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Abstract 

A computer program w a s  w r i t t e n  t o  handle  m u l t i s t a g e  sampling 
des igns  i n  i n s e c t  popu la t ions .  It i s ,  however, g e n e r a l  enough t o  
be used f o r  any popu la t ion  where t h e  number of s t a g e s  does n o t  
exceed t h r e e .  The program handles  t h r e e  types  of sampling s i t u a t i o n s ,  
a l l  of which assume e q u a l  p r o b a b i l i t y  sampling. Option 1 t a k e s  
estimates of sample v a r i a n c e s ,  c o s t s ,  and e i t h e r  a s p e c i f i e d  c o s t  
o r  p r e c i s i o n  and computes t h e  optimum number of sampling u n i t s  
t o  select p r i o r  t o  sampling. Option 2 t a k e s  t h e  o b s e r v a t i o n s ,  
cont inuous o r  d i s c r e t e ,  from a p i l o t  survey o r  a c t u a l  inven tory  
and estimates t h e  mean and v a r i a n c e s .  It then computes an estimate 
of t h e  optimum number of units which should have been taken.  
Option 3 i s  a s p e c i a l  case of t h e  s i t u a t i o n  i n  o p t i o n  2 where 
some of t h e  obse rva t ions  are l o s t  o r  f o r  some o t h e r  reason an 
unequal number of s u b u n i t s  p e r  primary u n i t  e x i s t s .  

An e x p l a n a t i o n  of m u l t i s t a g e  sampling and a processed example 
are inc luded .  

Keywords: Sampling des ign ,  computer program, f o r e s t  entomology. 



In trod uct ion 

The t e r m  mu l t i s t age  sampling r e f e r s  t o  a method i n  which sampling units 
are sampled. The f i r s t  s t a g e  of sampling occurs  when a sample of primary 
sampling u n i t s  i s  s e l e c t e d  from t h e  aggrega te  of such u n i t s  making up t h e  
popula t ion .  The second s t a g e  occurs  when samples are s e l e c t e d  from each of 
t h e  primary sampling u n i t s  from t h e  f i r s t  s t a g e .  Sometimes subsampling u n i t s  
are sampled c r e a t i n g  a t h i r d  s t a g e  composed of sub-subsampling u n i t s .  This  
p rocess  can cont inue ;  however, i t  r a r e l y  goes beyond t h e  f o u r t h  s t a g e .  This  
type  of arrangement of sampling u n i t s  i s  i l l u s t r a t e d  i n  a f o r e s t  i n s e c t  re- 
sea r ch  s tudy  designed t o  estimate t h e  average number of spruce  budworm egg 
masses and t h e  number of l a r v a e  pe r  u n i t  of f o l i a g e  (Caro l in  1972).  The 
popula t ion  w a s  an acreage  of i n f e s t e d  Douglas- fir trees i n  e a s t e r n  Oregon. 
The i n f e s t a t i o n  occurred i n  small i s l a n d s  of trees i n  which Douglas- fir  w a s  
t h e  predominant tree spec i e s .  Thus, t h e  primary sampling u n i t  was an area 
p l o t  of which t h e r e  were a l a r g e  number (considered i n f i n i t e )  of such p l o t s .  
Each p l o t  was sampled by t ak ing  subp lo t s  sy s t ema t i ca l l y  w i th in  t h e  p l o t .  A 
subp lo t  involved a p o r t i o n  of an a c r e  around t h e  subplo t  c en t e r .  A t h i r d  
s t a g e  of sampling occurred when trees were sampled w i th in  each subplo t .  

S tud i e s  such as t h i s  involv ing  i n s e c t s ,  range vege t a t i on ,  and trees 
adapt  themselves r e a d i l y  t o  mu l t i s t age  sampling. Mul t i s tage  sampling can 
be  app l i ed  when small elements of t h e  popula t ion  occur  i n  c l u s t e r s  a t  one 
o r  more s t a g e s  i n  t h e  popula t ion ,  i t  is uneconomical t o  measure t he  v a r i a b l e  
of i n t e r e s t  on a l l  t h e  subelements i n  a c l u s t e r ,  o r  a l i s t  of s m a l l  e lements  
i s  p r o h i b i t i v e l y  d i f f i c u l t  o r  expensive t o  cons t ruc t .  

The theory  of mu l t i s t age  sampling i s  w e l l  e s t a b l i s h e d  i n  texts (Cochran 
1963, Sukhatme 1954, Yates 1949, and o t h e r s ) ;  however, exp lana t ions  of t he se  
techniques are n o t  always e a s i l y  understood by r e sea r che r s  nor  are t h e i r  
a p p l i c a t i o n s  always apparen t .  This  i s  p a r t i c u l a r l y  t h e  case i n  b i o l o g i c a l  
popula t ions  because t h e  sampling u n i t s  a t  each s t a g e  f r equen t l y  may be 
def ined  i n  a v a r i e t y  of dimensions and arrangements.  

