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EMPIRICAL METHODS in the
EVALUATION of ESTIMATORS

A case study based on insect

density and survival data

ABSTRACT

The authors discuss the problem of selecting estimators of density
and survival by making use of data on a forest-defoliating larva, the
spruce budworm. Various estimators are compared. The results show
that, among the estimators considered, ratio-type estimators are super-
ior in terms of bias and variance. The methods used in making com-
parisons, particularly simulation, are generally applicable to situa-
tions in which data appropriate for making estimates are on hand.

T HE EFFICIENCY of estimates of popu-

lation parameters is affected by the
choices of both sampling plan and estimators.
When a population parameter to be estimated
is the mean of some variable, there is generally
a best estimator for a given well-defined sam-
pling method. It is then possible to compare
different sampling methods in terms of the
precision with which the best estimator for
each sampling method estimates the popula-
tion parameter of interest. However, when the
population parameter to be estimated is not a
weighted sum, over the population, of a varia-
ble, there will be a “best” estimator only
under very restrictive assumptions about the
population—assumptions that, in practice, can-
not be readily verified.

In this paper, we are concerned with the es-
timation of density and survival in a popula-
tion of forest-defoliating larvae under simple
sampling methods. Generally “best” estima-

tors do not exist for these parameters, so our
investigations, of necessity, are pragmatic. We
have used actual data for the spruce budworm
(Choristoneura occidentalis Freeman).

We have also tried, in an informal way, to
see why the better estimators performed as
they did, so the results described might be
generalized to some extent. And we hope the
reader will find the methods we have used for
comparing estimators, using a particular data
base, of value. Certainly it is demonstrated
that the choice of estimators is a matter of
some consequence. The best estimators of sur-
vival and density were always at least 60 per-
cent more efficient than the next best estima-
tor for the data and sampling designs used in
this study.

The selection of estimators for comparison
would seem to be a straightforward problem.
There are methods, such as maximum likeli-
hood and minimum square error, which gener-



ally produce reasonably good estimators. The
rub is that the joint distribution of the ran-
dom variables involved must be known, if not
to obtain good estimators to begin with, then
to determine the bias and variance of any esti-
mator.

THE PROBLEM

Look at the example. A number of trees are
randomly selected from a presumably infinite
population of trees. From each tree, on each of
two sampling dates, a fixed number of
branches are randomly selected from the pre-
sumably infinite number of branches on the
tree. Two random variables are measured: the
number of insects on the branch and the
branch surface area. These random variables
will be written

Y y; for the number of insects

X,i; for the branch surface area
where t = 1, 2 denotes the first or second
sampling date; i = 1, . . ., n denotes the i
tree in the sample and j = 1, . . ., n, denotes
the number of the branch removed on sam-
pling date t. The same trees are sampled at
each date.

Our object is to estimate survival and dens-
ity. But before we proceed, we must be specific
in our definitions of these parameters. Clearly,
the way in which the parameters are defined
will affect the choice of estimators. Morris
(1955) discussed the biological interpretation
of certain insect population parameters. In our
paper, we choose to define the density parame-
ter at sampling period t by

Dt - Yl. ./Xt. .

Y represents insects; and X, the branch sur-
face area, is the product of the foliated branch
length and greatest branch width. The dots de-
note sums over branches and trees in the pop-
ulation. Survival between time periods 1 and 2
is defined in terms of density, using the equa-
tion

S=D./D,

At this point we inject a brief digression on
the notational conventions peculiar to this
paper. We will ignore the distinction between
the true and measured values of the random

variables X and Y, since they are presumed to
be measured without error. A dot in place of a
subscript denotes summation of the variable
over that subscript. The standard = operator
will be used for more complex sums. The
ranges of summations are denoted explicitly
only when these are not clear from the con-
text. That is, sums used in defining popuiation
parameters are taken over the whole popula-
tion while sums used in defining estimates
are taken over a sample from the population.
We have dispensed with formal limiting pro-
cedures when dealing with functions of sums
over infinite populations (e.g., D;). Population
parameters are represented by uppercase let-
ters (S,D), while the corresponding estimators
use lowercase letters (s,d). We differentiate
between different estimators of the same popu-
lation parameter by the use of uppercase sub-
scripts (sy,sr). “t” always stands for sampling
period. It is inevitable, since we will be dis-
cussing several estimators of the same param-
eter, that the reader will have trouble keeping
the various estimators straight. In order to
rectify this problem, all estimators are assem-
bled in appendix III for ready reference. We
return to the main theme of this paper by
considering some implications of the definitions
of population density and survival.

