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Program for fire management activity type x.
Fire size class (general).

Fire size class after initial attack.

Burned area vector after escaped fire analysis, with a
component for each affected resource.

Set of fire behavior variables.

Vector of values for variables in B.

b following initial attack calculations.

b in escaped fire analysis with a vector for each
affected resource.

Fixed yearly cost of fire management programs.
Variable suppression costs.

Present value cost plus net value change.
Fire area at detection.

Set of inferred parameters for fire management
activity, a.

Value vector for set E,.

Value vector for union of all E,.

Escape fire analysis (also large fire analysis).
Vector function relating resource value changes to
physical changes (inverse of f, (2)).

Fire behavior function.

FEES Fire Economics Evaluation System.
FMS Fire management situation.
FMM Fire management mix.

f

(1) Fuel model.

(2) Vector function relating physical resource
changes to dollar values.

Fuel type used on fire report forms.

Set of physical fire effects variables for resources.

Vector of values for G.
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q)t

Fire type number designating cause and access
class.

Initial attack analysis.

Inferred parameter cell.

Fuel moisture vector for dead fuel particle size
classes and live fuels.

Number of fires.

Probability function.

Program level (presuppression budget).

Resource change vector per unit burned area in year
t.

Total resource change vector per unit burned area
through year T

Resource management emphasis indicator.

(1) Fire rate of spread.

(2) Resource type.

Set of fire management situation parameters.

Value vector for S.

(1) Topography descriptor (FMS parameter).

(2) Years of fire effects accumulation.

Time-years.

Time of day class.

Suppression time in TAA.

Time of year class.

Slope class for terrain.

Slope-aspect-elevation class.

(1) Vegetation class (FMS parameter).

(2) Resource value change vector.

Vegetative cover type.

Windspeed.

(1) Climate zone (FMS parameter).

(2) Years of fire occurrence for effects accumulation.
Array of prefire resource characteristics needed to
calculate fire effects.

Postfire resource management program through
year t after a fire.

Set of given parameters and programs through year
t.



ncreasingly, wildland fire management programs are

being judged by their economic efficiency. The use of
that criterion to evaluate programs is relatively new, but
the application of economic theory to fire management
dates from the 1920's (Sparhawk 1925).

The variable nature of wildfires has stimulated planners
to recognize that a probabilistic approach to fire manage!l]
ment analysis and planning is needed. Only recently, how-
ever, have probability concepts been explicitly incorpol]
rated into fire analysis and planning systems--and then
only in a limited way (Hirsch and others 1979; U.S. Dep.
Agric., Forest Serv., 1981b).

At the Pacific Southwest Forest and Range Experiment
Station, a multidisciplinary team at Riverside, California,
is developing an analytical and planning approach called
the Fire Economics Evaluation System (FEES) (Mills and
Bratten 1982). Framework for the system is provided by a
theoretical probability model designed to analyze program
alternatives in wildland fire management. This model
includes submodels or modules for predicting probabilities
in fire behavior, fire detection, initial attack and large fires,
fire effects, resource changes, fire occurrence, and resource
values. Generally using state-of-the-art technology and
available data, these modules are designed to be modified
or replaced in the future as new research dictates.

This report describes the mathematical structure of the
probability model and the logic for assembling the modules
into an overall system for analyzing wildland fire
management.

DESIGN OF THE MODEL

Early in the design phase, the research team decided to
follow an approach that would not be site-specific. The
system uses two kinds of parameters: area, to identify
planning situations and point, to identify factors that affect
fire behavior, occurrence, and effects.

Fire Management Situations

Area parameters serve to identify fire management situa-
tions (FMS)'--generalized physical locations with characl’
teristics similar to actual planning areas. A FMS is shown

'The glossary lists symbols, and their definitions, used in this publicall
tion.

in fig. I with an indefinite boundary to indicate the nonspe!’
cific site concept. The probability model currently uses
these area parameters:

o Climate zone (Z): one of 14 fire weather regions in the
United States (Schroeder and others 1964).

o Topography class (T): general topography, such as flat,
moderate, or steep land.

o Vegetation class (V): classes derived from standard class[]
ification schemes.

¢ Resource management emphasis (R): relative managel’
ment importance of various land resources in the area.

e Occurrence types (H): the most important occurrence
types defined by combinations of cause and access
classes.

e Occurrence levels (N): average number of fires per year
per million acres for occurrence types (H).

For each FMS, the planner determines a fire manage/
ment mix (FMM). Such a mix is a combination of well-
defined mixes of fire suppression units and activities, budget
or program levels (PL), program emphasis, and treatment.

Inferred Parameter Cells

Point parameters describe the kind of fire environment
that could be expected in the fire management situation
being analyzed (fig. /). Within a FMS are many kinds of
fire sites. The point parameters that describe these sites are
necessary for analyzing fire behavior, occurrence, manl]
agement, and effects. A set of values for these parameters,
and hence for a particular kind of fire site, is called an
inferred parameter cell (IPC).

