t u r e  s h r i n k a g e  m u l t i p l i e d  b y  a  r e l a t i v e  m o i s t u r e  c o n t e n t
[ 8 ,  p .  3 - 1 1 ] .

TWO-DIMENSIONAL THERMOELASTIC FORMULATION

Cons ide r  a  beam o f  un i t  w id th  wh ich  i s  made  o f  two  l aye r s  o f  d i f f e r en t
m a t e r i a l s  f a s t e n e d  t o g e t h e r  b y  a  t h i n  a d h e s i v e ,  w h e r e  e a c h  l a y e r  i s
s u b j e c t e d  t o  d i f f e r e n t  a r b i t r a r y  t e m p e r a t u r e  d i s t r i b u t i o n  T i ( x ) ,
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( i  = 1 , 2 )  a l o n g  i t s  l e n g t h . T h e  l a m i n a t e d  s t r u c t u r e  i s  i n i t i a l l y  f r e e
f r o m  s t r e s s . L e t  t h e  x - a x i s  b e  t h e  l o n g i t u d i n a l  a x i s  w h i c h  l i e s  a l o n g
t h e  b o n d i n g  l i n e  o f  t h e  t w o  l a y e r s  o f  t h e  b e a m  o f  l e n g t h ,  , total
t h i c k n e s s , h ,  a n d  p l a c e  t h e  y - a x i s  a t  t h e  l e f t  e n d  o f  t h e  b e a m . Le t

h l  b e  t h e  t h i c k n e s s  o f  t h e  t o p  l a y e r ,  h 2  t h e  t h i c k n e s s  o f  t h e  b o t t o m

l a y e r ,  a n d  d l  =  h l ,  d 2  =  - h 2 . L e t  E  b e  t h e  Y o u n g ' s  m o d u l u s ,  G  t h e

shear  modulus , a n d  v  ( G r e e k  l e t t e r  n u )  t h e  P o i s s o n ' s  r a t i o . Let ? ? and
? ? b e  t h e  c o m p o n e n t s  o f  s t r e s s  a n d  s t r a i n ,  u and w t h e  d i s p l a c e m e n t s
a l o n g  t h e  x a n d  y  d i r e c t i o n s ,  a n d  ? x and ? y t h e  c o e f f i c i e n t s  o f

t h e r m a l  e x p a n s i o n  i n  d i r e c t i o n s  x  a n d  y ,  r e s p e c t i v e l y . The next
s e c t i o n , c o n c e r n i n g  l a m i n a t e d  b e a m s  o f  i s o t r o p i c  m a t e r i a l s ,  i s  l i m i t e d
t o  t h e  c o n s i d e r a t i o n  o f  a  s p e c i f i c  c a s e  w h e r e  t h e  b e a m  i s  u n i f o r m l y
h e a t e d  b y  r a i s i n g  i t s  t e m p e r a t u r e  t  d e g r e e s . I t  i s  a  f u n d a m e n t a l  c a s e
t h a t  c a n  r e v e a l  t h e  e s s e n t i a l  f e a t u r e s  o f  t h e r m a l - s t r e s s  p r o b l e m s  o f
laminated beams; the  solut ion can be  used to  make comparisons  wi th  known
r e s u l t s  i n  t h e  l i t e r a t u r e . A  s u b s e q u e n t  s e c t i o n ,  c o n c e r n i n g  l a m i n a t e d
b e a m s  o f  o r t h o t r o p i c  m a t e r i a l s , t r e a t s  t h e  g e n e r a l  c a s e  o f  t e m p e r a t u r e
d i s t r i b u t i o n .

LAMINATED BEAMS OF ISOTROPIC MATERIALS

I n  t h i s  s e c t i o n  w e  c o n s i d e r  a  l a m i n a t e d  b e a m  c o n s i s t i n g  o f  t w o  d i f f e r e n t
i s o t r o p i c  m a t e r i a l s . F o r  p l a n e  s t r e s s  d i s t r i b u t i o n  t h e  s t r e s s - s t r a i n
a n d  s t r a i n - d i s p l a c e m e n t  r e l a t i o n s , t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n ,
a n d  t h e  e x p r e s s i o n s  f o r  s t r e s s e s  i n  t e r m s  o f  a  s t r e s s  f u n c t i o n  a r e  [ 9 , 1 0 ] .