A common alternative to D, as a definition
of the population density is

Di = (1/N.) ;."; (Yai/Xus)

for a finite population with N,. total branches.

Our preference for D, is based on the intui-
tive feeling that insect density should not
change if the number of insects and total
branch surface area is the same at both sam-
pling periods. If, in such a situation, the insects
migrate to branches with greater surface area,
D# decreases, while D; remains constant.
Since Df can be affected by the spacial distri-
bution of the insects, we elect to estimate D..

The survival parameter, S, as defined, is not
the number of survivors divided by the num-
ber of insects initially present, although it
does reduce to this if branch surface area is
unchanged between sampling dates. Rather, S
might be termed ‘“‘survival relative to branch



surface area.” The remainder of the paper is
devoted to the estimation of S and D, to the
exclusion of other population parameters.

TRIAL COMPARISON
OF SOME ESTIMATORS

One method of comparing estimators is sim-
ply to use each one on an appropriate set of
data and observe the results. We have two ex-
amples of this in table 1. These examples are
based on part of the data on spruce budworm
collected in Montana in 1965 by the Insecti-
cide Evaluation Project of the Pacific South-
west Forest and Range Experiment Station,
USDA Forest Service (Williams and Walton
1968). The data are from two crown levels of
32 trees. Two branches were taken from each
level at the two sampling dates.

The estimates in table 1 were computed as
follows. The mean density was calculated,
using

dy:=1/(nn.) E (Yus / Xuj)
and the mean survival, using
Sy = 1/1'1% ( (Yo / Xai) / (Yui. / Xyi) )

The ratio estimates of survival and density
were got by

th = Yt. i / Xt‘ o and
Sr :% (Yo X11) /% (Y1:.Xs,).

Properties of the estimator si are discussed in
appendix 1.

Density estimates were obtained from
transformations of the form log (Yu; / Xu;
+ k). One estimate, dy, is the antilog of the
sample mean of the transformed wvariables.
The other estimate, dg., is based on a method
attributable to Finney (1941). This method
gives unbiased estimates of the untransformed
population mean if the transformed data are
independent and normally distributed. Sur-
vival estimates based on the transformation

log [(YaiX11) / (Y1.Xa1) + k]

were also obtained using antilogs (sp) and
Finney’s method (sg).

The estimates in table 1 show a tendency to
decrease, from left to right, in each row. The
only exception is in the results for the lower
crown, where sy and sp are in reverse order.
The ordering implies that the estimates have
different expectations or, in other words, that
they are unbiased estimates of different popu-
lation parameters. It is also evident that the
constant, k, in the log-transformation has a
pronounced effect on the estimates, especially
at low densities. Since the population parame-

Table |.—Estimates of density! and survival, and standard errors®
for different estimators on the same data

Logarithmic transformation

Item Mean Ratio K =10 K = 01
F L F L

LOWER CROWN
Density (1st date) 2.555 2.541 1.988 1.926 1.281 1.049
+.327 +.339 =+.308 +.298 +.364 +.298
Density (2nd date) 311 267 215 205 029 022
+.121 +.089 +.078 +.074 +.012 =+.009
Percent survival 10.618 12.538 2.330 1.840 .260 .108
+3508 +4056 862 681 105  +.044

UPPER CROWN
Density (1st date) 5434 4.994 4,191 4.060 3.730 3.494
+.784 +.718 -+ 587 +.569 +.658 +.616
Density (2nd date) 674 579 430 411 076 .056
+.203 +.169 =+=.118 +.113 +.027 +.020
Percent survival 19.526 12.891 4.554 3.652 1.217 498
+7.5615 +4.291 +1.501 +1.204 + 475 +.194

*Density is expressed in insects per 100 square inches of branch surface area.
*The standard error of estimate is shown below the estimate.



ters are unknown, it is impossible to draw any
conclusion about the degree of bias of any of
the estimators.

The standard errors for the mean and ratio
estimates in table 1 were estimated by conven-
tional formulas, and those for the ratio esti-
mates by using the combined ratio formulae
(Cochran 1953, section 6.11) treating each
tree as a strata with the same (large) number
of branches. The errors for the log-transforma-
tion estimates were estimated on the assump-
tion that the transformed data are normally
distributed, as indicated by Finney. The re-
sulting estimates are not valid unless the nor-
mality assumption is true. The data were
roughly “normal” for k = 1.0, but very skew
for k — .01. Comparison of the coeflicients of
variation of the estimates gives no evidence
that any particular estimator is superior by
this criterion. However, because of the noto-
riously high variability of error estimates and
the small number of data sets considered, no
firm conclusion can be drawn from this com-
parison.