To predict fire behavior in the model, values for parame!’
ters of fuel, weather, and slope of the terrain are used.
These and other parameters that determine them comprise
the inferred parameter subset Es. Similarly, Ep is the subset
needed to calculate fire detection probability; Es for calcull
lating fire suppression; and Ex for calculating fire effects on
resources.

The entire set of inferred parameters, i.e., the union of
subsets Eg, Ep, Es, and Ek is called E. Some of the parame!(]
ters in E represent quantities that physically have continul]
ous value ranges. However, for purposes of analysis, each
of these ranges is partitioned into a small number of class
intervals. The class intervals are numbered for each
parameter, and these reference numbers become the range
of the parameter. Other parameters, for example, cover
type, are basically categorical, and these categories are
assigned reference numbers. A vector of reference number
values for set E is designated e, or e, for sets E,(a =B, D, S,
or R), and such a vector defines an IPC.
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Figure 1--The probability model provides the mathematical
framework for the Fire Economics Evaluation System now under
development by the Forest Service. Fire management situations

The IPC's in set E are basic elements of the analysis
space. In each IPC, the analysis process will yield probabil]
ities for fire effects on land resources and for variable costs
of the specified fire management activities. The effects and
costs for any IPC will be realized only if a simulated fire
occurs in that cell. This fire occurrence is a random event in
the real world and in the model. In any year or fire season, a
fire chosen at random will fall in a given cell. This process
can be interpreted as a random occurrence of an IPC, or
more specifically, of the parameter values defining the IPC.
In this sense, e and e, s for the modules are random vectors.

Fire Management Program Options

A range of fire management programs will be analyzed
for each FMS. These programs will be described by well-
defined fire management mixes (FMM) of kinds of units
and activities, and a range of budget or program levels
(PL). The PL represents the total annual budget for the
FMS. An FMM is a set of rules for allocation of the PL
dollars, first between the various kinds of inputs (fuel
treatment, initial attack, etc.) and then between various
kinds of expenditures within the input categories.

Outputs

For any combination of FMS, FMM, and PL, the FEES
probability model will calculate two basic kinds of outputs.
The first is a joint probability distribution for the fire

2

(FMS) are generalized physical location; inferred parameter cells
(IPC) are particular kinds of fire location or site.

induced changes in several kinds of forest resource outputs,
measured in resource quantities (e.g., timber volume) per
million acres per year over a 10 year planning period. These
changes can be either positive or negative, including both
beneficial and detrimental effects of fires.

The second output will be a probability distribution for
the economic effiency [sic] measure, cost plus net value change
(C + NVC). Here the resource changes over time will be
given dollar values which, along with the time stream of fire
and resource management costs, will be discounted to
present values and summed. Expected values of this "bot!]
tom line" output will provide an economic risk-neutral
basis for choosing between FM M's and PL's for a given
FMS. The probability distributions will provide opportun!]
ities for choices based on other kinds of risk preference and
consideration of inputs other than FEES to the decision
making process.

Model Structure

A more detailed diagram of the probability model is
shown in figure 2. Information flows between the modules
generally from left to right. Logically, the first module to
consider is fire behavior. Fire behavior variables include
rate-of-spread, intensity, and other quantities derived pril]
marily from these two. Probabilities for fire behavior
depend explicitly on the IPC parameters and implicitly on
weather data used to estimate the probabilities.
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Figure 2--Modules or submodels form the theoretical probability
model. They deal with various aspects of the fire management
analysis procedure. Information flows between modules generally

Cost-effectiveness models for fire prevention and detecl
tion are not presently available, so these inputs are shown
as dashed line boxes in figure 2. In initial FEES develop(]
ment, detection and prevention activities are assumed to be
those historically used in an FMS. The historical dollar
expenditures in these areas are subtracted from the PL
before using the FMM rules to allocate the remaining
dollars to the other inputs. Consistent with these assump!(]
tions, probabilites [sic] for detection areas and numbers of fires
are estimated from historical fire data and used as inputs to
the model.

Given detection area and fire behavior probabilities
along with the initial attack inputs or available attack
units, the initial attack module calculates probabilities for
initial attack outcomes for each IPC. These outcomes
include a probability for "escape," which is defined as any
result from the initial attack or fire behavior calculations in
which fire size or intensity exceed values beyond which the
initial attack model is invalid. For escape conditions, a
large fire module combines subjective, and computer tech!
niques to estimate probabilities for final fire sizes, behav[]
iors, and costs.