( 1 )

( 2 )

( 3 )
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W h e n  t h e  l a m i n a t e d  b e a m  i s  u n i f o r m l y  h e a t e d ,  c h a n g i n g  t h e  t e m p e r a t u r e
b y  t  d e g r e e s , T i  m a y  b e  e x p r e s s e d  a s

( 4 )

A c c o r d i n g l y , t h e  b i h a r m o n i c  f u n c t i o n  ? i for the ith layer which

s a t i s f i e s  e q u a t i o n  ( 2 )  m a y  b e  t a k e n  a s

( 5 )

( 6 )

T h e  b o u n d a r y  c o n d i t i o n s  o n  t h e  t o p  a n d  b o t t o m  s u r f a c e s  o f  t h e  b e a m  a r e

I n  a d d i t i o n  t o  t h e  p r e c e d i n g  b o u n d a r y  c o n d i t i o n s ,  t h e  c o n d i t i o n s  o f
c o n t i n u i t y  a l o n g  t h e  l i n e  o f  d i v i s i o n  o f  t h e  t w o  l a y e r s  m u s t  b e
s a t i s f i e d . T h e s e  a r e  t h e  c o n t i n u i t y  o f  s t r e s s

( 7 )

( 8 )

w h e r e  ? yl and ? xyl represent stresses acting on the bottom surface

o f  t h e  t o p  l a y e r  o f  t h e  b e a m  a n d  ? y2 and ? xy2 are stresses acting on

t h e  t o p  s u r f a c e  o f  t h e  b o t t o m  l a y e r  o f  t h e  b e a m . T h e  c o n t i n u i t y  o f
d i s p l a c e m e n t s  a c r o s s  t h e  l i n e  o f  d i v i s i o n  c o n s i s t s  o f

A p p l y i n g  b o u n d a r y  c o n d i t i o n s  ( 7 )  a n d  ( 8 )  y i e l d s

- 4 -
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(10)

(11)

( 1 2 )

(13)

F r o m  e q u a t i o n s  ( 1 )  a n d  ( 3 )  w e  o b t a i n

(14)

I n t e g r a t i n g  t h e  t w o  e q u a t i o n s  o f  ( 1 4 )  a n d  e x p r e s s i n g  x  a s  a  F o u r i e r
c o s i n e  s e r i e s

(15)

w e  o b t a i n

( 1 6 )

- 5 -



( 1 7 )

Taking the point x = 0 and y = 0 as rigidly fixed so that ui = 0,

W i  =  0  a t  t h a t  p o i n t , f rom equat ions  (16)  and (17)  we f ind

( 1 8 )

A p p l y i n g  t h e  c o n t i n u i t y  c o n d i t i o n s  ( 9 )  u 1  =  u 2  a n d  w 1  =  w 2  a l o n g  t h e
l i n e  o f  d i v i s i o n  y  =  0  y i e l d s

(19)

( 2 0 )

and

( 2 1 )

S o l v i n g  t h e  e i g h t  l i n e a r  a l g e b r a i c  e q u a t i o n s  ( 1 0 )  t o  ( 1 3 ) ,  ( 1 9 ) ,  a n d
( 2 0 ) ,  t h e  e i g h t  u n k n o w n  c o e f f i c i e n t s  A n i ,  B n i ,  C n i ,  a n d  D n i  c a n  b e

e x p r e s s e d  i n  c l o s e d  f o r m s  i n  t e r m s  o f  e l a s t i c  m o d u l i ,  t h e r m a l  l i n e a r
s t r a i n , and beam dimensions. F o r  n u m e r i c a l  s o l u t i o n s  t h e s e  e i g h t
l i n e a r  a l g e b r a i c  e q u a t i o n s  c a n  b e  e a s i l y  s o l v e d  i n  e a c h  p a r t i c u l a r  c a s e
and, o n c e  t h e  e i g h t  c o e f f i c i e n t s  a r e  d e t e r m i n e d ,  t h e  f o l l o w i n g  s t r e s s e s
c a n  b e  o b t a i n e d .
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( 2 2 )

