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With rapidly growing development and uses of water, a correspondingly 
\ great demand has developed for  advance estimates of the volumes or ra tes  of 

flow which are supplied by streams. Therefore much attontion i s  being 
devoted t o  hydrologic forecasting, and numerous methods have been tes ted  
in e f fo r t s  t o  make increasingly re l iab le  estimcrtes of future supplies. 

This problem can be divided in to  two main parts: f i r s t ,  finding one 
o r  more fac tors  tha t  o m  be measured in advcvlce of the rupoff t o  be pre- 
dicted and tha t  are highly correlated with it; and second, working out a 
re l iab le  method for expressing t h i s  correlation and f o r  predicting the 
expe cted yields or  discharge rates. 

An exce l en t  i l l u s t r a t ion  of the f i r s t  par t  of the problem i s  given 
by Garstka .$ who deaoribes work tha t  he and other technicians of the 
Bureau of Reclamation have done in improving the precision of water yield 
forecasts on the Snake Biver watershed i n  Wyoming. Good resu l t s  were ob- 
tained by weighting the water contents of snow measured a t  eaoh snow courae 
by the re la t ive  area of the watershed t o  which the course data should apply. 
From t h i s  work Garstka obtained an welevation-weighted" average water con- 
t en t  of snow f o r  each year, which could be correlated with the water yield 
for  the subsequent period f ro~n April ;through July. Such investigations are 

Garstka, 8. U., Interpretation of snow surveys. Traas. h e t i c a n  
Geophysical Union 30(3) r 412-20. 1949. 



very important a s  t h e  p rec i s ion  o f  f o r e c a s t s  can be progress ively  improved 
only  by f ind ing  and measuring var iab les  t h a t  a r e  more h ighly  oorre la ted  
with runoff. 

Af ter  some f a c t o r  o r  f a c t o r s  have been measured, however, t h e  second 
phase of t h e  problem e n t e r s  the  picture.  It beoones necessary f o r  the  
fo recas te r  t o  work out  a r e l i a b l e  mans of expressing t h e  r e l a t i o n  of 
water y i e l d s  t o  the  measured fac to r ,  and o f  obtaining f o r e c a s t s  of f u t u r e  
y i e l d s  through t h e  use of t h i s  r e l a t i o n  ourd new d a t a  on t h e  cor re la ted  
fac tor .  Because the  r e l a t i o n  cannot be exact  and the  fo recas t s  a re  there-  
fo re  subject  t o  er ror ,  it is a l s o  necessary t o  ..provide an est imate a s  t o  
t h e  magnitude of  t h i s  er ror .  

This statistioal aspect  of forecas t ing has been reoeiving inoreased 
a t tent ion.  &though a number of workers s t i l l  employ the  graphic methods 
which a r e  commonly used by hydrologists ,  o t h e r s  a r e  applying t h e  methods 

Of regrev on and c o r r e l a t i o n  analys is  which have been presented by 
Ezekiel and others.  ahen these  a r e  m d i f i e d  t o  f i t  the requirements 
imposed by r e l a t i v e l y  short-term records, they a r e  w e l l  adapted t o  use 
i n  water-yield foreoast ing.  

I t  i s  t h e  purpose of t h i s  a r t i c l e  t o  assemble and present  ava i l ab le  
knowledge on s t a t i s t i o a l  nethods t h a t  oan be applied t o  these  probleas, 
and p a r t i c u l a r l y  t o  small samples; to  review b r i e f l y  t h e  a s e q t i m s  t h a t  
under l ie  and l i m i t  t h e  methods; t o  ou t l ine  ant e f f i a i s n t  technique f o r  
analyzing t h e  required d a t a  and f o r  making t h e  forecas ts ,  together with 
t h e i r  e r r o r s  and f i d u c i a l  l i m i t s )  and t o  give a d e t a i l e d  i l l u s t r a t i o n  
and t e s t  of t h e  teohnique, using aotual  d a t a  from the Snalce River watershed. 
A useful  p a r t  o f  t h i s  teohnique i s  t h e  detea t ion and adjustment of dis- 
crepancies i n  the  data and s h i f t s  in  t h e  population, so as t o  provide im- 

I. 
proved aocuracy and e f f io iency  wi th  a given set of var iables .  The dis-  
cussion w i l l  be pointed mainly a t  those who a r e  famil iar  wi th  hydrologic 
fo recas t ing  end mathematics, but  no t  with t h i s  kind o f  s t a t i s t i c a l  .analysis. 

The Kethod Without Regression 

To s t a r t  exmining the  s t a t i s t i c a l  techniques of forecast ing,  it may 
be des i rab le  t o  imagine t h a t  we a r e  j u s t  beginning the s tudy of a water- 
shed with  a view t o  foreoast ing annual water y i e l d s  from snow s tored on 
the  area,  A t  t h i s  e a r l y  s tage  in our work we have obtained only a shor t  
period of records from a gaging s t a t i o n  a t  the rnouth of the watershed. 
Also, we are  i n s t a l l i n g  a s e r i e s  of snow cour sea a t  which w e  can sample 

Ezekiel, Eordecai. Methods of Corre la t ion  Analysis. 2d edi t ion ,  591 
pages. John Wiley and Sons, Pew Yo*. 1941. 



the  amount of water stored in snow about April 1 of each year, bef'ore -tile 
spring r u n o f f  begins. This case may seem aouderriip, us forec*sts are  not 
ordinar i ly  made under such conditions. But it m i l l  serve as  a bas i s  for  
outl ining the basic assumptions and pr inciples  t ha t  underlie hydrolo,:ic 
forecasting,  

A t  this t i m p  have no s t a t i ~ t i c a l  c o n t r ~ l  through which forecasts  
m&y be inorgased in  precision; a l l  we have i s  a s e t  of datu from which 
can be o@lculatgd a~ average water y ie ld  w d  estimqte of i t s , v a r i u t i o n  
from year to year. kiepqe my forecasts  w i l l  nqoessrrrily be quite unpre- 
cise,  though even now can ;:ive the water user s ~ m e  iderr a s  t o  v r t ~ 8 t  he 
may expeot. As we do so, one or two fundamentrrl assumptions need t o  be 
male. These should be kept i n  m i ~ d  as we prooged with s t a t i s t i s a l  
analyses, although experience has shown t h a t  mdera t e  deviations from 
t h e i r  requirements have only minor e f f ec t s  QR the r e l i a b i l i t y  of forecasts .  