Given results from these two modules, the fire effects
module first calculates joint probabilities per fire for sup-

from left to right. The modules for fire prevention and detection are
shown in dashed lines because they will not be included in the Fire
Economics Evaluation System now being developed.

pression costs and resource changes over time in each IPC.
Then costs and resource changes and their joint probabilil
ties are combined over all IPC's in the FMS to, in effect, get
probabilities for time streams of effects and costs per fire
for any fire in the FMS. Probabilities for annual numbers
of fires in the FMS are then used to estimate probabilities
for total annual resource change and suppression costs in
the FMS. The probabilities for total resource output
changes over time which are available at this point in the
calculations form one part of the model output for use in
the "guidebook" of results.

Dollar values are assigned to each single IPC time
stream of resource changes in the resource value module.
These values and the suppression costs are appropriately
discounted, and their probabilities are combined to pro-
vide probabilities for present values of resource changes
and suppression costs for a single IPC. These probabilities
for present values are combined over all IPC's, and probal]
bilities of numbers of fires are used to get probabilities for
total suppression costs and net value changes in the FMS.
Presuppression costs from the cost module are added to
arrive at the "bottom-line" output, for the "guidebook," of
probabilities for cost plus net value change.



THE PROBABILITY MODEL

The probability model description uses functional and
informal set notation. Symbols used and their definitions
are listed in the Glossary. Submodels for estimating fire
effects, fire behavior, and other model functions are
represented here only as conditional probability distribulJ
tions in generalized functional notation. Independent and
dependent variables or sets are included along with the
independent parameters. Random variables and paramel]
ters comprising inputs and outputs of the various modules
are assumed to be discrete valued. The use of class intervals
for defining ranges of the FMS and inferred parameters
was described earlier. Similar partitioning is assumed for
random variables that are internal to the model.

The following functional notation conventions are used
to distinguish between random variables and deterministic
parameters, and for other purposes:

P(x) is the probability that discrete random variable X has
value x. The convenient procedure of simply writing P(x)
with no further explanation will be followed. The
domain of the function will be given explicitly only when
this is not obvious.

P(x;a) is the probability of x as described above, given
deterministic independent parameter a. Similarly,
P(x;a,b) has given parameters a, b, and so forth.

P(x|z) is the conditional probability for values of discrete
random variable X, given value z for discrete random
variable Z. Then, P(x|z;a) is the conditional probability
for x, given z and parameter a, and so forth.

P.(x) uses subscripts on P, as P|(x) to denote a particular
functional form for P and P,(x) for a different form.
Occasionally, letter subscripts are used in the same way.
The modules and their interactions are described in the

logical sequence shown in figure 2. Then, fire occurrence

weighting will be used to give the final model
outputs.

Fire Behavior

For each IPC, the fire behavior module will calculate
probabilities for quantities such as fire spread rate, inten’]
sity, and tree crown scorch height needed to calculate
effectiveness of detection and suppression activities and
fire effects on resources (Salazar 1981).

Let B represent the desired set of fire behavior descrip!!
tors and B a value vector for B. Then, current modeling
capabilites [sic] (Albini 1976, Rothermel 1972) can be repre!|
sented by the function:

B = Fs(u,f,w,my) (1)
where
u = slope of terrain
f = fuel model (a set of fuel characteristics)
w = windspeed

my = fuel moisture vector for dead fuel particle size
classes and live fuels

This function is useful in the model only if fire occurl]
rence probabilities can be defined for the independent varil]
able cell [u,f,w,m¢]. Data availability does not permit this
directly. The weather-dependent variables w and my are not
recorded, in general, in historic fire records and the fuel
model may have to be inferred from other data sources. It
appears feasible to use proxy variables which are included
in occurrence data and weather records to get probabilities:

Pw(W,mf| td,ty,ﬁ,V;S)
where

ty = time of day class

t, = time of year class

s = value vector for FMS parameter set S

0 = [slope, aspect, elevation]

v = vegetative cover type

Direct fuel model information also is missing from his[]

toric fire records, so that f must be inferred from other
information. A vegetative cover type (v) is generally
included in individual fire reports. We assume that a probl]
ability function P«(f | v;s) can be defined from available data to
give probabilities for fires in fuel model f, given that they
have occurred in vegetative cover type v in FMS(s).

Then probabilities for sets b of values for the fire behav(]
ior parameters B are calculated by summing the product of
Pw and P: over all values of (w,m.f) for which B from

equation 1 lies within b . Thatis
PI(E | tdaty:ﬁaV;s) (2)

= ) Pw(w,my tg,t,,0,v;8)Pe(f] v;s)
(w,m,f) e C,
where b is a set of values for B and C; is the set of (w,m,f)
values such that the B3 calculated by equation 1 falls within

b. Using the notation previously explained, P; can be
written

P](E | eB;S)

where
eB = (td1 tyaﬁav)

Fire Detection Module

Fire detection activities Ap result in probabilities at the
time of report for fire size classes d. Intuitively, these
probabilities depend on fire type h, fire beavior [sic] b ,and a
parameter value set ep. Assume a probability function:

P,(d| b ,e0ih,Ap,s)
where
ep 1s assumed to be the same as ez

h = fire type, i.e., cause and access class
It is useful to combine P; and P, to get

P3(d, b [en;h,A,s) = Py(d| b ,e0;h,Ap,5)Pi( b | es3s) (3)



Size at detection (d) and fire behavior (E ) are used in the
next section as independent variables for fire suppression
calculations.