Whenever mu l t i s t age  sampling i s  used, t h e r e  i s  a problem i n  a l l o c a t i n g  
e f f o r t  t o  t h e  va r i ous  s t a g e s  of sampling. I n  o t h e r  words, what should t h e  
sample s i z e  be  a t  each s t a g e ?  One seeks  t h a t  a l l o c a t i o n  of resources  ( i .e . ,  
t i m e  and money) which produces a given sampling e r r o r  a t  least c o s t  o r ,  
converse ly ,  w i l l  produce t h e  smallest sampling e r r o r  f o r  a given cos t .  

Im plem en t i ng Mu It istag e Sampling 

This  t echniques  r e p o r t  i n t roduces  a new computer program, MUST, which 
processes  equa l  p r o b a b i l i t y  mu l t i s t age  samples and computes optimum sampling 
f r a c t i o n s  a t  t h e  va r i ous  s t a g e s  of sampling. It a l s o  p r e s e n t s  t o  r e s e a r c h e r s  
t h e  fundamentals of t h i s  p a r t i c u l a r  class of sampling problems ( i . e . ,  mul t i-  
s t a g e  sampling problems) ,  so  t h a t  they w i l l  recognize them when confronted 
wi th  such s i t u a t i o n s  and be a b l e  t o  p l an  surveys and s t u d i e s  more e . f f i c i e n t l y .  

One c h a r a c t e r i s t i c  of b i o l o g i c a l  popula t ions  which may exist  and compli- 
cate t h e  a p p l i c a t i o n  of mu l t i s t age  sampling is t h e  occurrence of u n i t s  of 
unequal s i z e .  
may be  done on an equa l  o r  unequal p r o b a b i l i t y  b a s i s .  
mu l t i s t age  sampling i s  n o t  considered h e r e  (Cochran 1963, Langley 1969) .  
Fo r tuna t e ly ,  most b i o l o g i c a l  popula t ions  have l a r g e  numbers of u n i t s  a t  one 

Drawing a sample from a c o l l e c t i o n  of u n i t s  of unequal s i z e  
Unequal p r o b a b i l i t y  



o r  more s t a g e s  of sampling, so  the s i z e  of samples a t  subsequent  s t a g e s  may 
be  kep t  cons t an t  and t h e  p r o b a b i l i t y  of s e l e c t i o n  assumed equa l .  

W e  mentioned p r ev ious ly  t h a t  t h e  shapes and dimensions of t h e  u n i t s  and 
subun i t s  can f r e q u e n t l y  be  changed by t h e  r e sea r che r  when they  are n o t  f i x e d  
by t h e  way they  occur  i n  na tu r e .  Before one can estimate t h e  optimum a l l oca-  
t i o n  of e f f o r t  t o  t h e  va r i ous  s t a g e s ,  he  must i d e n t i f y  t h e  s t a g e s  of sampling 
and s p e c i f y  t h e  sampling u n i t s  ( i .e . ,  d e f i n e  s p e c i f i c a l l y  t h e  s i z e  and shape 
of each u n i t  f romwhich  obse rva t i ons  are t o  be  taken a t  each s t a g e  of sam- 
p l i n g ) .  Un i t s  which are small i n  s i z e  u sua l l y  are d i s t r i b u t e d  more evenly 
over  an area than  are l a r g e  units ( i . e . ,  f o r  an equa l  amount of t h e  area 
sampled),  b u t  economic o r  p r a c t i c a l  reasons  tend t o  favor  l a r g e r  uni ts- -  
measuring a l a r g e r  area wh i l e  on a p l o t  and thus  measuring fewer t o t a l  p l o t s  
c u t s  down on c o s t s  i ncu r r ed  by travel between p l o t s .  The d e c i s i o n  of choos- 
i n g  t h e  optimum-size sampling u n i t  becomes one of choosing t h e  a l t e r n a t i v e  
t h a t  minimizes t h e  va r i ance  pe r  u n i t  of c o s t .  This  means t h a t  i f  two al ter-  
n a t i v e  sampling u n i t s  are a v a i l a b l e  one should choose t h e  one which prov ides  
t h e  smallest estimate of t h e  va r i ance  given bo th  samples c o s t  t h e  same. This 
problem i n  th ree- s tage  sampling is  more complicated than t h i s  s imple  expla-  
n a t i o n  because t h e  d e f i n i t i o n  of subsampling units are dependent upon t h e  
choice  of sampling u n i t s  a t  t h e  f i r s t  s t a g e .  

If t h e  problem i s  extended t o  determining t h e  optimum s i z e  and frequency 
of sampling units a t  each s t a g e ,  then  i t  becomes a mathematical programing 
problem. Fu r the r  developments of t h i s  a s p e c t  of mu l t i s t age  sampling w i l l  no t  
be  considered i n  t h i s  pape r . l  