THEORETICAL
PROPERTIES
OF ESTIMATORS

A more orderly procedure is to consider the
conditions under which an estimator is opti-
mal in some sense and to discard those estima-
tors for which the optimum conditions are ob-
viously not met by the data. For instance, the
sample mean is an unbiased estimate of the
population mean under random sampling. Now,
the population means of Y;/Xy; and (Ya/
X)) / (Y. /X11) are not population density
(D;) and survival (S). Therefore, dy; and sy
are biased estimators of D, and S. A sample
mean is a minimum variance estimator of the
population mean if the sample mean and its
variance are independent. This condition was
not met by the data in table 1, so dy: and sy
are probably not minimum variance estimators.

From scatter diagrams, based on trees, the
variances of both Y;/X.; and (Y./Xu) /
(Y1;/X,) appeared to be roughly propor-
tional to the square of their means. In this
case, a transformation of the form

log (Z + k)

tends to induce independence between mean
and variance on the transformed scale. k is
needed to ensure the existence of the trans-
form when Z = 0, and affects the resulting
distribution. Anscombe [1949] discusses selec-
tion of values for k. If the transformation does
result in independence of mean and variance
on the transformed scale, the mean on the
transformed scale would be the minimum-vari-
ance linear estimator of the population mean
of the transformed variables. One would ex-
pect estimates on the untransformed scale
which were based on the mean of the trans-
formed data to be low variance estimators.
The antilog of the mean of the log-trans-
formed data estimates the geometric mean of
(Z+k). The estimates d;: and s; were com-
puted by subtracting k from the antilogs of
the transformed means. Thus d;: and s,
should have reasonably small standard errors,
but there is no reason why they should be un-
biased estimates of D; and S.

Transformations that induce independence
between mean and variance often tend to
make the data more normally distributed. If
the log-transformed data are in fact normal,
Finney’s method gives unbiased estimates of
the population mean of the untransformed
data. In this case, dy¢ and s have the same
expectation as dy, and sy, so they are biased
estimators of D; and S. The estimates d;:
and s, should have smaller variances than
d,;: and sy,.

Scatter diagrams may not unambiguously
indicate variance-mean relationships. For the
data used in table 1, we could easily have
argued that the variance of the mean for a
tree was proportional to x 4+ A% p*, where »
is the tree mean and A is a constant. Beall
(1942) showed that this relation leads to the
variance stabilization transformation T(z) =
A1 sinh? (A \/z) in the same way that the
assumption that the variance is proportional
to u? leads to the log-transformation we
just considered. We therefore introduce two
new estimators of D, and S, written dn
and sy, based on the inverse of the transfor-
mation T applied to the mean of the T-trans-
formed data. Neyman and Scott (1960) gave
a method for obtaining unbiased estimators of



the mean on the untransformed scale when
the transformed data are normally distrib-
uted. This method, which is analogous to Fin-
ney’s method for the log transformation, led
us to consider the estimators, dx, and sy, of
D; and S. All the comments we have made
about the estimators based on the log trans-
formation are, by analogy, appropriate to the
corresponding etsimators based on the T
transformation.

The sample ratio, dg; = Y. /X, , is an
unbiased estimator of Dy if

Ytlj == DtXtiJ + e

where the en; are independent errors with
zero expectations (E(ey) = 0) for any X
We assume the X; are known exactly and
that E(ey;Xy;) = 0 within the sample. dy,
is an unbiased estimate of D, under weaker
conditions, as shown in appendix I. Further,
dr: is a minimum variance estimator if
E(et;) = hXy; for all X;; and some constant,
h. The conditions for unbiasedness and mini-
mum variance for ratio estimators are given
in several texts, including Sukhatme (1954,
p. 154) and Cochran (1953, p. 123). These
conditions appeared to be satisfied by the test
data.

In table 1, sy = (3YxuXu) / (3YuXu)
was used to estimate survival. It should be
noted that this is not the estimator (Y. X;.) /
(Y, X. ). In appendix I, conditions under
which sy is an unbiased estimate of the popu-
lation survival, S, are shown. Roughly, the as-
sumptions include:

e The conditions for dg: to be an unbiased
estimator hold for both sampling periods 1
and 2.

e The X,; are independent random variables
within any sampling period. (Note that for
unbiased estimates of density, only the
error terms were required to be independent.
It need not even be assumed that branch
surface area is a random variable.)