It should be noted that no comprehensive model of the
kind assumed here for fire detection is currently available.
Simplified assumptions will be made in the initial FEES
development (Salazar 1981). The FEES model will provide
a means for sensitivity analysis of the detection
assumptions.

Fire Suppression and Costs

Analyses of fire suppression require that fires be de-
scribed by both intensive and extensive variables. The fire
suppression modules (fig. 2, initial attack and large fire
modules) use primarily fire intensity and rate of fire spread,
which are lumped into "fire behavior" here. Fire size at the
time of beginning suppression action also is important; this
can be related to d, the size at the time of report. Another
kind of variable used in suppression analyses deals with
effectiveness of suppression forces and activities. Examples
are dispatching rules and fireline construction rates.

Fire suppression activity analysis is of two kinds: initial
attack anlaysis[sic] (IAA) and escaped fire analysis (EFA). IAA
uses computer modeling to produce joint probabilities for
final fire sizes, suppression times, fire behavior, and sup(]
pression costs. For a given IPC, limits are set on fire size
and suppression time beyond which IAA methods are
invalid and the fires are said to have "escaped initial
attack." For IPC's with a significant escape probability,
EFA wuses a combination of subjective and computer
methods to estimate probabilities for final fire sizes, behav(]
iors, and costs. EFA methods also are required for IPC's
with significant probabilities for fire behavior parameters
or fire size when reported which exceed certain limits.
Behaviors and/or sizes beyond these limits predetermine a
very high probability of escape from initial attack, making
IAA unnecessary.

For IAA, assume a probability function

P4(a\,t|,C|| d, B |,V,u,td;h,A5,S)

where
a, = fire size class resulting from [AA
t, = suppression time class for TAA
b,= fire behavior, assumed constant during TAA
¢ = suppression cost calculated in IAA (Gonzalez-
Caban 1981)
u = slope class

s = suppression program including kinds and quantities
of suppression resources

Other quantities are as previously defined.

Deterministic versions of initial attack models of this
kind are currently being used in the FOCUS fire planning
model (Bratten and others 1981) and in the Forest Service's
national fire analysis system for forest planning (U.S. Dep.
Agric., Forest Serv. 1982).

A major source of variability not shown explicitly in Py is
fire force productivity (e.g., fireline construction rates)
(Haven and others 1981, Hunter 1980). Another source is
arrival time of attack units. The FEES initial attack
module will include these kinds of variability along with
the explicit input distributions for detection area and fire
behavior (Hunter 1980).

The notation for the IAA probability function is short[]
ened to

P4(aj,ti,c,ld, b ,es;h,As,s) 4)
where
Cs = [Vﬂuatd] (5)
In the fire effects and cost calculations to follow, a,, b , and
¢, are needed, but d is no longer needed. Similarly, fire rate
of spread r, a component of b, is no longer needed. P; and
P4 are combined and summed on d and r to give for [AA:

PS(alstlsblaCI|e;hsAD:ASaS) (6)

:ZZP:;(d, B \|CD;AD,S)P4(3|,t\,C||d, B \,es;h,As,S)
dr

where b, is b, without the r component and e is the union of
sets ep and es. That is

€= [ﬁnvatdatY] (7)

Define a special fire size-suppression time class ¥\, as the
"escape" class of IAA results for IPC (e), which will indil
cate further analysis using EFA methods (Hunter 1981).
EFA also may be required for a set of initial size and fire
behavior conditions Wo which will exist with a known
probability prior to IAA. For IPC (e) let

Pe(Wie| €;h,Ap,As,s) = the probability for escape in IAA

Peo(Wole;h,Ap,s) = the probability of prior conditions
requiring EFA.
Then the total probability for requiring EFA in IPC (e) is
Pg(EFAle;h,Ap,As,8) = Peo(¥o|e;h,Ap,s) ®)

+ (l-PEo(\Pol e;h,AD,S)) PE\(‘PIel e;h,AD,As,S)

We evaluate Peo and Pg by summing probabilities over

sets ¥, and Y. Pgo is calculated by summing P; over set
W,

Peo(Wole;h,Ap,S) = = P5(d, b |e;h,Ap,S) (9)
db,e¥,
Similarly, Pg is further defined using Ps:
Pei(Wie|e;h, Ap,As,s) (10)