For one thing, we assume tha t  the available data may be considered a 
random sample of a 1arp;er population of  data, and that  the next year's 
runoff (as yet unmegsured) can be c~nsiderei l  as drem independently from 
t h i s  same population, In thinking of t he  smple  s e t  o f  n years, we say 
t h a t  i t s  average m t e r  y ie ld  (7) i s  a sample estimate of the t rue  uverbge 
C(0 for  the indef in i te ly  longer se r ies  of N years. Secoqd, we usstxino 
t h a t  the deviations of t h e  ar\nual water y ie lds  around t h e i r  averwee value 
may be taken as rm-iom rrnd normally dis t r ibuted,  a t  least within reason- 
able l$mits. A t  f i r s t  glance these assumpt~ons Eiay not  seem well-fourjded, 
espec$ally because we are  {leuling with a consecutive series of  observations 
ra ther  than a t rue  random sample. It has been repeatedly si?own,y however, 

deviations of individual yearly records l ike  these can be taken as 
random, trnd thqt ordinar i ly  cyclio trends use not detectable x i th in  short 
serisg ~f records. 

With the  assumptions i n  mind, we c w  t r y  $he rnethod by estimating 
the lowest and hi;;hest amou~ts of ~rrater t ha t  the  water user may expect i n  
the  f i r s t  season following our short  s e r i e s  of data. Ye know ithat the  
range of past yie lds  i s  not l i ke ly  t o  be as ;reat as f o r  a longer record, 
but we can estimate the possible deviation of u. new year from our smple  

r average. T h i s  i s  derived from the standard deviation, caLculuted as 
f o  llows:Y 

See, f o r  example, "The Yield of Streams as a Measure of Climatic - 
Fluotuat ions, " by W, O. Hoyt and W. B. Lmgbein. Geographical Review, 
Volume 34, No. 2, Pages 218 t o  234, 1944. 

For def in i t ions  of symbols, see Glossary of Symbols m d  Terns, a t  end 
o f  the  paper, 



Expressed i n  words, the stirndard'deviation of Y equals the square root of 
the summed squared deviations ("sum of squaresw) of the smple observa- 
t i o n s ~  around the i r  man, divided by the number of degrees of freedom. 

In thinking about the possible nagnitude of u. new wmual water yield, 
we real ize that it rnay deviate in  two ways from the sample 'averager the 
deviation of the new yield from the t rue  population average, and the devia- 
t ion of the sample bverage from t h i s  true average of N ycars. These devia- 
t ions iqay be expressed as: 

and t h e i r  combined variance ( squared s t  mdard deviation) i s  estimated by: 

where s i s  the variance of the yield t o  be forecast. 
E 

The square root of t h i s  variance, the standard error  of the forecast, 
provides us with a basis for  estimating the fiduoial l imi ts  between which 
the next year 's  water yield should l i e ,  with any desired degree of l ike l i -  
hood. This estimate i s  given by multiplying the  standard error b 
la ted value of Student's "t", obtained from any published table. v iabu- 
portion of a table  of t i s  reproduced i n  Table 1. For samples of my 
size, t gives values corresponding t o  tne oonventional multiples of the 
standard deviation which are used i n  lwge samples. For a likelihood of 
"19:1," f o r  example (probabili ty 0.05 in the table) ,  t i s  about 2 i n  
large samples. 

For the forecast we are about to  niake, suppose we select  t t o  give 
a probabili ty of 0.10. Then we can say that ,  unless next year 's  yield i s  
so extreme t h a t  it i s  l ike ly  to occur l e s s  t h m  once in 10 years, i t s  
magnitude should lie between the following limits: 

Snedecor, George W. wStat i s t ica l  Methods," Table 3.8, page 65, 4th 
Edition, 485 pages, Iowa State College Press. 1946. 



Table 1 

Values o f  Studentts t 
Probability of a Larger Value of t, Sign Ignored 

D/F: 0.5 : 0 . 2  : 0.1 : 0.06: 0.02' 1 0.01'": D/F--- . . .  * . . , .  --= . , 

b . . b * * 

1 : 1.00 : 3.08 : 6.31 : 22.71 : 31.82 : 63.66 : 1 
2 :  .82 : 1.89 : 2.92 : 4.30 : 6.96 : 9.92 : 2 
3 : .76 : 1.64 : 2.35 : 3.18 : 4.54 : 5.84 : 3 
4 : .74 : 1.53 : 2.13 : 2.78 : 3.75 : 4.60 : 4 
5 :  . 73  : 1,48 : 2.02 : 2.57 : 3.36 : 4.08 : 5 

b * b : .. 
6 :  * 7 2  : 1164 : 1.94 : 2.45 : 3.14 : 3m71 t 6 
7 : 071 : 1.42 : 1.90 : 2.36 : 3.00 : 5.50 : 7 
8 : .71 : 1-40 : 1.86 : 2.31 : 2.90 : 3.36 : 8 
9 : .70 : 1.38 : 1.83 : 2.26 : 2.82 : 3.26 : 9 
10: .70 1 . 1  : 2 -23  : 2.76 : 3.17 : l a  

: . b 

11 : 070 : 1.36 : 1.80 : 2.20 : 2.72 : 3.11 : 3.1 
12: .70 : 1.36 : 1.78 : 2.18 : 2.68 : 3.06 : 12 
13 : .69 : lm35 : 1.77 : 2 6  : 2.65 : 3 t 13 
14 : .69 : lm34 : 1.76 : 2.14 : 2.62 : 2.98 : 14 
15: .69 : 1.34 : 1.75 : 2.13 : 2.60 : 2.95 : 15 