Assume t h a t  t h e  r e s ea r che r  has  i d e n t i f i e d  h i s  s t a g e s  of sampling and 
decided upon t h e  d e f i n i t i o n s  of h i s  sampling u n i t s  by some s u i t a b l e  c r i te r ia  
s o  t h a t  he  can p rog re s s  toward determining t h e  optimum number of u n i t s  t o  be 
s e l e c t e d  a t  each s t a g e .  The s t r a t e g y  f o r  determining t h i s  optimum w i l l  b e ,  
as mentioned p r ev ious ly ,  t o  s a t i s f y  one of two p o s s i b l e  o b j e c t i v e s .  
f i r s t  is t o  choose t h e  number of f i r s t - ,  second-, and t h i rd- s t age  u n i t s  i n  
t h e  sample (n,  m, and k )  so  t h e  t o t a l  c o s t  of t h e  survey i s  minimized, sub- 
j ec t  t o  ach iev ing  an  expected l e v e l  of p r e c i s i o n  (sampling e r r o r )  on t h e  
estimate of i n t e r e s t .  The second is  t o  choose sample s i z e s  t o  minimize t h e  
expected p r e c i s i o n  s u b j e c t  t o  ach iev ing  a s p e c i f i e d  c o s t  of t h e  survey.2 

The 

I n  th ree- s tage  sampling t h e r e  are t h r e e  v a r i a b l e s  (n, m, and k ) .  It 
should be  apparen t  t h a t  t h e  p r e c i s i o n  can be increased  o r  decreased by 
changing any one, two, o r  a l l  t h r e e  of t h e s e  sample s i z e s .  

'John W. Hazard and Lawrence C .  Promnitz. 

2The discussion and i l l u s t r a t i o n s  from here on w i l l  be framed around three-stage 

Optimality in  the design of  successive 
f o r e s t  surveys. 

sampling, s ince  the program MUST w i l l  handle up to  three s tages .  

(Submitted t o  For. S c i . )  
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To c a l c u l a t e  an estimate of t h e  optimum a l l o c a t i o n  of r esources  t o  t h e  
t h i r d  and second s t a g e s  of sampling ( i . e . ,  7&t and 6&t, r e s p e c t i v e l y ) ,  one 
needs t h e  fo l lowing  sample informat ion:3  

s = t h e  v a r i a n c e  among f i r s t - s t a g e  u n i t  means, 

s22 = t h e  v a r i a n c e  among second- stage u n i t  means pooled over 

s32 = t h e  v a r i a n c e  among t h i r d- s t a g e  u n i t s  pooled over  t h e  

1 

f i r s t - s t a g e  u n i t s ,  

second- and f i r s t - s t a g e  u n i t s ,  

t a k i n g  u n i t s  a t  each s t a g e .  
c i = 1-3 are t h e  r e s p e c t i v e  c o s t s  p e r  u n i t  a s s o c i a t e d  w i t h  i’ 

Note t h a t  t h e s e  i t e m s  of informat ion are independent of t h e  popu la t ion  s i z e s  
N, M, and K, and t h e  s p e c i f i e d  p r e c i s i o n  o r  t o t a l  c o s t .  This means t h a t  
kept and mpt can be  es t imated  from sample informat ion.  
p l i n g  u n i t s  a t  t h e  f i r s t - s t a g e ,  n, i s  a f u n c t i o n  of kept and mop*, and i t  
a l s o  depends upon which o b j e c t i v e  has  been chosen. 
a t o t a l  c o s t ,  then an  estimate of n r e s u l t s  d i r e c t l y  from s u b s t i t u t i o n  of t h e  
known items i n t o  t h e  c o s t  f u n c t i o n .  I f ,  however, t h e  o b j e c t i v e  invo lves  a 
s p e c i f i e d  p r e c i s i o n ,  then one needs t o  know N unless  $is  very l a r g e .  I n  t h e  
l a t t e r  case, n i s  a f u n c t i o n  only  of t h e  va r iance  a t  t h e  f i r s t  s t a g e .  

The number of sam- 

I f  t h e  o b j e c t i v e  s p e c i f i e s  

Program Specifications 

When an a c t u a l  sampling problem arises, t h e  r e s e a r c h e r  o r  sampler i s  
faced  wi th  one of two s i t u a t i o n s .  E i t h e r  h e  must conduct a survey w i t h  no 
p r i o r  informat ion about h i s  popu la t ion ,  o r  h e  i s  f o r t u n a t e  enough t o  have 
p rev ious  i n v e n t o r i e s  o r  s t u d i e s  w i t h  some estimates of t h e  v a r i a n c e s  and 
c o s t s  of sampling a t  each s t a g e .  

Perhaps t h e  b e s t  approach, i n  t h e  absence of p r i o r  knowledge of t h e  
p o p u l a t i o n ,  i s  t o  cons ide r  running a p i l o t  s tudy  t o  estimate t h e  i n p u t s  t o  
t h e  a l l o c a t i o n  problem. I f  t h e  r e q u i r e d  informat ion ( i , e . ,  c o s t s  and var-  
i a n c e s )  i s  p r e s e n t ,  then t h e  techniques  f o r  determining n, m ,  and k are 
s t r a i g h t f o r w a r d .  

The program MUST processes  t h r e e  o p t i o n s :  

Option 1. Predict optimwn.--This o p t i o n  p r e d i c t s  t h e  optimum n, m ,  and 
k when p r i o r  estimates (var iances  and c o s t s )  are a v a i l a b l e  from a p i l o t  s tudy 
o r  o t h e r  sources  f o r  i n p u t .  
minimizing var iance .  
estimates of t h e  t r u e  v a r i a n c e s ,  (Si ) ,  are s p e c i f i e d  d i r e c t l y ,  o r  t h e  sample 
v a r i a n c e s ,  (si ), are provided (Cochran 1963).  