= X XX PS(a\:tl»b\sC\|e;h9ADsAS:S)
a, t\eq"\ebb Ci



In TAA, homogeneity of the simulated fire situation is
assumed. That is, a single fire behavior and IPC will apply
throughout the analysis, and a single fire size affecting all
resources will result. The invalidity of this assumption after
the fire attains a certain size or elapsed time is precisely
what makes EFA necessary. In EFA, a fire may move
through several. IPC's or equivalent before containment.
Therefore, it is necessary to describe the results in inhomo!(]
geneous terms. The means used here is to describe fire
behaviors and burned areas by vectors with a component
for each affected resource. Let

ag = escaped fire burned area vector, with a component
for each affected resource
be = escaped fire behavior array, with a behavior vector
for each affected resource
Cc = escaped fire cost class, including cost of prior [AA
if pertinent.
Then we assume that EFA will give probability functions of
the form:

P;(ag,be,ce| e;h,Ap,As,s) (11)

Suppression time t, was used in the IAA escape probabil (]
ity calculations (Equations 6, 10), but will not be needed in
further calculations. We define (a;bi,c)) as the class of
nonescape IAA results, i.e., without ¥,.. We sum Ps over t,
to give:

PSa(aivbisci|e;h9AD)Asas) (lla)

=X PS(alatthC\|e;haADsASns) - [1_PE|(TIS| e;haADnA39S)]
t

Let
o = (af,bf,ci)

Og = (aE,bE,CE)

where the a,b,c,'s are as previously defined. Also, assume o,
and oe to be mutually exclusive. Then, using Ps, Ps, and P,
the final suppression area, behavior, and cost probability
function is

Pg(u|e;h,AD,A3,S) (12’)

Psa(ale;h,Ap,As,s)(1-Ps(EFAle;h,Ap,As,s))ae o

= U Py(a|EFA,eh,Ap,As,s)Ps(EFAle;h,Ap,As,s),0€ o
Fire size and behavior are used in the next section to

calculate probabilities for fire effects on land resources.

Fire Effects

The effects of fire on land resources and the measures of
productivity vary greatly between resources. Calculations
of the immediate impacts of fire on resource quantities
require transformations from the physical effects of fire

(Peterson 1981). For example, a physical effect is area of
grazing range burned; the corresponding resource effect is
animal grazing capacity lost. The immediate resource
effects must be further evaluated, over time, to obtain the
final fire impacts: total animal-unit-months lost or gained,
for the range example.

The FMS parameter set S includes R, the resource man!(]
agement emphasis vector with a component for each
resource type. Fire effects are calculated for types having
nonzero emphasis. In fire effects valuation, e.g., deriving
dollar values for fire effects, the component values in R
imply specific prefire and postfire management procedures.

Immediate physical resource effects probabilities are
given by the FEES fire effects module in the form:

Py(gla,b,e;T'(s).8) (13)

where
g = vector of immediate physical effects per unit burned
area for emphasized resources
I'(s) = array of prefire resource characteristics needed to
calculate fire effects in s
Other quantities are as previously defined. In particular,
it should be recalled that a and b are fire area and behavior
vectors with components corresponding to those of g.
Probabilities Pg and Py are combined and summed on b,
which is no longer needed, to give P;y which will be used
later after defining probabilities for resource changes.
Then

Pio(a,g,cle;h, Ap,As, I'(s),s) (14)

:%Pg(aabac|e;hsAD7A57S)P9(g|a’b’ear(s)’s)

Resource Changes

Persistence or delay of fire effects on resources from year
to year implies that resource changes in any year t, from a
particular previous fire, must be correlated with changes
from that fire in preceding years. However, we assume that
resource changes from any fire are independent of those
from all other fires. Then, the probability of resource
change per unit burned area in year t after a fire in ¢ with
effects g is of the form:

P{l (q1|q‘-19”~’q1sgaeaa;r(s)ag‘(s):s)) (15)

where

q: = resource change vector per unit burned area in year

t after a fire causing effects g in year 1
Q(s) = postfire resource management program for years 1

through t for the fire-affected resources
In the mathematical development of the model which
follows, the year t of resource changes is treated as an
integer variable up to some year T. In application of the
model, fire effects on resources are confined generally to a



small number of years. In considering fire effects on timber
output, for example, the effects of a single fire can be
lumped into, say, 2 years--the year of positive effect due to
salvage, if any, and the future year of negative effects on
planned or actual harvest. One or two thinning harvests
may be included between. The point is that even though a
total time span T of 50 or 100 years may be involved, the
effects are null in all but a few years.

Similarly, significant effects on range, recreation, wild-
life, or watershed are confined generally to a small number
of years following a fire.