: b b 

16 : 069 : 1.54 : 1.75 r 2.12 : Z 58 : 2.92 ; 16 
1 8 :  .69 : 1.33 : 1.75 : 2.10 : 2.55 : 2.88 t 18 
20: r69 ~1.32 : l o 7 2  : 2.09 : 2.53 : 2.84 20 

b a * 

21 : 069 : 1.32 : 1.72 : 2.Q8 ; 2.52 : 2.83 : 2 1  
23 , .  .6Q :1.32 :1.71 : 2.07' : 2.50 : 2.81, : 23 
25: m66 : 1.32 z 1.71 2*06 : 2.48 : 2.79 : 25 

L b b b : 
ao: .675 : 1.282 : 1.646 : 1.960 : 2.326 : 2.576 : * 

b b b 
b s 

This is a shortened edition of Table 3,8 in "Statistical Uethads," 
by Snedecor ( see footnote 5). 
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Fiducial l i m i t s  = + tOl0sy 
. . . . . . . . . . . . (4)  

To show ho t h i s  nethod i s  used, Je t  us t q s t  i t  on some  of the dpta 
from Table 2 $ Looking only a t  CQ$- 3: Wa$er Yield, h c h g b  Ws 
may imagine also tha t  a t  present only the years 1919~26 pre available, 
and we want t o  estimate the f iduoial l i @ . t s  be)tvw?q vhiph the 1927 yield 
may l ie .  Based on the variation q f  theqe 8 yegrst  dpta, we estbwte:  

Then the expected f iducial  l imits,  with odd@ qf 0.10 aed on 7 degrsee of 
freedom, are 

Limits = y 2 (1.90)(4.29) dm 
= 15.6 + 8.6 = from 7.0 t o  24.2 inches of water. 

If desired, similar calculations may be made vd$h 4 likelikopd gther than 
0.10. If we want t o  be morg oonserva$iva, yre might decide t o  use 0.05 
probability: since to 05 on 7 degrees of fregdom i g  2.36, the  expected 
yield should f a l l  betw6en 4.8 and 26.4 bchgs  ( thgt  Ls, 15.8 C 10.8). 
And a t  the 0.50 level of  t, thq oorresponding pilnge of the expeoted yield 
should be from 12.4 .to 18.8 inches, 

As it happens, the yield i n  1927 wa,s ~ u s u a l l y  high, exceeding the 
upper f iducial  l i m i t  a t  the 0.10 level of t - an event t h a t  may happen 
about once per ten trialg, i n  the long w. This oqourrqnce may a ~ k g  
you wonder how other years behaved; so, (~lthougb $ t  i g  no t  considered a 
safe procedure t o  forecast so far  i q t a  the m$vre fmm a small sample, 
l e t  us look a t  the r e s t  of the yield datq in Column 3 of both Tables 2 
and 3, and see howmany f e l l  outside the ~rrr$ous fiducial bpundaries as 
estimated from our 8-year sample. In the 19 years a f t e r  1926, 11 yields 
(58 percent) remained inside the l imi ts  specified on 1:l probability; 
only 2 f e l l  out side the 0.10 l i m i t $ ;  a& aona exceeded or f e l l  below the 
0.05 limits.  Thus, it seems t h &  these data confor~p reaspnably well t o  
the mathematical model associeted w i t h  our fupdmnta1 assumptions. 

Data i n  these tables  obtained from "Interpretation o f  Snow surveys," 
by W. U. Garstka (see footnote 1). 



Table 2 

Aanual. Nater Yielils md 'Jilater Contest of $pw 
Snake River Abovs Ja~kaon L e e ,  18yo~hg 

(1919-1930) 

, .  - ,  ,:~+-w-.. ..--3 . 1- -----, , , * 
t 8)- 

Ysar 
: 

1919 t 23.4 : 19.5 
19 29 t 32.8 : $6.7 

Elevation-weighted (rverage water cos t a t  
of snow on saaw ocursas, about April 1 
each year. 

T o t a l  yield of water f r a  watershed above 
Jackson w e ,  April through JuJy e$ch year. 

- 7 -  



Linear Regression 
L .  

Results like t thse  give *he f ~ r e e ~ s t ~ r  conf i $ e n ~ e  i n  titqtf3me0t8 
based on s t a t i s t i o d  methods; althqugh, as t ime goas on, he $s sure t o  
ruq into enough of the uunu~ucrX" years tp keep h* conaarvative. Bvt 
even so, it i s  obvious tha t  f o r ~ o a s t ; ~  with s u ~ h  @.de f iduoigl I i p l i t s  
are not very useful, and tha t  it i q  e'sssatia& $a inorease t h e i r  preci- 
sion by any p r a ~ t i c a l  means. This $8, the reason for the pererulial 
search o f  forecasters for variables that w g  highly correl@Wd dw 
water yield and can, be measured she@ aP time: thep the probable mapi- 
tude of the new yield oan be estimated with a smaller error. 

, 
I 1  

In the Snake River data of iab$es 2 a d  3, such a variable i s  sup- 
plied by the elevation-weighted avgrage m e r  content o f  mow on the 
watershed, as  sampled about April 1 of eac4 yew. Although for our 
preceding example we assume4 tha t  sngw surveys were not bci:igg made unt i l  
a f te r  1926, actually the Bureau of ReclMation star tad theee measuremats 
in 1913 and has obtained them each yeas since thew 

With these snow survey data available ye ccvl use a b e t t e r  foreoast- 
ing tool: the r a g r e s s i o ~  of water yields on' snow water o ~ n t e n t .  In 
Garstka' s a r t i c l e  t h i  s relat ion i s  expressad graphically, a d  the f idu- 
cia1 l imits  shown 8s a "band #of error'. % Tnis method of aqalysis i s  
widely used und gives satisfactory resul t s  where moderate precision i s  
required. If the data f a i l  seriougly to meet ttg nepessary s t a t i s t i o a l  
assumptions, $t may be the soundest wthqd. But in  m ~ s t  wses  matbemati- 
cal control, using least-$quareti regression and asrrociettqd s ta t i&ics ,  
i s  l ike ly  $0 give mpre  rel iable resul$s. 