The optimum i s  computed f o r  minimizing c o s t  o r  
Two sets of va r iance  i n p u t s  may be used: E i t h e r  

A 2  
2 

CL opt.‘ 3Refer to  the appendix for a complete explanation of the calculation of 7; 
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Option 2. Equal subsamples. --This o p t i o n  accep t s  t h e  i n d i v i d u a l  obser-  
v a t i o n s  from a p i l o t  o r  an actual su rvey .w i th  e i t h e r  binomial  o r  cont inuous 
random v a r i a b l e s .  It computes estimates of t h e  popula t ion  mean and va r i ance s ,  
then  computes t h e  optimum f o r  t h e  c o s t  o r  va r i ance  r e s t r i c t i o n  from t h i s  
sample f o r  f u t u r e  surveys  of t h i s  popula t ion  o r  f o r  eva lua t i ng  t h e  e f f i c i e n c y  
of t h i s  a l l o c a t i o n .  

Option 3. Unequal s u b s q Z e s . - - T h i s  op t i on  i s  used when t h e  observa t ions  
have been taken  under t h e  assumption of equa l  p r o b a b i l i t y  sampling and equal- 
s i z e d  u n i t s  a t  each s t a g e  b u t ,  due t o  l abo ra to ry  f a i l u r e s ,  e tc . ,  t h e  samples 
end up unequal.  Again, t h i s  o p t i o n  w i l l  p rocess  percen tages  o r  cont inuous 
v a r i a b l e s ,  and i t  a l s o  computes t h e  new optimum number of samples f o r  f u t u r e  
surveys.  

Control Cards 
card 1 

T i t l e  ca rd  

Columns Format Information 

1- 5 A5 Punch TITLE. 

6- 75 

. .. 76-80 
7A10 Any i d e n t .  de s i r ed .  . 

A s  many TITLE c a r d s  may be used as de s i r ed .  

card 2 
OPTION 1 

Columns 

1-15 

16-19 

20-24 

25-28 

29-32 

33-36 

37-40 

41-44 

Format 

AS, A10 

F5.0 . 

F4.0 

F4’. 0 

F4.0 

F4.0 

F4.0 

I f  a Z appears  i n  c o l .  80. 
t h e  d a t a  w i l l  be  l i s t e d .  

Information 

Punch PREDICT OPTIMUM. 

Blank. 

S i z e  of t h e  sampling 
un ive r s e  f o r  t h e  f i r s t  
s t a g e  (N). I f  N = i n f i n i t y ,  
set t o  99999. 

sample (n) .  

un iverse  f o r  t h e  second- 
s t a g e  (M). I f  M = i n f i n i t y ,  
set  t o  9999. 

sample (m). 

un ive r s e  f o r  t h e  t h i r d-  
s t a g e  ( K ) .  I f  K = i n f i n i t y ,  
set t o  9999. 

S i ze  of t h e  f i r s t - s t a g e .  

S i ze  of t h e  sampling 

S i ze  of t h e  second- stage 

S i ze  of t h e  sampling 

S i z e  of t h e  t h i rd- s t age  
sample ( k ) .  

4 



4 7-54 

55-62 

6 3- 70 

F8.I* Cost of collecting a 
first-stage unit. 

F8. I* Cost of collecting a 
second-stage unit. 

F8.1* Cost of collecting a 
third-stage unit. 

71-80 F10. I* Total cost, if specified. 

* If the number in the columns does not contain a decimal point, then 
the field is read with "I" being zero. 

cad 3 
OPTION 1. Predicting the optimum when the appropriate statistics 

are available from previous surveys. 

Columns 

1- 5 

Format Information 

F5.1 Relative standard error, 
(percent/100). 

6-15 F10. I Absolute standard error. 
16-25 F10. I Estimated mean. 

26-27 F2.0 Probability level. 
28-34 F7.1 t-value. 

35-45 Blank 

46 

47-54 

55-62 

6 3- 70 

71-80 

A 1  

F8.1 

F8.1 

F8.1 

F1O.I 

Leave blank if variances 
are unbiased estimates 
of the true population 
variance; otherwise, 
insert S, if variances 
are computed among means 
at the various stages 
(see reference). 

Estimated variance at 
first stage. 
Estimated variance at 
second stage. 
Estimated variance at 
third stage. 

V(5> specified. If the 
standard error and the 
t-value are specified, 
then V , ( i )  will be calcu- 
lated and this field 
ignored. 

- 
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cad 2 

OPTION 2. P r e d i c t i n g  t h e  optimum when t h e  i n p u t  must be summarized 
from a p i l o t  o r  e x i s t i n g  s tudy .  

Columns Format Information 

1-19 

20-44 

45 

46 

5x11 Var iab le  format  where I1 
i s  an i n t e g e r  count  of 
t h e  number of obse rva t i ons  
p e r  c a rd  fol lowed by t h e  
format  f o r  each observa-  
t i o n  ( i . e . ,  s t a r t i n g  i n  
c o l .  1 (5XlO(F6.2)). 