The conclusions are that computational problems which
may appear insuperable fort=1, 2.......... 100, say actually are
tractable because only a few years are of significance.
The probabilities of effects g are obtained by summing Py
on costs (which are not needed for resource change calculall
tions). The result is combined with P;; and summed over
the range of effects g and fire area vector a (as it affects
resource changes per unit fire area):

P (Qqets q1,65h,T(5),Ap,As,Q'(5),5) (16)

:ZE[P{I (qt|qi-l5"'ql7g’eaa;r(s):g‘(s)as)
ag
x ZPjo(a,b,cle;h,Ap,As,I'(s))]
c
To shorten notation, the "given" parameters and pro-
grams indicated following the semicolon and h in the

expression for Pj, will be abbreviated using the notation
®'(s). Thatis

D'(s) = [T'(s),Ap,As,Q'(s),s] (17)

Resource output changes are assumed to be additive
over the years following a fire. Given a set of resource
change vectors [q 1, qa, -... gr] over T years, the cumulative
total change per unit burned area is

T
Q= 2q; (18)

t=1

The probability for a particular Qr is just the probability
of the corresponding set of q; values. Using P}, from equall
tion 16, the joint probability for the q;'s is

P (dr,..qi| €3h,@7(s)) (19)
T
= tl:[] P}Z (qt|qi-15”'7q]’e;h7q)t(s))

To gain computational efficiency, we rewrite equation 19
in recursive form, fork =2, 3, ..., T:

P (Qoo--q1 | €5h,@'(s)) (20)
= Pil(;1 (qk-ls”'ﬂq]|e;h7q)k_1(s)) X P!l(Z (qk|qk-ls'°'9q|’e;h7¢)k(s))
with

Pl (qilesh,®'(s)) = Pl (qulesh,@'(s))  (21)

From the definition of Qr (equation 18), we note that

Q= Q:i-Qu
for t>1, and q; = Q; so that we can write:
Ps (Qo,--,Q1 [e3h,@%(s)) (22)
= P (Q-Quct,-.,Qi[esh, D(s))
with
Pli (Qilesh,@'(s)) = Pl (Qul;eh, @'(s)) (23)

= Pl (Qilesh,®'(s))

Then, equations 20 and 21 can be rewritten entirely in
terms of the Q's:

Pl (Qo--Qilesh, ®(s)) = P (Qerye-,Qulesh, @'(s)) (24)
x Pl (Q-Qicty-,Q1Qict - Quczse-,Q1,€3h,2(5))

with
Pls (Qile;h, @'(s)) = Pl (Qile;h,@'(s) and k=2, 3, ...,T
When PJ, has been calculated, we can sum on the Qs for

t<T to get the probability for total resource change per unit
burned area, Q+, over T years following a fire in e:

Pls (Qqle;h,®7(s)) =X ..X
Qi Qry

Total resource change vector Q; is calculated by multi-

Pl: (Qr,...Qilesh,@7(5))(25)

plying the resource change per unit area by the fire area,
ie., Q; =Qqra. Then the probabilities for Q*T are given by

Pis (Q;|esh,@7(s)) (25a)
=[P} Q; e;h,®7(5))EEPx(a, b ,¢| e;h,Ap,As,5)]
t a be

where P4 is defined for values of Qj such that (Q; /a) is in
the domain of P[5 and a is in the domain of Pg.

We now have probabilities for total resource changes due
to fires in each IPC for years 1 through T, where year 1 is
the year of fire occurrence. We must combine these changes
and probabilities over all IPC's in the FMS, and then use
probabilities for annual numbers of fires to get probabilil]
ties for total annual resource changes in the FMS.

Fire Occurrence

Assume a function Py;(e;h,x,Ap, Af ,s), giving the proball

bility that a fire of type h, in year X, occurs in parameter cell
e, given prevention program Ap and fuels treatment prol]

gram Af through years 1 to x.



The probability of total resource change vector Qr., over
T years, following a fire of type h in year x is

PIB(QTXh;hsers(DT(SsX)) (26)

=% Pls(Q |e;sh,®7(5))P7(esh,x,Ap, AF ,5)

where Ap, A}, and ®'(s) have been included in ®'(s,x).
Given a total of N, fires of type h in year x and assuming

independence of effects between fires, the distribution of

these fires over the Qr., values is given by

P19(NQTxh|Nxh; h,X,T,(DT(S,X)) (27)

= M(NQTxh|Nxh;P1S(QTxh;haxaTaq)T(sax)))

where Nar. 1s the number of fires in year x of type h giving
resource changes Qm,over T years. M is a multinomial
distribution of the N,, fires over the Q, values which
have probabilities Pyg.

Assume a probability distribution P,o(Ny;h,x,As,s) for
Ny, the number of fires of type h in year x with fire
prevention program Ae. Then, the total probability per
year for Narn s

PZI(NQTxh;thnqu)T(Ssx)) (28)

= X Pio(Namn|/Nen;h,x, T,®7(s,x))P2o(Nyn;h,X,Ap,s)
Nin
where prevention program A, is included in ®'(s,x) in Py,
and hereafter.
Let Nby, represent a vector (j) of numbers of fires over
the Qr. values. Then, the total resource change vector for
this number vector is (NQijh given by multiplying each coml(]

ponent of the resource change vector by the corresponding
number of fires. We assume that the effects of individual
fires are independent and additive.