F r o m  e q u a t i o n  ( 2 2 )  i t  i s  s e e n  t h a t  o n e  o f  t h e  t r a c t i o n - f r e e  e n d  c o n d i t i o n s
? xi = 0 at x = 0 and x = is already satisfied. The second

c o n d i t i o n ,  ? x y i  =  0  a t  b o t h  e n d s  o f  t h e  b e a m ,  c a n n o t  b e  s a t i s f i e d

e x a c t l y  w i t h o u t  s u p e r i m p o s i n g  a d d i t i o n a l  s o l u t i o n s . H o w e v e r ,  t h i s
c o n d i t i o n  i s  s a t i s f i e d  i n  t h e  s e n s e  o f  S a i n t  V e n a n t ' s  p r i n c i p l e .  W i t h
t h i s  p r i n c i p l e  w e  m a y
e q u i v a l e n t  c o n d i t i o n :

r e p l a c e  t h e  s e c o n d  c o n d i t i o n  b y  i t s  s t a t i c a l l y

( 2 3 )

T o  s h o w  t h a t  t h i s  c o n d i t i o n  i s  s a t i s f i e d ,  w e  p r o c e e d  a s  f o l l o w s . S i n c e

t h e  s a t i s f a c t i o n  o f  t h e  b o u n d a r y

c o n d i t i o n s
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and

(24)

r e s p e c t i v e l y . B u t  t h e  c o n d i t i o n s  ( 2 4 )  i m p l y  z e r o  r e s u l t a n t  s h e a r i n g
f o r c e  o n  a n y  s e c t i o n , x  =  c o n s t a n t ,  o f  t h e  b e a m . T h i s  f o l l o w s  f r o m

( 2 5 )

T h u s ,  t h e  l o a d  o n  e a c h  e n d  o f  t h e  l a m i n a t e d  b e a m  i s  s e l f - e q u i l i b r a t i n g .
T h e  p r o b l e m  o f  e x a c t  s a t i s f a c t i o n  o f  e n d  c o n d i t i o n s  o f  a n  e l a s t i c  s t r i p
h a s  b e e n  t r e a t e d  b y  a u t h o r s  [ 1 1 , 1 2 ]  i n  t h e  l i t e r a t u r e ,  I t  i s  b e y o n d
t h e  s c o p e  o f  t h i s  a r t i c l e ,  h o w e v e r , t o  m o d i f y  t h e  s o l u t i o n  b y  s a t i s f y i n g
more  p r ec i s e ly  t he  f r ee  end  cond i t i ons  o f  t he  beam.

LAMINATED BEAMS OF ORTHOTROPIC MATERIALS

I n  t h e  c a s e  o f  p l a n e  s t r e s s  d i s t r i b u t i o n ,  t h e  s t r e s s - s t r a i n  a n d  s t r a i n -
d i s p l a c e m e n t  r e l a t i o n s  f o r  o r t h o t r o p i c  m a t e r i a l s  a r e  [ 1 0 , 1 3 ]

( 2 6 )

w h e r e  E x ,  E y  a r e  t h e  Y o u n g ' s  m o d u l i  a l o n g  t h e  p r i n c i p a l  d i r e c t i o n s  x and

y ;  G  =  G x y ,  t h e  shea r  modu lus  wh ich  cha rac t e r i z e s  t he  change  o f  ang l e s
b e t w e e n  p r i n c i p a l  d i r e c t i o n s  x  a n d  y ,  a n d  v y x ,  t h e  P o i s s o n ' s  r a t i o .
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T h i s  r a t i o  c h a r a c t e r i z e s  t h e  d e c r e a s e  i n  d i r e c t i o n  x  d u e  t o  t e n s i o n
i n  d i r e c t i o n y  w i t h  a  s i m i l a r  m e a n i n g  f o r  t h e  e x p r e s s i o n  V x y ,  r e l a t e d

to vxy by

( 2 7 )

u ,  w  a r e  t h e  d i s p l a c e m e n t s  a l o n g  t h e  x  a n d  y  d i r e c t i o n s ,  r e s p e c t i v e l y ,
a n d  ? x ,  ? y, represent the coefficients of thermal expansion in principal

d i r e c t i o n s  x  a n d  y . S o l v i n g  e q u a t i o n s  ( 2 6 )  f o r  s t r e s s e s  y i e l d s