® Various assumptions about the independ-
ence of the random variables.

The mathematical conditions for s;; to be
minimum variance can be established. How-
ever, unlike the conditions for unbiasedness

given above, they are too complex to be sub-
ject to biological interpretation.

Tin (1965) gave an adjustment to ratio es-
timators that reduces bias when the condi-
tions for unbiasedness do not hold. The ad-
justment applied to the density estimator
may, for infinite populations, be written

d _Yt.,[l n EX;AU };X-ﬂthij ]
*TX L n 1] X (3Xuy) (3Yw)

The price paid for the reduction in bias is a
higher variance, although generally not much
higher than for dr,. di. was not included in
table 1, but will be considered later.

Using a modification of Tin’s approach, we
obtained correction term for the “within—tree”
bias for the estimator, s;.. For the i tree, the

resulting correction factor is
i
= [ 1-2{3%h -
n;-1 | (Yy)* (X4:) (Yii)
}'Xgpy:n

I:I n: :’éxilj . ]
n.-1 | (Xy)? (X)) (YY)

If the variance of the correction term is inde-
pendent of the random variables on the right
side of the equation, the “corrected” estimate
of S would best be got by si(C./N). This
condition was well satisfied by our test data.

In considering which of the estimators just
discussed should be used, the ratio estimators
appear to have the edge. Under certain condi-
tions, the other estimators give unbiased esti-
mates of population parameters other than
density and survival as we have defined them.
The ratio estimators are unbiased estimators
of density and survival under ideal conditions.
These conditions are fairly restrictive, so bias
correction might be needed.

l}'Xm‘Yl ij

INVESTIGATIONS
BASED ON SIMULATION

In practice, one would not expect specific
optimality conditions required for an estima-
tor to hold precisely. Therefore, we have used
Monte Carlo simulation in order to study the
behavior of the estimators over a range of con-



ditions likely to be encountered in applica-
tions. To construct a simulator that generates
realistic data, we considered diverse sets of
budworm data and established characteristics
which these sets had in common.

We concluded, in agreement with Morris
(1955), that the number of insects on a
branch closely follows the negative binomial
frequency distribution, regardless of the in-
tensity of the populations we observed. Fur-
ther, by plotting, we found that

Ytij — Dtx-tlj
\/ Xtij .

was distributed roughly normally for these
populations. These conditions were used to de-
fine the joint distribution of insects and
branch surface area, given the means, vari-
ances, and covariance of these variables at one
sampling date (appendix II).

A computer program was written that gen-
erated simulated insect counts and branch
surface areas. The computer was supplied the
means, variances, and covariance of X and Y
at each sampling date. To study the properties
of the estimators on an individual tree basis,
the same characteristics were used for 500 in-
dependent tree samplings with 4 branches
sampled at the first period, 8 at the second.

The results of these simulations for the
ratio estimators are given in table 2. From this
table we concluded that the ratio is service-
able as an estimator of population density. For
survival estimates, the bias-corrected ratio es-
timator, s,, should be used.

The mean and uncorrected transform based
estimates were all high. Both bias and vari-
ance were reduced by corrections to these esti-
mates, but the corrections were too great for
low density or low survival rates, and too
small for high density or survival. The square

Table 2.—The tree mean, standard error, and bias of the ratio
estimators, estimated by simulation

Standard
error of
True Average tree Estimate t-test for
Case' parameter estimate estimate of bias bias =0

DENSITY IN INSECTS PER 1.000 SQUARE INCHES OF FOLIAGE

1 44.064 “46.288 16.422 2,224 3.03
44.762 14.450 .698 1.08
2 33.256 33.405 12.661 149 .26
32.633 11.905 —.623 —1.17
3 28,091 28.932 26.593 .840 72
24.627 27.521 —3.464 —2.82
4 22.485 24.543 23.850 2.058 1.93
18.049 41.808 —4.436 —2.37
5 11.877 12.005 8.074 127 .35
11.634 7.513 —.243 —.72
6 5.706 5.635 3.632 —.071 —.44
5.537 3.494 —.170 —1.09
7 2.480 2.476 2.114 —.403 —.04
2.433 2.036 —.047 —.52
8 1.363 1.342 1.458 —.021 —.32
1.319 1.409 —.044 —.69

PERCENT SURVIVAL
1-8 3.093 3.254 3.833 0.161 0.04
2.915 3.466 —.178 —1.15
2-7 7.458 8.653 8.671 1.195 3.08
7.319 7.011 —.139 —.44
3-6 20.314 45.170 77.837 24.856 7.15
17.420 24.068 —2.894 —2.69
4-5 52.822 116.787 210.391 63.965 6.80
49.7156 82.832 —.84

—3.107

'Cases 1 to 4 are based on 4 branch samples per tree. cases 5 to 8 on 8

branch samples, 500 trees were sampled for each case.