Same as ca rd  2, op t ion  1. 

"1" i f  t h e  obse rva t i ons  
are binomial  d a t a  ( i . e . ,  
y e s  o r  no) .  Only a 
summary of t h e  number of 
yes obse rva t i ons  needs t o  
be  en t e r ed .  Blank, i f  
d a t a  are cont inuous.  

"1" i f  t h e r e  are unequal 
sample s i z e s .  Blank i f  
equa l  sample s i z e s .  

47-80 Same as ca rd  2, o p t i o n  1. 

A ca rd  3 w i l l  n o t  occur  w i t h  o p t i o n  2 because t h e  va r i ance s  w i l l  b e  
computed from t h e  d a t a .  

cad 2 

OPTION 3.  Samples are s e l e c t e d  under t h e  assumption of equal- sized 
u n i t s  (equa l  p r o b a b i l i t y )  b u t  t h e  s i z e  of samples ends 
up unequal due t o  l o s s e s  of  sampling units. 

The ca rd  2 format  w i l l  be  t h e  same as f o r  o p t i o n  2 ,  
excep t  column 46 must have a "1" punch. 
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card 3 
OP'IION 3 ( op t i ona l )  

card 4 

Columns 

1- 5 

6- 9 

10-12 

13-80 

OPTION 3 (op t i ona l )  

Columns 

1- 5 

6- 9 

10-80 

Data card 
Columns 

1- 5 

6-80 

Format 

A5 

I3  

I3  

Format 

A5 

13 

Information 

Punch 'lTWO" i f  unequal 
subsamples occur  a t  
second s t a g e  ( l e f t - j u s t i f i e d ) .  

A count of t h e  number of 
second- stage samples 
w i th in  t h e  f i r s t - s t a g e  
u n i t .  

Second-stage u n i t .  

I n  t h r ee- d ig i t  f i e l d s ,  
i d e n t i f y  t h e  number of 
subun i t s  sampled i n  t h e  
remaining primary u n i t s .  

Information 

Punch "THREE" i f  unequal 
subsamples occur  a t  
t h i r d  s t a g e .  

S imi l a r  t o  ca rd  3;  
i d e n t i f y  t h e  number of 
sub-subsampling u n i t s  a t  
t h e  t h i r d  s t a g e  w i t h i n  each 
second- stage sampling u n i t .  

Repeat f o r  a l l  second- 
s t a g e  sampling u n i t s  i n  
t h r e e- d i g i t  f i e l d s .  

Format Information 

Punch DATA. A5 

SX(I1) Data are punched i n  
t h e  format s p e c i f i e d  
i n  c a rd  2. 

Data w i l l  b e  o rdered  x ( i ,  j ,  k )  where k i s  w i t h i n  j and j w i t h i n  i. 
Between each j ob  a STOP ( c o l s .  1-4) c a rd  i s  requi red .  The l a s t  card  w i l l  be  
an end-of-data i n d i c a t o r  (6,7,8,9 punched i n  c o l .  1 ) .  The o rde r  must a l s o  
be  c o n s i s t e n t  wi th  t h e  i d e n t i f i c a t i o n  of sample s i z e s  i n  ca rds  3 and 4 .  
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Cont ro l  c a rd  s p e c i f i c a t i o n s ,  programed e r r o r  messages, ope ra t i ng  i n s t r u c-  
t i o n s ,  and examples of i npu t  d a t a  occur  on comment ca rds  a t  t h e  beginning of 
t he  source  program. 

The program MUST i s  w r i t t e n  f o r  t h e  CDC 6400; i t  w i l l  t ake  up t o  1,000 
measurements over  a l l  s t a g e s  (can be  expanded e a s i l y ) ,  and i t  w i l l  p rocess  
problems of up t o  t h r e e  s t a g e s .  

An Example of Field Use of MUST 

A tussock  moth egg survey f o r  v i r u s  de te rmina t ion  was run wi thout  know- 
ledge  of t h e  r e l a t i v e  va r i ance s  a t  each s t a g e .  The s i t u a t i o n  w a s  t h a t  a 
sample of 1 7  p o i n t s  w a s  d i s t r i b u t e d  over  an area (assumed random). A t  each 
p o i n t ,  an average of approximately 23 egg masses were c o l l e c t e d  from a much 
l a r g e r  number. Each egg mass had approximately 250 eggs from which an aver-  
age of approximately 44 l a r v a e  were r ea r ed .  The average number of eggs p e r  
egg mass v a r i e d  from mass t o  mass b u t  appeared t o  be  cons t an t  enough t o  
accep t  t h e  average.  This  amounted t o  roughly 17,204 i n s e c t s  which were 
reared  and examined f o r  v i r u s .  The o b j e c t i v e  w a s  t o  estimate t h e  pe r cen t  
of i n s e c t s  which possessed t h i s  n a t u r a l  v i r u s ;  t hus ,  t h e  obse rva t i on  y i j ~  
i s  1 o r  0 depending on whether t h e  i n s e c t  does o r  does no t  have t h e  v i r u s .  
Under the  op t i on  2 a l t e r n a t i v e ,  t h e  d a t a  w e r e  processed and t h e  a l l o c a t i o n  
computed. A summary of t he se  d a t a  and . e s t ima t e s  appears  i n  t a b l e  1. 