I 

Before we demonatrate this t ~ ~ l  lee us ractwnsider oqr prskbnisqry 
assumptions (pwe 3)  tnd see how they need t o  be mod&fied. The f i r s t  
assumption i s  unaltered by the introduoti~q of  an {ndgpendebt variable 
(x), the water content o f  snow. The segond, howeyer, must be ohgged 
somewhat; we now assume t h a t  the devia$ions of m t e r  yield8 (Y) 'trroqnd 
any single value of X are rmdom tmq pgrma&ly di~tr$bu$ed. Ngte tha t  
the values of X themselves need not meet thl6 requireme~t; but any values 
sf Y are assumed to  be drawn in  8 rwqiornrntqwr from possibJe Ytq 
corresponding t o  a particular value of X. Q p 4 i ~ a r i . l ~  th i s  assumption and 
the f i r s t  one may be considered fairly safe in  the qalysia of water- 
yield data over relat ively shor t  periqds; the seaon& i n  fact,  i s  l i ke ly  
to be safer than i t s  analogue when regression $8 not empl~yed. Bu$ there 
i s  another assumption tha t  may ocgasional,ly be u p o r t a n t ;  if it i s  
seriously violated, the use of  least-squares rggression i q  th i s  kind of 
analysis may give unreliable resul ts .  It i s  assumed that  1[ i s  measured 
without error, either errors  of wasurerr$nt or so-called 'biologioal 
variation. If th i s  assumption i s  untrue, the slope of the regresston 
i s  biased toward the horizontcrl, end the error of the forecast may be 



Table 3 

Annual i?ater Yields m d  l?ater Contents of Snow 
Snake River Above Jackson L&e, 'JJyorning 

( 1931-1947) 

C) 

(I) : ( 2 )  : c3T : (4) a ( 5 )  : ( 5 )  a ( 7) 
: k t e r  :Qbserved:Forecast: :Stmdard: Degrees : 
: content : water : water :Differenceterror of: of : S tudeqt ' s 

Year : of snow : y i e l d  : yield : ( 3 )  - (4):foreoast:  freedom : t - ---.I.---- 

: Inches : Inches : Inches : h c h e i  : Inches : . 

d Asterisks in3icute  the  rmge of p robab i l i t i e s  ;hioh include these 
values of t : 

No asterisk, probab i l i ty  greator  than 0.2 
* Probab i l i ty  0.2 - 0.05 
** Probab i l i ty  less than 0.05 



increased.y Ordinarily, however, variation8 f r o m  eveq t h i s  a6sumptioa 
need not cause any m t e r i a l  concern ualgss the errors in X becone large 
in  relation to  the to ta l  verietiop, in X. 

Finally, the assumption i s  made that the v a r i a t i ~ a  i a  Y i s  qot 
correlated with the magnitude of i t s  mr)an, but remains esseat i4l ly ~ W Q -  
geneous throughout the range of the regrsss$on. A not ab$e 4nJ f a i r l y  
frequent exception ta *hie aasuqt ion  oocwg when the variatton i n  Y msy 
properly be expressed as 8 pqrceatags ~f 9, md the *soat;tsrw of p l ~ t t e d  
points around the regress$on l ine  grows Mder with ipcreasing mag~itydee 
of X and Y e  In such cases it i s  advigab$e $0 t raqs fop 'a l l  the  datq 
into logarithma and qa lyze  them i n  th ie  t om.  

As an accessory reservation, whe~  workgng N t h  sxWll ~amp.les ( 8@y, 
10 t o  15  ears), the f oreoaster should use cars and c ~ n s e w a t i q p  in 
interpreting the resul t s  of h i s  rlpalysss and i n  depending on the calou- 
latej. accuracy of the forecastg. This  c s u t i ~ n  applies espsoi8lly if the 
range of avcrilable data i s  relatively 6-11, so that  furtibar saplpling 
might disclose a wider rw6e and perhaps r) greater degrse PP v @ ~ j a t i o ~ .  
Much assistance can be provided, of course, by past eqerignce M d  the 
characteristics of other sets  o f  data f r o m  eimilar soqrcea. 

After thinking Qver a l l  of these prgctcutipn8, y ~ u  may feel  it 
i s  hdrdly safe t o  make forecasts by statiatip~l ~ t h o d s .  Like my other 
sharp-edged tool, t o  be sure, these techniques may cause uafortunate 
consequences i f  they are misusgd; but whgn ~ q e f ' u l l y  knd 8kiJlnLlly 
handled they w i l l  give precige resul t s  with @ grest deal gf ~ f f i c i e m y *  
Thus the answer to  any doubts i s  not $9 leave t h i e  tool a l p ~ e , .  put 
handle it with the necessqry pk$$l, 

With the f a i r l y  safe belief  that  our data f i t  the variovs aseippti~ne 
reasonably well, we can now determine the  relation between lnater yields 
and snow water contents, and can se t  up the technique for  f o r e c a ~ t b g  and 
estimating fiducial l imits  by the least-squares method. Fir st, as i n  the 
f i r s t  example we must consider tha t  our short series  o f  years (say 1919- 
1930 as presented i n  Table 2) provides only a sample e s t i m t e  of the t rue  
average values for both X and Y, ahd af the t rue  relation betmen these 
factors  if it were to be caloqlated from the whole populatiop of N pairs  
of values. We must also s e t  up some logical hypothesis about the true 
shape of the regression line: whether i t  i s  straight,  o r  what form of 
curve it .dhould assume. Although we might argug theoretically that  the 
regression of water yields on snow water content should be a curve that 
i s  concave upward, t h i s  shape i s  generally undetectable withtn the range 
of observed data. 