*For each case, the first row is not corrected for bias, while the second

row is.




of the coefficient of variation of all but the
mean estimators is roughly in inverse propor-
tion to the sample size. Thus a measure of
efficiency, which approximates the ratio of
sample sizes required for equal coefficients of
variation, is the square of the ratio of coeffi-
cients of variation. With this measure of
efficiency, one of the ratio estimates is always
at least 60 percent more efficient than any
transform based estimator of the same para-
meter. We have given detailed results only on
the ratio estimators and their vaiances, since
none of the other estimators are serious com-
petitors.

However, data are generally transformed to
induce independence of mean and variance
and, one hopes, to make the data more nor-
mally distributed, in order to satisfy assump-
tions required in analysis of variance. Two
rough measures of normality are skew (y1)
and kurtosis (y:). Both are zero for normal
distributions. They are defined, for a random
variable Z, by

»1 =E(Z-E(Z) )* / [E(Z-E(Z))?] */*and
v2=E(Z-E(Z) )*/ [E(Z-E(Z) )*]-38.

Table 3 gives estimates of the skew and kurto-
sis of the means of the transformed data on
each tree.

The skew and kurtosis are of an order such
that the transformed variables would ordinar-
ily be considered normally distributed in prac-
tice. Scheffé (1959, p. 333) gives values of v,
and y. typically occurring in applications.
From table 3, there is no clear difference be-
tween the log and Beall’s transformation.

Beall’s transformation appears to give the bet-
ter results, but this might be because the con-
stant A in the transformation was determined
exactly from the parameters of the simulator.
We did not check the sensitivity of the trans-
formation to the choice of A\. The constant K
in the log transformation was estimated from
all 500 trees for each case, and so is much
more adequately estimated than it would ordi-
narily be. Where 1 was added before taking
logs, the results are still quite good, indicating
the choice of a constant for the log transfor-
mation is not critical if reasonable care is
taken to ensure normality.

It should be noted that the simulator was
not constructed so that any of the above
transformations would induce normality.
However, these transformations have been
known to do so with similar insect data (Mor-
ris 1955). The fact that the simulator repro-
duced this distribution property would cer-
tainly support the realism of the assumptions
that were used in constructing the simulator.

In any interpretation of the simulation re-
sults, one should recognize that all of the 500
trees sampled in a simulation case had identi-
cally distributed insects and branch surface
areas. Equivalently, each simulation case rep-
resents 500 independent samplings of the
same tree. The results of the simulation indi-
cate that the ratio estimators were very satis-
factory when individual trees were treated as
the population sampled. We cannot, however,
on the basis of the simulation alone, extend
the results of the simulation to groups of trees
where the distribution of insects and trees are

Table 3.—Estimates of skew and kurtosis of simulated data after transformation

Kurtosis

Skewness -
Case' log(Y/X+41) log(Y/X+K)* Beall log (Y/X<+1) log(Y/X4+K)* Beall 3
1 0.138 0.569 0.438 0941 1.423 1.310
2 —.636 037 —. 327 946 574 7183
3 088 1020 —.073 —317 —.314 —.336
4 067 066 —.175 —.175 —.176 —.210
5 .286 279 .169 .258 249 130
6 510 .555 436 .583 724 .380
7 .B67 650 595 342 .290 149
8 755 700 .667 11 002 —.490

For each case, the same data are used as for the corresponding case in Table 2.

*K was estimated from the simulated data.



not identical, since the behavior of the various
estimators will be affected by the differences
between trees.

SUMMARY
AND CONCLUSIONS

Our objective was to find estimators of
well-defined population parameters for use on
specific data. The behaviors of selected esti-
mators were compared in three steps.

First, estimates were computed on sample
data. From this step we concluded that there
were important differences between estima-
tors, but we were unable to decide which esti-
mators were better in any sense.

In the second step, we checked to see what
optimality criteria might be roughly satisfied
by the data. The results concerning variance
stabilizing transformations were inconclusive.
However, the data did conform reasonably
well to the conditions for unbiasedness and
minimum variance for the ratio estimators.