( 2 8 )

T h e  e q u a t i o n s  o f  e q u i l i b r i u m  a r e  i d e n t i c a l l y  s a t i s f i e d  b y  i n t r o d u c i n g
A i r y  s t r e s s  f u n c t i o n  ? ? a s

(29)

T h e  s u b s t i t u t i o n  o f  e q u a t i o n s  ( 2 6 )  a n d  ( 2 9 )  i n t o  t h e  c o m p a t i b i l i t y
r e l a t i o n  y i e l d s  t h e  f o l l o w i n g  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  f o r
o r t h o t r o p i c  m a t e r i a l s

(30)

I n  t h e  g e n e r a l  c a s e  a  c o m p l e t e  F o u r i e r  s e r i e s  e x p a n s i o n  f o r  T i ( x )  i s

r e q u i r e d . Howeve r ,  t he  me thod  o f  so lu t i on  r ema ins  t he  s ame  whe the r
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T i ( x )  i s  e x p a n d e d  i n  a  c o m p l e t e  F o u r i e r  S e r i e s  o r  a  s i n e  o r  a  c o s i n e

s e r i e s . T h u s ,  i n  t h e  f o l l o w i n g , o n l y  a  s i n e - s e r i e s  e x p a n s i o n  i s
c o n s i d e r e d ,  i . e . ,

i n  which

C o r r e s p o n d i n g  t o  t h e  e x p a n s i o n  ( 3 1 ) ,  t h e  p a r t i c u l a r  a n d  h o m o g e n e o u s
s o l u t i o n s  f o r  t h e  i t h  l a y e r , w h i c h  s a t i s f y  e q u a t i o n  ( 3 0 ) ,  m a y  b e
e x p r e s s e d , r e s p e c t i v e l y ,  a s

(31)

( 3 2 )

(33)

(34)

(35)
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where

T h e  g e n e r a l  i n t e g r a l  o f  e q u a t i o n  ( 3 0 )  i s  t h e  s u m  o f  t h e  s o l u t i o n s  ( 3 3 )
a n d  ( 3 4 ) ,  i . e . ,

( 3 6 )

I n  t h e  s p e c i a l  c a s e  w h e r e  t h e  t w o  r o o t s  A .1 a n d  µ i o f  e q u a t i o n  ( 3 5 )

a r e  r e a l  a n d  e q u a l  ( i . e . ,  K i =  1 ) ,  t h e  f o l l o w i n g  s o l u t i o n  o f  e q u a t i o n  ( 3 0 )

s h o u l d  b e  u s e d  i n s t e a d  o f  t h e  s o l u t i o n  ( 3 4 ) .

(37)

H a v i n g  o b t a i n e d  s o l u t i o n  ( 3 6 )  w e  w i l l  b e  a b l e  t o  s h o w  t h a t  a l l  t h e
b o u n d a r y  c o n d i t i o n s  ( 7 ) ,  ( 8 ) ,  a n d  ( 9 )  c a n  b e  s a t i s f i e d .  A p p l y i n g  t h e
b o u n d a r y  c o n d i t i o n s  ( 7 )  a n d  ( 8 )  y i e l d s ,  r e s p e c t i v e l y ,

( 3 8 )

( 3 9 )
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(40)

(41)

From equat ions  (26)  and (29)  we obta in

I n t e g r a t i n g  t h e  t w o  e q u a t i o n s  o f  ( 4 2 )  y i e l d s

(42)

(43)

( 4 4 )
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i n  w h i c h  t h e  c o n s t a n t  u i
o can  be  de t e rmined  by  t ak ing  t he  po in t x = 0

and y = 0 as rigidly fixed in order to have ui = 0, wi = 0 at x = 0,

y = 0. A p p l y i n g  t h e  c o n t i n u i t y  c o n d i t i o n s  ( 9 )  u 1  =  u 2  a n d  w 1  =  w 2

a l o n g  t h e  a x i s  y  =  0  y i e l d s

(45)