I 

C. Eisenhart, The Interpretation of certain Regression ~ethods, 
Annals of Mathematical S ta t i s t i c s ,  X, (2) :  162-186, 1939. - 



Because th i s  seems true of the SnaJre River data, it seems desirable to  
make use o f  the simplest hypothesis: tha t  the true r e g r e s s i o ~  i s  sat is-  
fac tor i ly  f i t t e d  by u strtlight l ine, a sample estimate of which i s  pro- 
vided by the familiar lineirr equation: 

hssociclted wi th  t h i s  sample regression equation are taro kinds of 
error  i n  i t s  estimate of the t rue equation: the error of the "origin," 
a, and tha t  of the regression c ~ e f f i c i g n t ,  b. The varianoe of the origin 
i s  estimated by: 

where s ., i s  the "standard error of estimatett of the regression equation. 
The squXre root of sV2 may be stated as the "standard error of the mew 
of Y, when X i s  held?lat the mean of X.* Correspondingly, the variance of  
the regression coefficient i s  estimated by: 

where S i s  the s m e d  squared deviations o f  the sample observuti~ns of 
X aroun3 the i r  man. 

When these vrrrimoes are. combined, we can obtain an estimate of 
the variance o f  the sangle regression l ine  i n  estimating u point on the 
t rue line, f o r  any ~ i n g l e  vulue o f  X: 

n 
where Y i s  a sample estimate of the  point a t  which an ordinate erected 
a t  any value of X (as  X ) Nil1 intersect  the t rue regression line; and 

mean of X. 
k x i s  the  deviattpn of t e desired single value of X fram the smple 

If you will glance ai;ain a t  our f i r s t  forecasting mthod without 
the use of regression, you w i l l  note $hat the whole expression i n  Equa- 
t ion (8 )  i s  analogous t o  the f i r s t  tera (sy2/n) on the r ight  side of 
Equation ( 3 ) :  it expresees the error of a sample average trend i n  es- 
timating the true trend. Thus ? i s  i n  effgct  a value of y calculated 
f o r  a singla X. But i f ,  instetrd o$ estimating a new mean 7, we wish 
to  obtain a single new forecast of Y corresponding t o  a new value X, 
we know t h a t  it dl1 vary about the sample metan g so that ,an addition- 
a l  element of error  must be inoluded in calculating fidqoial limits. 
In order t o  complete our statement of the variance o f  a forecast, we 
must then add t o  Equation (8) a term which corresponds t o  sy2, the 
squared standard deviation. As you w i l l  realize, i n  our l inear  regres- 
sion analysis t h i s  term i s  givep by s 2. Thus the f ina l  exprgssion 
for the variance of a forecast in  a lK&Zar regression analysis may be 
stated as:: 



For those who are not familiar with the method@, very clear and 
readable d i scuas i~ns  are given by Snedecsr 

As in the anal s$s w$thout regress$oq, the etandard error  of the 
forecast ( fw 7 i s  multiplied by sa appropriate value of t in  order 
t o  provide en egtjmate of f iducial  intervaJ7 ground $ b ~  forecast 4: 

Limits = E .i. $ 8 ~  . . . . . . . t.... . . . . . . . . . . . . . . . . . . . . .($0) 
For a simple l inear  regregsion suck as w have been dlsoussing, the 

f iducial  band around the regression l ine  i s  shorn in  Figure 1. Beoavqe 
of the likelihood of e r ror  associated with t 4e  slppe o f  ths sample re- 
gression l ine i n  es t i r~a t ing  the true regrassiqn, the l i n e ~  bound*@ t h i s  
band are not para l le l  t o  t he  ~ a q l e  regreseton l iae.  On, the contrary, 
the fiducial. limits of a forecast w u a  m t e r  yield groor 1ru.ger ae the  
average snow water content deviates mgre ~4 m r e  from the me=; ( r ~ d  they 
may be very large i f  forecaste are aade from vaqyes of X t ha t  are  lose 
to  or beyond the range ~f avaiAable samp$e &tt+. 

Now we can i l l u s t r a t e  the use of s t a t i s t i c a l  ooptrol with aa exaplple, 
employing the figures on both satsr yields t + ~ +  vater coaten$s a$ s n o ~  i n  
Table 2. The procedures outlined i n  T@b$e 4 lead ta the  ctiloplatiop of 
several s t a t i s t i c s  which are  uged i n  obtab$nng a forgcaet for  1931, and 
i n  estimating the f iducial  limit? of the foreaqst. 

Fir  s t  of thesg i s  the  rqgreqsioq copffioi8nt, which i s  caloulated 
from the corrected squares and  products, and ieoorporated into @ I$near 
regression equation such as ( 5): 

By inserting the average resul t  of the 1931 snow surveys into t h i s  
equation (12.4 inches, see b~ttorn o#" Table 1) we cun obtais  a forecast of 
the most probable water yield f o r  th$q new year: 

See footnote 5. Read especially Chapters 6, 7, 12, 15, w d  14, on 
regression, correlation, w d  cova~ianoe. 



Average Tkater Content of Snow, bches (x) 

Figure 1. -- Linecrr regression of water yield on 

water content of snow, w i t h  f iducial limits 



Table 4 
$ 

Regression of ivater Yields on Nater Contents of Saow 
Snake River (1919-1930) 

- 7.' -Culculation of'Swns 0°F Sauaras ' ' . - ! 8 

t 'Squares and products 
T 8 . . - - I  

t t : 
S t a t i s t i c  t ~2 : XY : y2 

- - -'- 7--- . ,. 
: t 

(a) Uncorrected sum of squares, eto. : 13,043.66 : 6,798.33 : 3,577076 
(b) Correction term : 12,275.20 t 6,377.48 : 3,313.36 
(c )  Corrected sup'of squares, etc. : " 768.4(i r 420.85 : ' 264.40 

Procedure t 
2 2 ( a )  Uncorrected sum of squkes: X@ + Xt, + . . . . . . = SX~, 

And, fo r  SXY 

with a similar progedure f o r  8y2, produainp; the figure 3,577076 
(b) Correction term ( for  4) T ( s x ) ~ / ~  7 (383.8)2/12 = 12,275.20; 

for  XY, it i s :  (SX) (.sY)/~ = (383.8)(199.4)/12 = 6,377.48; 
with a similar p~qceduz-a f o ~  sy2, prgduoing the f igure 3,313.36. 

( c )  Corrected sumg of s%uares and produots are obtained by subtracting 

Line (b) from Line (a), giving 8x2, Sxy, and sy2; as, S X ~  = 768.46 

IT. Calculation of Regression S t a t i s t i c a  
(1) (2) (3) (4) (5) 

: Degrees of : Errors of estimate : Regresaion 
sQ2 : freedom : Sum of squares' : Mean square : coefficient . 