In the third step, simulation was used to
appraise the influence of departures from ideal
conditions on the ratio estimators. Bias, which
was our major concern, is generally most ap-
parent in small samples for ratio estimators.
We therefore sampled a single tree many
times, using the simulator. The distributional
characteristics of the simulated data were
based on the corresponding characteristics of
actual data. In addition to information on the
behavior of the ratio estimators under diverse
conditions, the simulator gave us insight on
the eflectiveness of variance stabilization

transformations in “normalizing” the data,
and the sensitivity of these transformations to
the choice of constants.

Variations on the steps given in the preced-
ing paragraphs would be applicable to the
problem of selecting an estimator of any popu-
lation parameter from an adequate data base.
For the specific problem we considered, that of
estimating insect density (D.) and survival
(S), we came to the following conclusions.

The ratio estimators (dw., dai:, sx and sj)
were superior to the other estimators consid-
ered in terms of bias, as established by indi-
vidual tree simulation. In these simulations,
the ratio estimators were always at least 60
percent more efficient than the other estima-
tors. For estimating survival, there is a slight
advantage in using the bias-adjusted estima-
tor, s,. For estimating density, the unad-
justed ratio estimator, du., seems adequate.
These results from simulation, plus the corre-
spondence of observed data to the conditions
required for optimality of the ratio estimators,
leads us to conclude that dy, and s; should
be used to estimate D; and S.

Estimates of skew and kurtosis of the ratio
estimators based on simulation indicate these
estimators are far from normally distributed
on an individual tree basis. Therefore, for hy-
pothesis testing within an analysis of variance
framework, we recommend using either log or
sinh-' transformations to “normalize” the
data. The skew and kurtosis of either transfor-
mation was fairly insensitive to small changes
in the constants involved in the transforma-
tions. Moderate care in setting these constants
should suffice in practice.
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APPENDIX |

Conditions for Unbiasedness
of the Double Ratio Estimator

The object of this appendix is to present a set of conditions under
which the estimator sz yields unbiased estimates of S. The conditions
imposed cannot be expected to hold exactly in practice. The utility
of this demonstration will be as a guide to congitions that must be
approximately satisfied if s« is to be trusted as an estimate of S. And
sr may be unbiased under other, and perhaps less stringent, conditions.

The conditions are labeled with roman numerals for easy reference.
The conditions are stated as they are used in the demonstration partly
because this makes it easier to see how the demonstration turns on
the assumptions, partly because the conditions are more comprehen-
sible at that point in the development, and partly to emphasize that
the conditions are imposed in order to procede with the demonstration.

To begin, we write the number of insects on the j*" branch of the
i*" tree at time t as

Ynszlx:lg-erlj

If the sampling of the branches on the i'" tree at time t is such that
E (e« ) =0 then, summing over the branch samples, we have

Yi.=DX:i.+e«. and E (en. ) =0.

If the N trees are sampled independently, the e... will be independent
between trees for fixed t. With this motivation we state the following
conditions, which are sufficient for d:x to be an unbiased estimator of
D:. namely:

(I) Yo.=D:Xu +eii.E(en.)=0 and e:. is independent of e., for
iz ]
The estimator s: has been defined as
(2) Br= (EY-.'LXH. ) )(E (YH.X:I. ) ZEY;I!’EX:
where
(3) Y::Yﬂl Xiand X1=Y. X

Define the population parameter S* by
(4) 8* = (EYx.Xu.) / (2Yu X))
and €' by the relation
(5) Yi=S" Xi+e!

We will first establish conditions under which E(ei)=0 and the
e} are independent, which is tantamount to showing s« is an unbiased
estimate of S*. Then we will establish conditions under which S* = S,

where

(6) S=(2Yu.) (ZXi)/(2Y4.) (2Xa ) =Ds/Ds
Using (I), (2), (3), (4) and (5) we may write

ei=Yi-SXI1=Yu X~ (Dy/Dh1) Y11.Xu.
=(D:Xar.4exn ) Xui-(D:/ D) (DiXar4e10.) X
=eun. Xur.-(D:/D1) 1. Xu. or

(7)) ei=(DenXi.-Den X ) /Dy

9



From (7),
(8) E(e:) = (DlE(e:I.XH.) -D:E(&I.X:l.) )/Dl

We impose the condition that the “tree error” at one sampling date is
not correlated with the total branch surface area from the same tree
at the other sampling date. Formally,

{IX) E(eu_X,..):E(eu.} E{X-ﬂ) fort#s.