Looking a t  t h e  lower p a r t  of t h e  t a b l e ,  column 1 l a b e l s  t h e  p a r t i c u l a r  
s t a g e  of sampling,  columns 2-7 p r e sen t  a summary of t h e  s t a t i s t i c s  ( i . e . ,  
t h e  i n p u t s  t o  t h e  op t im iza t i on  formulas ) ,  and column 8 t h e  optima: 

The popu l a t i on  and sample s i z e s  f o r  each s t a g e  occur  i n  columns 2 and 3.  

The 99999 i n d i c a t e s  an  assumed i n f i n i t e  number of primary u n i t s  
( p l o t s )  of which 1 7  were s e l e c t e d  a t  random. 

The 9999 symbolizes an i n f i n i t e  number of egg masses p e r  
p l o t  of which an  unequal number (average of 22.47) w a s  
s e l e c t e d  a t  random from t h e  1 7  p l o t s .  

There were an average of 250 eggs pe r  egg mass of which 
an unequal number (approximately 44) was s e l e c t e d  pe r  
egg mass from t h e  1 7  x 22.47 = 382 egg masses s e l e c t e d .  

Sampling f r a c t i o n s  are n o t  p resen ted  f o r  s t a g e s  1 and 2 i n  column 4 
because they  are i n f i n i t e  i n  s i z e .  
average sampling f r a c t i o n  f o r  a l l  382 second- stage samples taken.  

The .17596 r e p r e s e n t s  a weighted 

The va lue s  of s12, s 2 2 ,  and ~3~ occur  i n  column 5 l abe l ed  "SAMPLE 
VARIANCE," and unbiased estimates of t h e  parameters  Si2,  S2*, and S3 2 

occur  i n  column 6 ,  "ESTIMATED POPN. VARIANCE." E i t h e r  one may be used, 
b u t  most f r equen t l y  si2's are a v a i l a b l e .  

Costs  i n  column 7 are assumed p ropo r t i ona l  t o  t h e  frequency of sampling 
u n i t s .  The c o s t  f unc t i on  thus  t ake s  on t h e  form: 

e = ei (n  + nm + nmk) . 
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THRFF 47 5 0  50  4 9  
THREE 49 4 4  07  (35 5 0  I 1  I 7  50 28  17 08 25 29 45 0 3  35 I ?  4 E  5 0  ? 3  
TWRCE 1 4  1 I 
THREE b 9  68 4 7  b 9  1 4  45 5 0  -47  44 5 6  47  38 20 87  47 ' 4 6  0 5  
THREE 49  4 6  5 0  5C 4 6  49 5 0  19 5 0  50 50 50 49  5 0  49 48 4'3 5 5  49 49 

THRFE 5rl 42 3 4  20 27  so 3 4  49 5 8  1 9  47 25 58 € 4  5 0  50- 4c  5c' i4 

67~2~01~003~OJ1364336d91 I 1 6 4 6 2 0 1 0 G 4  
C ' s ? 3 t 5 ~ ~ ~ 5 @ 9 0 2 ~ 2 ~ 0 0 5 I C O 8 ~ ~ l 7  1 5 9  I C 7 0 8 0 9 1 2 0 0  1208 

THREE 53 50 50 _ _ _ _ _ _ _  
TLcQFE 3rl 5 0  4q 50 5 0  48 5 0  49-26 4 7  SO 49  5 0  5 0  5 0  5 0  5G 4 7  50  5 0  4 7  

VULT I S T  d GE 
E S l I 4 4 T E S  

-__ 
~ T O .  EK~OR- 

AB SOLUT E 
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The c o s t  va lue s  appear  i n  t h e  column l abe l ed  "COST" only  i f  c o s t s  are 
en t e r ed ;  o therwise ,  they  are assumed equa l .  

The optimum sample s i z e s  f o r  m i n i e z i n g  c o s t  s u b j e c t  t o  meeting t h e  
computer va r i ance ,  .00079702, are kept = 2.0;  ;opt = 2.0; and h = 17.  

The es t imated  average o r  p ropo r t i on  of i n s e c t s  possess ing  t h e  v i r u s  
appears  under t h e  heading "MULTISTAGE ESTIMATES." 
estimate i s  29.15253-02. This  s ays  t h a t  29.15 pe r cen t  were v i r u s  
i n f e c t e d ,  and t h e  va r i ance  of t h i s  es t imated  p ropo r t i on  i s  7.970234E-04. 