I 

230.48 : 10 33.92 t 3.392 : ir0.5477 

( 2 )  Degrees of freedom = n-m, where m i s  the nunb er of  variables; i n  
simple l inear  regression, n - 2. 

(3) Sum of squares for  errors  of estimate = sy2 - 59)2 = 264.40 - 
230.48 = 33.92. 

(4)  Mean square (errors  of estimate) = Sum of  squares/^^ = 33.32/10 
= 3.392 

(5)  Regression coefficient = sV/sx2 = 420.85 / 768.46 = * 0.5477 



E = (0.5477)(12.4) - 0.8954 = 5.9 inoh@@ o f  water. 

It i s  s t i l l  ear ly in  1931 when t h i s  forecast i s  made, so of course 
we have no knowledge us  t o  the actual water yield for  this year; bvt we 
can estimate the probable range within which it should l i e , '  on any: de- 
sired odds. This procedure i s  begun by calcuulating the v ~ s $ a n c ~  o f  the 
forecast, using Equation (9 )  r 

You w i l l  notice how much the variance of the f ~ r e c a s t  has bean affected 
by the large deviation of the 1931 water contest of s m  from the ample  
mean. Compared t o  the  variance of a forecast when X i s  held a t  the  man 
of X (as estimated by syex2(1.083)), t h i s  vari~nce i s  about 46 percent 
greater, 

From the calculated variance we ctq now obtt;lFin fiducia4 lu i - t ; s  of 
the forecast ( ~ ~ u a t i o n  10) a t  any desired probability level. If y e  
choose the 0.10 level  and with 10 degrees of freedom. the l imi ts  are: 

~ c t  = 5 .92  %.~1&'3@5', o r  from 1.7 t a  10.1 inchea 
.lo g 

of water. You n i g h t  also l i k e  t o  f igure the l i m i t s  a t  the 0.50 level; 
these would be: 

5.9 5 (0.70)(2.32), or from 4.3 t o  7.5 inches. 

Then you w i l l  want to convey t h i s  information tA, the water user, perhaps 
using a statement like this :  

"For 1931, the odds a re  even tha t  the  April-July yield of 
water w i l l  be between 4.3 and 7.5 inches. This might, o f  
course, be an unusual year, Unless it i s  the kind that comes 
only about once i n  a decade, however, you w i l l  get more than 
1.7 md less  than 10,1 inches of water." 

Perhaps you can nork out a phrasing tha t  i s  better suited t o  your needs. 
But the important thing i s  t o  t e l l  the water user the rea l  l imi ts  between 
which h i s  water yield should lie, rather than t o  give him an nexactn 
figure which, sooner or la te r ,  i s  sure t o  weaken his  codidenoe in your 
predicting abi l i ty ,  As to t h i s  part icular  fore cast  for 1931, obviously 
i t s  precision s t i l l  leaves something t o  be improved upon; but a t  l e a s t  
it i s  f a r  be t t e r  than thestatement we could make without the aid of 
l inear regressiono 



When the 1931 water yield has actju@Lly been measured (8.8 inohas, 
in the top l ine o f  Table 3) ,  we can see 6hqk i t  fe$& safely w i t h t ~  
f iducia l  l imits a t  the 0.10 level; it dgviated ~ n l y  2.9 inches 
the foreqast value. If you wi sh, ypu ow OS~FQI $te the pr~bqblg  $re- 
quency with which a iteviat$on of @ i s  ~ $ z e  i s  l ike ly  $? P Q W P ,  gal- 
culating for  this p a ~ t i w l w  forecaitt: 

By looking up t (on 10 o h )  in  IY~blp 1 pa GW see t h ~ $  this  kjn3 ~f 
deviation i s  l i k e l y  t o  occur about once i e  f o y ~  trial6 iD. the rUW 
the probability l ieq be t~~qeq  0.3 WJQ Q.9. 

To show how thiq msthod ~f f orgcasting vcarked ~ u t  f o r  eaph O f  a 
ser ies  of forecasts up t o  including 1945, T ~ b l e  3 gives tJle f ~ r e c a e t  
value f o r  each year, the differpnoq between Q@ aarved arrd forecast  yielder 
the  standard errclr of eaoh fopeoast, qw,i thg valug ~f t obtaiqed by 
mans of Equation (11). If wg ppmpare i&sag t t  s with the  t#bqJ(u' 
values f o r  the assaci&ted degree6 ~f Frsectoq, we o w  see how the for@- 
cast deviations for thgse ~ e v y e a r e  qonfor~qd $a $he theory. s h q ~  
by the asterisks,  only 1 nf tb 15 fprgqagts f e l l 1  a ~ t s i d g  the PlOuciLa& 
l imi ts  calcul+ted a$ tha 9.05 level, tyld (or 20 pqrcreqt;) p u t ~ i Q e  
the 0.20 linrfts. 

While exminiag t h e  suacessivg forecasts Lp Table 3, y ~ u  may $ 9 ~ 1  
t ha t  we have again d ~ n p  something a l$ t t l e  risky. $p &#$a& f~recW%i f i  $30 
f a r  beyond the period included by pur f inst r e g r e ~ s i o e ~  mrhep look 
at the "degreeg af freedom" o p l p ,  howgver, J ~ Q Y  wiT$ GVOBS tbht  UP 
1939 each forecast nag baqed pn q nqvY r e ~ r e q s i ~ ~ ,  ~aJ%tain%$ ~f the 
avai l  able abservptions up t o  data 

Progressive Development of .the Regre~eion s 
1. . I .+' " ' ."., - 

The process of building up regrqs@ioni by graddiqg new observations 
does not involve any new principles; but i t s  rneohaalos FW be greatly 
simplified by f o l l ~ w i n g  a special procedure. In the analytio teqhnique 
outlined in  Table 4 y ~ u  w i l l  have notiaed that, wp calculptgd the " ~ m s  
of squares ilnd products" of d e v i a t i ~ n s  ardund sample me=$ by a mathod 
which may be unfamiliar. For a single ehor t  anplysis such ks  tws QPe, 
the method saves l i t t l e  e / for t  as corqpqred t o  the nlore weventioaal 
method of oaloulating and squarin@; ( o r  multiplying) devia$io~s d l ~ e o t l y .  
But it w i l l  help stregmline the prSoogressive LuildAng up of  regressions; 
and t h i s  i s  l i ke ly  t o  be impor$&nt t o  forecasters W ~ Q  heve to repeat 
these calculations fo r  a number of  separate yratcrsheds each year. 