Then since E (e...)=0 from (1), E(ei)=0, which is what we set out
to show.

We will now establish additional conditions so E(e' ¢)= E(e')
E(ej) fori# j. From (7),

E(eie)=E |(D:X e -DXaen) /D
(D Xy.e.-D:sXo €15, ) /Dn
=E |DX:ie..Xeq.
-DiD-Xo i ex. Xoy @i
-DiD-Xn e X e
-!—DzX:.,e;;.X-.-,.eu.] /D
Now, from (8),
E(e)E(el)= DE(Xue:)E (X e:)
-DID:E (X)) E (Xue.)
-DIDE (X:en ) E (X .e:.)
+DiE(X:en) E (Xuen.) /Di
It is apparent that the last two equations are equivalent if
(X) E(XueiXney)=E(Xuer) E(Xieu)
E(XienXyes ) =E(Xie: ) E(Xye,)
E(Xaen X e ) =E(Xuen )E(Xie)
E(XuenXyen ) =E(Xaei ) E(X:e:)
fori#j.
In words, the above assumption is that the product of the branch
surface area for a tree at one sampling date and ‘‘tree error” at the
other sampling date are uncorrelated between different trees, and

it allowed us to show E (et e)) =E (¢i) E(ej) fori +# j. That is, el and
¢ are uncorrelated.

Showing two variables are independent is sufficient to show they
are uncorrelated. Showing two variables are uncorrelated is not
sufficient to prove they are independent although it certainly makes
independence a more palatable assumption. For s« to be an unbiased
estimator of S*, we need independence, and therefore must make
independence an assumption:

(XI) € and €] are independent for i # j.

We still have to justify our claim S and S* are the same population
parameter, where 8* = (2 Y. X:) / (2 Y. X ) and Sis as shown in
(6).

Up to this point in this appendix we have made no conditions
on the number of trees or branches.
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Let there be a finite population of, say, i =1, M trees such that
Y. = DX, + e Write

S;l = (% YEl.XlI.) f (% Y‘JLXEI.)
i=1 =1

o DEE(XEI."“e'.'l_/D:)/XII.
- Dur(X:i. + e /Dl)/Xsi.

_ D. [(E x"‘_)_{zi._?"‘t (Z Xu. Qai./Dﬂ)

B D. (Z Xn.Xz..) + (2 X:l,e:i./Di)
12) St= 2 (ZeaXu/D)/M ~ (TenXa/Di)/M
(2) =5 [1 T EX XM F (%= eu'.'/Dg)/M]

We write ux(Z:) for £Zi/M, since this is the mean of the M- popu-

lation. We assume that the M-population ecan be augmented in-

definitely so that in the limit as M — = | uy (eu.) = 0 for all

X as implied by (I), and wx (Xaew) = wu(Xi.) zxley ) fori #

j( 312131 s # t, as implied by (3). Since X:1 and X. > 0, we have, from
12),

lim T
M= = Sk =8 ———‘—D‘ =S,

It should be proven that such a limiting process exists for any
infinite population meeting conditions [I], [IX], and (XI). The
proof is beyond the scope of the authors.
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APPENDIX Il

Discussion of the Simulation Model
Used in Generating Insect Counts
and Branch Surface Areas

We start with the assumption that the insect counts (Y) follow
the negative binomial distribution, and that the population means,
variances, and covariance for the branch surface area (X) and insect
counts are known. Because the mean and variance of a negative
binomial variable completely determine its distribution, the Y. are
easily generated using a psuedo-random number generator for the
rectangular distribution.

We also want (Y, —dX,) / VX, to be roughly normally distrib-
uted. Since Y, is determined by its mean and variance, and X,
appears twice, it is inconvenient to have the statistic exactly nor-
mally distributed. However, because Y. = dX, we chose to consider
the statistic (X — CY,) / VY, in place of the former. This statistic
is not entirely satisfactory either, because P [Y: = 0] # 0.
Consequently, we add the R (0, 1) variable r: to Y. But, branch sur-
face area may never be negatwe or zero so a constant K is intro-
duced to reduce P [X: < 0] to nearly zero for all Y.

The final model selected is
(1) [(Xi—K) — C(Yi+11) ] / Vea(Yitr) =e

where e, ~N(0,1),r:~R(0,1) and Y\(—N.B.(x+.Vy) and all three
variables are independently distributed.