The va lue  of t h i s  

The s t r i k i n g  t h ing  about  t h e s e  r e s u l t s  i s  t h a t  t o  s a t i s f y  t h e  p r e c i s i o n  
achieved of .00079702 would have r equ i r ed  on ly  2 x 2 x 1 7  = 68 obse rva t i ons  
of l a r v a e  i n s t e a d  of t h e  17,204 a c t u a l l y  taken.  I n  o t h e r  words, no th ing  is  
gained i n  t h e  es t imated  p r e c i s i o n  of t h e  mean v i r u s  occurrence of t h e  
popula t ion  from measuring a l a r g e  number of eggs p e r  egg mass o r  a l a r g e  
number of egg masses p e r  p l o t .  
l a r  optimum s o l u t i o n  is  a c h a r a c t e r i s t i c  of t h e  popula t ion  be ing  sampled. 
I f  t h e  i n t e n s i t y  of i n f e c t i o n  o r  occurrence of v i ru s- in f ec t ed  i n s e c t s  i n-  
c rea se s  o r  dec r ea se s ,  t h e  va r i ance s  w i l l  change thus a l t e r i n g  t h e  optimum 
s o l u t i o n .  One must t h e r e f o r e  be  p a r t i c u l a r l y  c a r e f u l  about  borrowing i npu t  
va r i ance s  from o t h e r  r e s ea r ch  s t u d i e s  o r  surveys .  I n  o t h e r  words, t h e  
va r i ance s  one chooses f o r  ob t a in ing  h i s  optimum s o l u t i o n  should be  r e l a t i v e l y  
b i a s- f r ee  estimates of h i s  c u r r e n t  popula t ion  of i n t e r e s t .  

It should be r e a l i z e d  by now t h a t  a pa r t i cu-  

Optimizat ion problems of t h i s  type have a s p e c i f i c ,  wel l- defined 
o b j e c t i v e .  There are occas ions  when secondary o b j e c t i v e s  e x i s t  which are 
of a d e s c r i p t i v e  n a t u r e  (e .g . ,  d e s c r i p t i o n s  of r e l a t i o n s h i p s  of t h e  larvae 
t o  t h e i r  environment).  When t h e s e  occur ,  i t  may be  d e s i r a b l e  t o  t ake  l a r g e r  
rn and k t o  p rov ide  t h i s  o t h e r  type  of in format ion ,  even though i t  may no t  
be  e f f i c i e n t  from an e s t ima t i on  p o i n t  of view. 
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Appendix 

The op.timum f requenc ies  n ,  m y  and k are f u n c t i o n s  of t h e  t r u e  va r iances :  

Variance among primary u n i t  means 

N - - 

S12 = 1 (Ti - i ) 2 / ( N  - 1 )  
i=1 

Variance among second- stage u n i t  means 

Variance among t h i r d- s t a g e  u n i t  means 

where: 

t h  yi j l  i s  an obse rva t ion  of t h e  Rth  t h i rd- s tage  u n i t  w i t h i n  t h e  j 

Yij is t h e  mean of t h e  R t h i r d- s t a g e  u n i t s  w i t h i n  t h e  jth second s t a g e  

Yi i s  t h e  mean over  R t h i r d- s t a g e  u n i t s  and j second- stage u n i t s ,  

- w i t h i n  t h e  ith f i r s t - s t a g e  u n i t .  

Y is  t h e  mean over  a l l  s t a g e s .  

second- stage u n i t  w i t h i n  t h e  ith f i r s t - s t a g e  u n i t ,  

and ith f i r s t  s t a g e ,  

- 

- - 

- 

- - -  
The a p p r o p r i a t e  sample-based estimates of these  parameters  are yijl yi, 

and 
- - 

and 5 .  
~ ( 3  are unbiased e s t i m a t o r s  of P and V ( 5 .  
var iance  are : 

When random sampling i s  assumed a t  a l l  s t a g e s ,  t h e  sample mean - - - - 
The t r u e  va r iance  and sample 
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where f = n/N, f2 = rn/M, and f, = k/K are the sampling fractions at the 
three stages, which means that N, M, and K must be the number of first-, 
second-, and third-stage units in the population. 

1 

If k = K ,  the problem reduces to a two-stage sampling problem. And 
logically, if rn = M and k = K ,  the problem is one-stage or simple random 
sampling. 

Costs are a necessary consideration in computing estimates of the 
optimum number of elements at each stage. 
taking an element at the ith stage. 
the cost associated with primary units must include all cost components 
associated with taking a primary unit, but not costs of measuring secondary 
units. The result is that if we omit travel costs between units and 
extraneous costs associated with each stage, then the total cost can be 
expressed as a linear function of n, rn, and k ;  i.e., 

Let e .  be the average cost of z Since each unit is composed of subunits, 

e(tota1 cost) = c n + e nm + e3nmk. 1 2 
Then, given these inputs, the optimum n, rn, and k are (Cochran 1963): 

The size of n for a 

r s3 1 

specified cost or specified precision are, respectively: 

(e specified) 
(C + e m  + e m  k ) 1 2 opt  3 o p t  opt  

n =  

2 
(1 - f9S3 2 

2 + (l - f2IS2 + 

rn m k  opt opt  opt sl - - 
(V(fi)specified) + SI 2 /N 

(5 1 

2, Since nothing is usually known about the Si s or the values of N, M, 
and k by substituting estimates for the 

opt' opt 
and K ,  one can estimate n, rn 

2 Si ' s .  Unbiased estimates of these true variances exist which are functions 
of the following sample variances (Sukhatme 1954--expression 56, page 310; 
57, page 311) : 
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and 