The procedure , outlined i n  Table 4 i s  expanded 41 T9ble 59 alld mW 
be sumwized as rollowst 



( 1 )  Obtain ngnr sums f o r  both X and Y by adding the 1931 
( o r  nl + 1) da ta  t o  the previoys sums f o r  1919-1930. 

( 2 )  Calculate new oorrect ion terms from these  sums. 

( 3 )  To the  uncorracted sums of squares und products f o r  
n years, add the squares wd product of X un3 Y f o r  
the  one new year. 

(4) Subtract  the  new correct ion terms from t h e  va lues  
ca lcula ted  in ( 3 ) ,  and proceed as before with t h e  
computation of r e g r e s s i o ~  s t a t i s t i c s ,  remembering 
t h a t  a degree of freedom i s  added wi th  each new 
ob servution. 

Especia l ly  when an e l e c t r i c  ca lcu la to r  i s  available, t h i s  p r a c m s  i s  
extremely rapid  aad simple, wJ. can be run through $13 relatively few 
minutes per watershed o w e  the data aye ready f o ~  w a l y s i s .  It may 
be repeated f o r  each sew year, as long ae the data +re ~ c o u r a t e  and 
you have no reason t o  suspect tha t  the r e l a t i o p  Petweep wster yields 
w d  snow i s  s h i f t i s g  i n  some way. With theae reservat ions ,  eeoh 
addi t ion  o f  d a t a  w i l l  tend t o  ipprove, the regreosiop, and the re fo re  
to make the  f w e o a s t a  a l i t t l e  morq r e l i a b l e .  

Keeping Control Over the  Forecasts  

As the  se techniques for c$ilculuting water yiqld f o r e c s s t s  a r e  
carried through, you  can e x a r t  a form of contra1 over them somewhat 
l i k e  the "qual i ty  contra$,' me tho?^ employud in  manufacturing, and can 
make any necessary adjustments @$ a p ~ r t  ~f the  process. Two f e a t u r e s  
may be discussed here: the  need Lo watch f o r  and remove e r r o r s  i n  the  
da ta  which might beoome p e r s i s t e n t ,  and t h e  use of "movipp;" regress ions  
t o  help compensate f o r  population s h i f t s .  

O f  these two controls ,  the  f i r s t  i s  r e l a t i v e l y  simple for t h e  
s t a t i s t i c a l  smctlyst. A s  each f o r e c a s t  i s  compared wi th  the  subsequent 
observed water yie ld ,  he w i l l  n a t u r a l l y  no t i ce  whether the deviat ion 
i s  l a r g e r  than might be expected by chance. If a t - t e s t  indicates--as 
it did i n  the regress ion fo recas t  computed fo r  1927--that such a devia- 
t i o n  could be expected only ra re ly ,  it i s  wise t o  look f o r  poss ib le  
causes and see  t h a t  they are removed before t h e  next  scasonfs  d a t a  a r e  
collected.  In a f a c t o r y  the  machinery nioy be stopped while the super- 
v i s o r s  and technic ians  look for o t h e m s e  unsuspected changes i n  t h e  
manufacturing process t h a t  might ha+e a f f e c t e d  the  product. Similarly,  



Table 6 

Building up the Regressions of Water Yields on 
Rater Contents of 'Snow in Sueoessive Years 

I. Tabulation of Data 
t Observation8 t Sums t Average6 t Noe years 

Period t X t Y t t Y t % t  t n 
: t f t t t t 

1919-30 2 t. 8 38Se8 t 199a4 t 31.98 t 16,62 j 12' 
t 1 t t t : t 

1919-31 8 1L4 t 8.8 t 396b2 r 208r2 t 30.47 t 16602 t 13 
-32 r 35.1 8 17n4 t 48143 t 225#6 t 30.81 t 16.11 t 14 

8 t t t t t t 
1919-3'7 8 23a2 13.6 t 665.4 t 299.6 t 29.76 8 X5,F7 t 19 

-38 : 28.6 r 20.0: 694,O t 319.6 t 29.70 IS998 8 20 
t t t % t t t 

1925-39 8 28,2 14.8 t 448e1 t 245.2 29m87 t 16.36 t 15 
1926-40 t 19.2 8 13.6 t 427.8 t 235.7 t 28.52 t 16.71 t 15 

I t. 1 t : : t 
1830-44 1 17.7 t 13.0 t 376,d t 226.4 t 86.11 t 16.09 t 16 
1931-45 t 24.8 t 16.1 t 376.0 t 2Sr6 8 86.11 t 16.84 t 16 

t - t r t t P 

XI* Regression Analysis (1919 I 1931) 
t Squares and ProQnrtr 

Statiretio t t t 

t r2 t XY t Y* 
t t t 

(a) Unoorreoted 88, eta. t 13.197.42 r 6.907.45 t 3.656020 
(b) Ccl~rection Term, CT r 121074.95 r 6,345.29 8 3,334.40 
(c)  Corrected 58, eta. r : 6 6 2 . I 8 : J W ) . 8 0  

Procedure: 
(a) Uncorrected SS = SS1930 + (or XY, br y2) = 13,043.66 + 

163.76'1 13,197.42, 
(b) Correotion term = ( ~ 5 ~ ~ ~  + ~3~)2/n + 1 = (383.8 * 12.4)'/13 = 

12&0?'4r95 

Correotion term for  XP = (303.8 + 12.4)(199,4 * 8.8)/13 
6,34!5*29. 

(c )  Correoted SS, as usual, i s  the difference between (a) and (b).  