(N)ijh =Qran Nbn (29)

(Formally Ny, should be a diagonal matrix here rather
than a vector. We assume that the meaning is clear.)
The probability for QJTxh is just the probability for fire

number vector Nk, ©
Poo( QL shox, T, @7 (5,%)) (30)

= PZI( NjQTxh ;h’XsT,(DT(SaX))

These probabilities are aggregated and summed over
arrangements j to give

P23( aTxh ;h,X,T,(DT (S,X)) (31)
= 3 Pu(Qh, hxT,075x)
QTxh € QTxh

The year of fire occurrence x and the number of years T
over which fire effects are accumulated have been treated

as parameters. We now wish to form an expression for
resource changes due to fires of type h occurring in years 1

through Z, say. Let QZh be this vector of changes. Then
V4
Qz =2 Qzxi1pn (Zx+hxh (32
x=1
Let (NQTZ?X“M be a particular set of values for (3 over
years X = | to Z in an arrangement k. Then the probability

for th resulting from this set of values is

Ak
P14(Qy sh,z,8%(s,2)) (33)
z
=11 Py Q(Z_meh h,x,Z-x+1,07"(s,x))
x=1

Aggregating and summing on arrangement k gives

P25 th ;h,Z,’DCDZ(S,Z)) (34)

~k
= z P24( QZh ;h,Z,(DZ(S,Z))

N
Qz€ Qg

Finally, we sum over fire types h to get
~AMm

~m
Q=2 Q,, (35)
h
for arrangement m. Then the probabilities for sets of values

AMm . .
Q, are given for this arrangement by

Pao( Qy 3Z, DX(Z)) = MPas( Q. s, Z,0%(5,2))  (352)

h
Summing probabilities on m and aggregating gives
A Am
P21(Q,:Z.9(s,2))= T Pag(Q,:Z, D*(s,2)) (36)

Function P,; gives probabilities for the total resource

change vector Qz over Z years. Marginal distributions for

individual resource components of Q, are easily obtained

by summing P,; over the other components. Expected
values are calculated by the usual procedures.

Valuation of Resource Changes

The financial impacts of resource changes due to fire are
calculated using a process quite similar to that outlined
above for amounts of resource changes. The differences are
that suppression costs must be carried through the calculal]
tions and that dollar values are discounted to present
values.

We pick up the previous calculations at equation (16)
where the summation on c is omitted, giving a probability
function:

Pt28 (qlvclqi-la""ql’e;hr (Dt(s)) (37)
where ®@'(s) is defined in equation 17. Expression (37) gives

the joint probability for resource changes per unit burned
area in year t following a fire and suppression costs for the



fire, given resource changes for previous years and paramel
ter set e for the fire location.

Let¥,, be the dollar value vector per unit burned area for
resource change vector ¢ (Althaus and Mills 1982).
Assume a function f; such that¥v,=f(q), and the inverse
function F, giving q.= F(V,).

Discounted changes, due to fire, in the dollar values of
resource outputs are assumed to be additive over the years
following a fire. Given a set of resource change vectors (qy,

qQz, ---» qr) over T years, the total present value vector (in
year 1) for the sum of these changes using discount rate I is:

T
Vi= X fi(q)/(1+D)"! (38)
=1
The probability of a particular V+ is just the probability
of the corresponding set of q.. Using P from equation 37:

P1—9 (qT,...,ql,C|€;h,(DT(S)) (39)
T
= H PI28 (qisc|qi-19qi>23--~5q19e;h9q)i(s))
=1

In recursive form:

P59 (Qe---,q1,clesh, @(s)) (40)

= P& (Q-t---,q1.0lesh, DF'(5)) Py (qClicts--..qi€3h, D(s))
fork=2,3, .., T, and with

P (qu.clesh, @'(s)) = Pl (qr.clesh, @'(s)) (41)
From equation 38,
fi(q) = (V-Vi)(1+D)
so that
q = Fi(Vy)
and
q =F[(Vi- Vi)(1+D™]
for i > 2. Then we can write
P5% (Vis...,Vi,clesh, @(s)) (42)
=Pk (F[ Vi Vi )(14D '], ,F (V) cle;h,@(s))
with
P3o (V1, clesh,@'(s)) = Phy (Fi(V1), clesh,®(s)) (43)

Equations 40 and 41 can be written entirely in terms of
the V's, using equations 42 and 43:

Pl (Vi V1 clesh,@¥(s)) (44)
= P55 (Vierso, Viselesh, @(s)) P (Fil (Vi Vie ) (1+1) ] ¢
Fii[(Viei-Via) x (14D ], Fi(V1),e5h,05(s))

fork=2,3, .., T and with P}, given by equation 43.