Once e,ri and Y. are generated by the pseudo-random number
generator it can be seen from (1) that X, is determined by the
equation

(2) Xi =K+ C(Yi+ri) +oei (Y 41

We must now demonstrate that the constants K, +, and C are uni-
quely determined by the population means (s> and ux) variances
(Vy and Vi) and covariance Cov(X,Y).

From (2),

(3) ux=E(X\) =K+ C(us + 1) and

E(Xi) =E [K”-}-r‘e‘: (Y4+r) +C(Yi+2Yin + 1)
+2KC(Yi+11) + e (Yi+r) (K+ C(Yi+ 1)
=K+ o*(py + Vo) + CH(Vy + 65 + v + 34)

+ 2KC (ur + %)

so, V(X) = E(X1) — E* (X))
(4) V(X) =¢° (ur + Vo) + C*(Vy+1/12)
For Cov(X,Y) we compute, using (2),

E(X,Y:)) =E [KYI + C(Yi+ Yin) 4 ee (Y1 + Il)"ﬁY|]
= Kus + C(Vy + #r + #5/2),
since E (e:) = 0 independently of Y: and ri.
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But then
Cov(X,Y) =E(XiY:) —E(X:) E(Y:)
= Kuy + C(Vy + wi + 1s/2)
— Kpr — C(65 + #r/2)

(5) Cov(X,)Y) =CV;,

It can easily be seen that the constants C, ¢ and K are uniquely
determined. C can be got from (5). Given C, ¢ is available from
(4), and then K can be found using (3).

13



APPENDIX Hi

Summary of Estimators

1. The “mean” estimators were defined by
due = 1/(111‘11) Z (YHJ/XH]) and
su = 1/n2| (Yu /Xe) [ (Yu/Xe) |

2. The simple ratio estimators are
dre = Yt/Xt and
Sk = [? (sz.Xu.)il / {? (YILXQI.)]

3. Adjusting the simple ratio estimate for bias leads to the adjusted
ratio estimates

i n =X 1y EX 1 Yers
¢ = dut — e s — ——— — -
ds Tl % (ZXuy)*® (ZXe) (zY.l,)H
and s\ =s 1 %?Ynl _ FXaYa
R (T T ‘AR (Xa Y §|*
_1 _ n: o ; ZX;U _ ZX_”Y?H %
T 1 [ (Xa)? (Xee. Y1)

The equation for s. is appropriate in the above form for a single tree.
See the discussion for clarification.

4. Earlier, estimators based on log-tranformations were introduced.
Let
Keig = log [Yti]/Xtij -I—K]

Then,
dn. = exp I: ,ut../nnt] —K

Also, let
vi = log [(Yu/Xu)/(¥u/Xu) +K] .

Then,
S = exp [v./n] —K
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5. We presented estimators based on Finney’s method of correcting
for bias in estimators of the mean of log-normal populations.

Let
t—]: = Ul./nntand

Fe = 12 (Ui =00 [(nn,-l)m..] .

Define

1. (a1t (n—1)°¢

n_—
g(t) =1+ = b+ ity T SmarD @) T

Then,
dre = exp (ﬁt) g(% aﬂ'%:) — K.

Similarly, let

V =V./nandé: = =(V-V.)¥/ [n(n—l;} .
Then

se = exp (V) g(Vh &%)

6. Beall [1942] studied a transformation which we adapted for esti-
mation.

Let
Puj — A'sinh™ (VYI]I/XHD
Then,

dre = A'sinh*(APe./nn.).

Let
q = A\'sinh™ ]\@(Yn./x-.u.) (Y:../Xe.,D

Then,
sa = A'sinh’(A\g./n)

7. Neyman and Scott (1960) extended Finney’s method for bias
correction to other transformations. We introduced a “bias cor-

i?é:ted” estimator based on this work for Beall’s transformation.
t

= 4 EE(?: —Pui)s
Pi = P../nn. and ¥5e — _—u—nn:(nn;—l)
fhs 1= 2% [cosh (23P¢) g(2\* 85¢) —1],

where g (t) is given in part 5.

z(g—q1)*

AISO, let q= q./’n, a7 = m-

Then

s=o  Leosh() g(2°8%) ~11.
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THE FOREST SERVICE of the U. S. Depart-
ment of Agriculture is dedicated to the principle of
multiple use management of the Nation's forest re-
sources for sustained yields of wood, water, forage,
wildlife, and recreation. Through forestry research,
cooperation with the States and private forest
owners, and management of the National Forests
and National Grasslands, it strives — as directed
by Congress— to provide increasingly greater
service to a growing Nation.




	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