(46)

(47)

T h e  e i g h t  a r b i t r a r y  c o e f f i c i e n t s  A n i ,  B n i ,  C n i ,  a n d  D n i  a r e  d e t e r m i n e d

f r o m  t h e  e i g h t  l i n e a r  a l g e b r a i c  e q u a t i o n s  ( 3 8 )  t o  ( 4 1 ) ,  ( 4 5 ) ,  a n d  ( 4 6 )
a n d  t h e n  t h e  s t r e s s e s  c a n  b e  o b t a i n e d  f r o m  t h e  f o l l o w i n g  e x p r e s s i o n s :

( 4 8 )
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(49)

(50)

NUMERICAL EXAMPLE AND CONCLUSIONS

CASE A: TWO LAYERED BEAMS HAVING RIGID BOND

T h e  f o l l o w i n g  m a t e r i a l  c o n s t a n t s  a n d  b e a m  d i m e n s i o n s  a r e  u s e d :

F i g u r e s  1  a n d  2  s h o w  t h e  d i s t r i b u t i o n s  o f  i n t e r l a m i n a r  n o r m a l  a n d  s h e a r
s t r e s s e s , r e s p e c t i v e l y , a l o n g  t h e  l o n g i t u d i n a l  a x i s  o f  t h e  b e a m . Both
i n d i c a t e  t h a t  h i g h  s t r e s s  i n t e n s i t y  o c c u r s  i n  t h e  e n d  z o n e s  o f  t h e  b e a m
a n d  t h a t  b o t h  s t r e s s e s  d e c a y  r a p i d l y  w i t h  i n c r e a s i n g  d i s t a n c e  f r o m  t h e
e n d s . T h e  d i s t r i b u t i o n  o f  t h e  s t r e s s e s  i n  t h e  e n d  z o n e s  w i t h i n  a  d i s t a n c e
equa l  t o  t he  t h i cknes s  o f  e ach  beam,  may  no t  be  ve ry  accu ra t e ,  e spec i a l l y
f o r  t h e  s h e a r  s t r e s s . However, t h e  r e s u l t s  i n  f i g u r e s  1  a n d  2  s h o w  t h a t
b o t h  s t r e s s e s  d o  i n c r e a s e  t o w a r d  t h e  e n d s  o f  t h e  b e a m ,  s t a r t i n g  f r o m  a
d i s t a n c e  g r e a t e r  t h a n  t h e  t h i c k n e s s  o f  e a c h  l a y e r .
c l u d e d  t h a t  d e l a m i n a t i o n  f a i l u r e ,  w h e n  i t  o c c u r s ,

Thus, i t  may  be  con -
w i l l  s t a r t  a t  t h e  e n d s

of  the  beam.

F i g u r e s  3  a n d  4  s h o w  t h e  d i s t r i b u t i o n  o f  a x i a l  s t r e s s  a l o n g  t h e  b o n d i n g
s u r f a c e  o f  t h e  u p p e r  l a y e r  a n d  t h e  l o w e r  l a y e r ,  r e s p e c t i v e l y . The
b o n d i n g  s u r f a c e  o f  t h e  u p p e r  l a y e r  i s  u n d e r  t e n s i o n  a n d  t h a t  o f  t h e
lower  l aye r  unde r  compres s ion . W i t h i n  a  s h o r t  d i s t a n c e  f r o m  t h e  f r e e
ends  of  the  beam, t h e  a x i a l  s t r e s s  o f  t h e  u p p e r  l a y e r  ( F i g .  3 )  r e a c h e s
i t s  m a x i m u m  v a l u e  a n d  t h e  a x i a l  s t r e s s  o f  t h e  l o w e r  l a y e r  ( F i g .  4 )
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r e a c h e s  a  v a l u e  s l i g h t l y  l e s s  t h a n  i t s  m a x i m u m  v a l u e . B o t h  t h e n
r e m a i n  c o n s t a n t  f o r  t h e  r e m a i n d e r  o f  t h e  b e a m . O t h e r  o b s e r v a t i o n s
w h i c h  c o u l d  b e  m a d e  f o r  C a s e  A  w i l l  b e  d e s c r i b e d  l a t e r  a s  o b s e r v a -
t i o n s  f o r  C a s e  B .