After pl, is calculated, the probabilities are summed
over the V's for i < T to give the probability of total dollar
impact of resource changes per unit burned area over T
years, discounted to the year of the fire:

P (Vr clesh, @7(s)) (45)
= I ..ZP)(V..,V,cleh, ®(s))
Vi Vi

From this point in the calculations, the development
parallels that under Fire Occurrence in the previous section
from after equation 25 through equation 31. The equivall
lent of function P»; here is

P32( \N/ Txhs E xh;h,X,T,q)T(S,X))

This function gives the joint probability of resource value

change vector V 1, and suppression cost C ,, for a fire of
type h, where the value changes include the time stream
from year x to year x+T, discounted to the year of the fire, x.

The resource change values and suppression costs in year
x are further discounted to present values:

Vi = Voo/(141)! and ¢ = € o/ (141! (46)
The corresponding probabilities, using P;, are
P33(VTxhycxh;h7X9T7 (DT(S3X)) (47)

= Py (Vra(1+D)cu(1+1)sh,x, T, @(s,x))

Resource change values and suppression costs are all
discounted to present values and can now be summed over
all years of fire occurrence x. If the sum is through year Z,
the number of years for accumulation of values, T, is Z-x+1
for each x. Then

Z Z
V=2 V(Z-x+1)xh and 6Zh = X Cun (48)
X=1 X=1

Let Vi, and ck, be a particular set of values, in an

arrangement j. Then the probability for the corresponding
sums is

Py » Sy sh.Z,D%(5,2)) (49)
z
=11 P33 (V£Z—x+l)xh, d-xh ;h,X,Z —X+ 19@" (S,X))
x=1

These probabilities are summed over all arrangements j
and aggregated along with Viand ¢ to give

P35( V21> Czn 3h,Z,D%(s,Z)) (50)
= x P34( \A/JZh éJZh ;haZ:(DZ(S’Z))
\A/JZh € Va

Aj A
Czh € Czn



Resource value change vectors and costs are next summed
over fire type h to give
Vz =2 Vg and & = 2. &z 1)
h h
If ({/;h,é'éh) is a particular arrangement k of values, the

probability for the corresponding sum is

P36( %, 8852, 0%(5,2)) = TTPs5( (%, &5 30, Z,0%(s,2)) (52)

h
Summing over arrangements k and aggregating:
P37( \72762 Z,(DZ(S,Z)) (53)
= I Py, Z.0%s.2))
~k ~k
Vz€Vz
~k _ ~k
cz€cz

This function gives the probability for present value of
suppression costs and value change for each resource type
over a planning period of Z years. The "bottom line" FEES
model output is "total cost plus net value change" (Mills
and Bratten 1982). To get this quantity, the components of

\72 must be added to suppression costs¢, and the present

value of fixed costs associated with ®*(s,Z) added to the
total.
Let ¥/,,,Vzys» V5 be the components of <7, for re-

sources 1, 2,..., N. Then, net value change plus suppression
cost is

N
Vz= X Vz+éz (54)
i=1
Let {/JZI and ¢, be a particular arrangement j of values. Then,

the probability for the corresponding sum is

Py (V3 Z, 97(5,2)) = TP35( ), &b :2,97(5,2))  (55)
i

Summing over arrangements and aggregating gives
Pio(VaZDX(5.2)) = £ Pig('3Z; 9(5.2)) (56)
VoeVe
Let the present value, fixed cost of the programs in
®%(s,Z) be C(s,Z). Then, adding these costs to {7, gives total

cost plus net value change
D;= v, +C(s,2)
and
P4o(Dz;Z,®%(s,2)) = P39(D; - C(s,2);Z,%(s,2)) (57)

The expected value for D, is

D;= X D,P4(Ds;®%s,2)) (58)
D,
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OUTLOOK FOR MODEL
IMPLEMENTATION

The overall probability model has been defined in funcl’
tional mathematical form. The independent and dependent
variables and parameters for the various modules have been
specified to the degree possible.

Implementation of the model could proceed using varl]
ious methods and levels of completeness for the modules.
For example, the initial attack module could be con[]
structed as an analytical model, assuming the availability
of data or physical models for the required probability
functions. Alternatively a Monte-Carlo procedure could
be used to calculate the probabilities using a deterministic
model with stochastic inputs.

Some of the functions and relationships may require
interpretation to fit unforeseen situations. In particular,
the escaped fire analysis procedures and some of the fire
effects analyses will become more clearly defined as addil’
tional research efforts proceed. The overall model has been
defined in sufficiently general terms that it should readily
adapt to the final forms taken by these and the other
modules.
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