5,2 

522 

532 

2 
3 S 

2 
S 

(1 - f3)m - (1 - f 2 >  m - 2 
s 1 

2 
3 S 2 

s - (1 - f,) 7 2 

2 
s3 

Unbiased sample based e s t i m a t o r s  of equa t ions  (3) and ( 4 )  can be ob ta ined  

by s u b s t i t u t i n g  t h e  e s t i m a t o r s  S 

and then  s impl i fy ing .  These e s t i m a t o r s  are: 

^ 2  
i , i=1, 2 ,  o r  3 i n t o  equa t ions  (3)  and ( 4 )  

3 S 

A - - 
opt m 

h A 

When k and m are computed, t h e  v a l u e s  of k and m on t h e  right- hand 

s i d e  of t h e  e s t i m a t o r s  (7) and (8) come from t h e  sample used t o  compute 
opt  opt 

2 2 
s2 and s3 . 
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There are two e s t i m a t o r s  of n--choice depends upon whether 
s p e c i f i e s  a c o s t  o r  va r i ance  r e s t r i c t i o n .  The two forms are: 

(e s p e c i f i e d )  - - n 
( c o s t )  e + e k + e 1;1 3;. 

1 2 opt  3 opt  opt  

(1-f 3)532 i12 + (1-f2)S2 + 

- 2  

A A A  

m k  o p t  opt  
opt  
m 

- n - 
- (var iance)  - , s12 

(V(y)spec i f ied)  + - N 

t h e  o b j e c t i v e  

A 

and n are func t i ons  of sample va lues .  Nothing opt' ( c o s t )  Note t h a t  kept, m 
i s  r equ i r ed  t o  be  known about t h e  popula t ion .  Also, when M and K are l a r g e  

n s i m p l i f i e s  t o  an exp re s s ion  i n  which r e l a t i v e  t o  m 
only t h e  popula t ion  s i z e  N i s  r equ i r ed .  It  should a l s o  be  apparen t  t h a t ,  i f  

N i s  very  l a r g e  (assumed i n f i n i t e  = 99999),  t h e  va lue  of n approaches 

s 2 / V ( y )  ( s p e c i f i e d )  which i s  t h e  case f o r  s imple  random sampling from an 

A A 

opt  and koptJ (var iance)  

A 

(var iance)  

1 h 

i n f i n i t e  popula t ion .  

of ii2's i n s t e a d  of s 2 '  

f o r  a r r i v i n g  a t  equa t i on  (10). The e s t i m a t o r s  i . 2 1 s  are unbiased e s t ima to r s  

of Si2's, and t hus  t h e i r  expec t a t i ons  are always cons t an t s  r e g a r d l e s s  of t h e  

s i z e  of n, m, and k .  
f unc t i ons  of t h e  sample s i z e s  m and k .  
amount of sampling k ,  t h i s  a f f e c t s  t h e  va lue  of s and s 

I n  equa t i on  (IO), n (var iance)  i s  w r i t t e n  as a func t i on  

There i s  a reason f o r  us ing  (1) i n s t e a d  of (2 )  i ' *  

z 

Whereas us ing  (2)  r e q u i r e s  e s t i m a t i n g  s.~'s which are z 
I n  o t h e r  words, i f  one i n c r e a s e s  t h e  

2 
1 '  2 

This  p o i n t  i s  n o t  mentioned i n  Cochran (1963),  b u t  i t  i s  easy  t o  show 
t h a t  (1) and (2) produce d i f f e r e n t  values of n f o r  t h e  same set of sampling 
da t a .  
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The mission o f  the PACIFIC NORTHWEST FOREST 
AND R A N G E  EXPERIMENT STATION is  to provide the 
knowledge, technology, and alternatives for  present and 
future protection, management, and use o f  forest, range, and 
related environments. 

Wi th in  this overall mission, the Stat ion conducts and 
stimulates research to facilitate and to accelerate progress 
toward the fo l lowing goals: 

1. Providing safe and eff ic ient technology for  inventory, 
protection, and use o f  resources. 

2. Development and evaluation o f  alternative methods 
and levels o f  resource management. 

3. Achievement of  op t imum sustained resource produc- 
t i v i t y  consistent w i t h  maintaining a high qual i ty forest 
env iron men t . 

The area o f  research encompasses Oregon, Washington, 
Alaska, and, in some cases, California, Hawaii, the Western 
States, and the Nation. Results o f  the research w i l l  be made 
available promptly. Project headquarters are at: 

Fairbanks, Alaska Portland, Oregon 
Juneau, Alaska Olympia, Washington 
Bend, Oregon Seattle, Washington 
Corvallis, Oregon Wenatchee, Washington 
L a  Grande, Oregon 

Mailing address: Pacific Northwest Forest and Range 
Experiment Station 

P.O. Box 3141 
Portland, Oregon 97208 

GPO 989-786 



The FOREST SERVICE of the U. S. Department of Agriculture
is dedicated to the principle of multiple use management of the
Nation's forest resources for sustained yields of wood, water,
forage, wildlife, and recreation. Through forestry research, co-
operation with the States and private forest owners, and man-
agement of the National Forests and National Grasslands, it
strives — as directed by Congress -- to provide increasingly greater
service to a growing Nation.
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