CASE B: TWO LAYERED BEAMS HAVING AN ELASTIC BOND BETWEEN THE
LAYERS (FIG. 5)

T h e  m a t e r i a l  c o n s t a n t s  a n d  b e a m  d i m e n s i o n s  f o r  t h e  t w o  l a y e r s  a r e  t h e
same as  those  used in  the  Case  A. T h e  f o l l o w i n g  c o n s t a n t s  a r e  t a k e n
f o r  t h e  t h i n  b o n d i n g  m a t e r i a l  b e t w e e n  t h e  l a y e r s :

T h r e e  c a s e s  o f  d i f f e r e n t  m o d u l u s  o f  e l a s t i c i t y  o f  t h e  b o n d i n g  m a t e -
r i a l  a r e  c o n s i d e r e d ,  i . e . ,

W e  n o t e  t h a t  t h e  c o n s t a n t  c a p p e a r i n g  i n  f i g u r e s  1 - 4  a n d  t h e  c o n -
s t a n t C  i n  f i g u r e s  6  t h r o u g h  1 3  a r e  r e l a t e d  a s

T h e  o b s e r v a t i o n s  a n d  c o n c l u s i o n s  m a d e  i n  t h e  p r e v i o u s  C a s e  A  a l s o  h o l d
t r u e  f o r  t h e  p r e s e n t  c a s e . I n  a d d i t i o n , o t h e r  o b s e r v a t i o n s  c a n  b e  m a d e
f r o m  f i g u r e s  6  t h r o u g h  1 3 . F i g u r e s  6  a n d  8  i l l u s t r a t e  t h a t  t h e  m o d u l u s
o f  e l a s t i c i t y  o f  t h e  b o n d i n g  m a t e r i a l  ( a d h e s i v e )  a f f e c t s  t h e  i n t e r l a m i n a r
n o r m a l  s t r e s s  o n l y  i n  t h e  n a r r o w  e n d  r e g i o n s , t h e s e  r e g i o n s  b e i n g  o f  t h e
o r d e r  o f  t h e  t h i c k n e s s  o f  t h e  b e a m . A  l a r g e r  m o d u l u s  o f  e l a s t i c i t y  i n
t h e  b o n d i n g  m a t e r i a l  y i e l d s  s i g n i f i c a n t l y  l a r g e r  i n t e r l a m i n a r  n o r m a l
s t r e s s  i n  t h e  e n d  r e g i o n s . H o w e v e r ,  t h e  i n t e r l a m i n a r  n o r m a l  s t r e s s  i s
v i r t u a l l y  u n a f f e c t e d  b y  t h e  m o d u l u s  o f  e l a s t i c i t y  o f  t h e  a d h e s i v e  f o r
t he  r ema inde r  o f  t he  beam. Thus, i f  d e l a m i n a t i o n  f a i l u r e  s h o u l d  o c c u r ,
i t  w i l l  o c c u r  a t  t h e  e n d s  o f  t h e  b e a m . T o  p r e v e n t  s u c h  f a i l u r e ,  a d h e -
s i v e s  h a v i n g  s m a l l e r  m o d u l u s  o f  e l a s t i c i t y  s h o u l d  b e  p r e f e r r e d .

I t  i s  o f  i n t e r e s t  t o  n o t e  t h a t  t h e  m o d u l u s  o f  e l a s t i c i t y  o f  t h e  b o n d i n g
m a t e r i a l  h a s  o n l y  a  s l i g h t  e f f e c t  o n  t h e  d i s t r i b u t i o n  o f  t h e  i n t e r l a m i n a r
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s h e a r  s t r e s s  a s  s e e n  f r o m  f i g u r e s  7  a n d  9 , e x c e p t  p e r h a p s  i n  a  v e r y  s h o r t
d i s t a n c e  f r o m  t h e  e n d s  o f  t h e  b e a m .  H o w e v e r ,  i n  t h i s  r e g i o n  t h e  d i s t r i -
b u t i o n  o f  t h e  s h e a r  s t r e s s  i s  n o t  a c c u r a t e ,  a s  p r e v i o u s l y  p o i n t e d  o u t .
A n  e x a m i n a t i o n  o f  f i g u r e s  3 , 4 ,  1 0  a n d  1 1  i n d i c a t e s  t h a t  t h e  m o d u l u s  o f
e l a s t i c i t y  o f  t h e  b o n d i n g  m a t e r i a l  h a s  o n l y  s l i g h t  e f f e c t  o n  t h e  a x i a l
s t r e s s  i n  t h e  u p p e r  a n d  l o w e r  l a y e r s  o f  t h e  b e a m . On the  o ther  hand,
t h e  m o d u l u s  o f  e l a s t i c i t y  o f  t h e  b o n d i n g  m a t e r i a l  h a s  s i g n i f i c a n t  e f f e c t
o n  t h e  a x i a l  s t r e s s  i n  t h e  b o n d i n g  m a t e r i a l  a s  s e e n  f r o m  f i g u r e s  1 2  a n d
1 3 ;  a  g r e a t e r  m o d u l u s  y i e l d s  s i g n i f i c a n t l y  l a r g e r  a x i a l  s t r e s s .  W e
f u r t h e r  n o t e  t h a t  t h e  m a x i m u m  a x i a l  s t r e s s  i n  t h e  u p p e r  a n d  l o w e r
l a y e r s  o f  t h e  b e a m  i s  g r e a t e r  t h a n  t h a t  o f  t h e  i n t e r l a m i n a r  n o r m a l
s t r e s s . Howeve r ,  de l amina t i on  f a i l u r e  o f  t he  bond  caused  by  t he
i n t e r l a m i n a r  n o r m a l  s t r e s s  m a y  s t i l l  o c c u r ,  a s  i s  o f t e n  t h e  c a s e  i n
p r a c t i c e , i f  t h e  b o n d  c a n n o t  s u s t a i n  t h e  r e q u i r e d  i n t e r l a m i n a r  n o r m a l
s t r e s s .

The  compu te r  p rog ram deve loped  fo r  t he  numer i ca l  c a l cu l a t i ons  i s
p r e s e n t e d  i n  t h e  A p p e n d i x .
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Figure 1. - lnterlaminar normal stress
distribution.

Figure 3. - Axial stress distribution
along the bonding surface of the upper
layer of a two-layered beam.

Figure 2. - lnterlaminar shear stress
distribution.

Figure 4. - Axial stress distribution
along the bonding surface of the lower
layer of a two-layered beam.
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Figure 5. - Two-layered beam having an elastic bond between the layers.

Figure 6. - lnterlaminar normal stress
distribution along the bonding surface of
the lower layer and the middle layer
(bonding material).

Figure 7. - lnterlaminar shear stress
distribution along the bonding surface of
the lower layer and the middle layer
(bonding material).
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Figure 8. - lnterlaminar normal stress
distribution along the bonding surface of
the upper layer and the middle layer
(bonding material).

Figure 10. - Axial stress distribution
along the bonding surface of the upper
layer.

Figure 9. - lnterlaminar shear stress
distribution along the bonding surface of
the upper layer and the middle layer
(bonding material).

Figure 11. - Axial stress distribution
along the bonding surface of the lower
layer.
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Figure 12. - Axial stress distribution
along the lower surface of the bonding
material.

Figure 13. - Axial stress distribution
along the upper surface of the bonding
material.
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APPENDIX--THERMAL STRESSES ALONG BEARING SURFACES OF A TWO-LAYER

ISOTROPIC BEAM--A COMPUTER PROGRAM
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Two-dimensional elasticity theory is used so that
beams composed of layers of orthotropic materials like wood
can be studied. Stress intensity along the bearing
surfaces of the layers is responsible for delamination
failures. Distributions of interlaminar normal and shear
stresses measured along the beam's longitudinal axis
indicate that delamination failure, when it occurs, will
start at the beam's ends.