111. Calculation of Regression Statistics (as in Tlrble 31 
I 

- . 
t Degrees of t Errors of estimate t Regression 

sq2 freedom t Sum of sauares t Mean sauare 8 coefficient 



tho forecaster  immediately exmines the snow-course data and strerrmflow 
records. He may even take a look a t  the courseq tad gaging s ta t ion  
themselves, t a l k  ivi t h  t h e i r  operators. I f  qcviutions from pres crib- 
ed techniques are observed, t h e i r  o o r r e c t i o ~  carnot help the past  year's 
forecast; but it may do a grea t  deal $0 keep future  forecasts  as  r c l i -  
able as possible. I f ,  on the other hryld, no changes i n  technique or  
other sourges of e r r o r  c w  be $'ound, it only be oopcluded t h a t  t h i s  
peculiar year was one of the qhancq evepts which must c~mo t o  every 
forecaster.  

A more serious problem way a r i s e  if a rea l  and progressive change 
develops i n  t h e  relation of water y ie ld  to snow water content. The 
forecaster s h o u l l  keep a ooqstant $ookout for t h i s  kind oE "populution 
sh i f t ,  " so t h a t  he can take my necessary measures i f  it begins t o  be 
noticeable. The technique be nice ly  i l l u s t r a t e d  by the 5nuke River 
data: ~ppparently such a s h i f t  crct~,~rtlly occurred i n  1936 and, continued 
from tha t  time on. The s h i r t  i n  these records, as it ilappens, may not  
have been the  r e su l t  of clima", or other uncon t ro l l~b le  chtmges, but i s  
more l i k e l y  due t o  a much simpler cause; one which might 4uve been re- 
moved by 1938 o r  1939 i f  the methods of s t a t i s t i c ~ l  control had been 
available for  i t s  d e t e c t i ~ n .  indicated i n  Garstka's puper, i n  1936 
the  Snake River courses "were inco rp~ru ted  into  the Hestmi.de system of 
snow surveys ooordinuted by the Soi l  Conservation Servioe, q t  which 
time the snow courses were staked out in  the  standard manner. " 1% seems 
l ike ly ,  judging from the population s h i f t  whiqh i s  apparent i n  t h e  
records, t hu t  some of the  courses my have been d t a y e d  i n  t h i s  process. 
Eveq though no trouLle might have been expected t o  resu l t  from these 
a l t e r a t ions  when they were ~ d e ,  the  s t a t i s t i c a l  forecaster would have 
detected the resu l t ing  s h i f t  before very ion:, Then my necessary re- 
adjustments of the courses could have been nade immediately, and the  
only lo s s  would have been a temporary decrease i n  the precision of the 
forecasts.  

For our present purpose, however, l e t  us  suppose t h u t  w examin&.- 
tion of the courses and gaging s ta t ion  was  made when the  s h i f t  was 
f i r s t  observed, twd t h a t  no cause was detected, Then we can only assume 
t h a t  there i s  a real  :change in  -the r e l a t i on  of wclter y ie lds  t o  snow, and 
must compensate f o r  it as best  we can, 

But f i r s t  you vd 11 want t o  know how the analyst  can detect  the  
onset of such a sh i f t .  The basis for  h i s  observations i s  shown in  Table 
6, ivhich presents the several  s t a t i s t i c s  t h a t  may be affected; a t ab le  
l i k e  t h i s  should be kept currently for  each watershed. 

Zxcept f o r  the "Deviation" column, each l i n e  i n  the  tablg i s  com- 
pleted when the forecast  i s  made; and of course t h a t  column i h  f i l l e d  
in d t e r  the actual y ie ld  has been recorded. A s  you go dorm through 
the table ,  one l i n e  a t  u time, imagine t h a t  the  l i nes  below are  51- 
so tha t  the information above i s  all t h a t  you have available. You w i l l  



notice several features of the data recorded up t o  1935 or evep 1936. 
First ,  the devibtions as obsep~ed fro@ forggas$ y I ~ l d e  are reasorx@b?e in 
size and randon i n  direction; soaa are larger fhkn ~ i g b $  @aclsi?y be a&- 
pected by chtulce. Second, the  variance a f  est#mte  tends ram#@ ~ ~ u g h -  
ly the sane &om year to  p a l .  lLnd th$pd, the wnstwtp & thq xregigasion 
equation vary only as one night expect w h . ~  gqw random ab i5bry~$loqs 
added, 

1 

In 1936 the deviation of the observed riel$ gram the foreaast w# a 
l i t t l e  larger, and both  t h i s  yew and LBd7 qn the high side QP the 
regression line. By themselv~s $hgse facts w~uld nqt tend t o  Qrouss 
suspicion, as the probability $8 ' s t i l l ' i p f ;  oar wpuld the ~qC4ll b ~ k  pro- 
gressive rise in the r e g t e s s l ~ ~  oan&kan$ '+ TIr' thq. analyst. h!&ppme$ t~ 
know of thb recent staking-out of the b~on oourses, these m u o r  shi f t$  
might lead him to  inquire i n t o  ohages  in ccnditioae Which, might have 
resulted. Xore likely, though, he wuld w a i t  to see ,what w t h e f  year 
or t m  might bring, 

By 1938 an unusually large devi&tiqn i s  aocompwied by a flvther 
r i se  i n  the regression wnstant--as a result of the series  of posit lva 
deviations-and by 1939 the extra  e f t g o t  of this unlpsual dev iu t io~  Is 
expressed i n  a s tr ikisg increase i~ the  var ian~e of estimdte, 9s I W J ~  
as s t i l l  another r i s e  i n  the  magnitude o f  a. 

Let us tmagine that by now the wulyat  h g ~  searched for my possible 
causes of these deviations; has $ailad $9 $ind my; m d  therefore nust 
conclude Oh&% some unco~trol l .&le s h i f t  ii$ o c ~ u r r i n ~  ia the relat ion of 
water yields t o  snow water dQnt;ents. ' . ff it i s  9 t rue  papulation shi f t ,  
h i s  fordCasts are likely w.  b,e uffeote$'by: f o r  some time, even though 
he makes the bast ef fo r t  he c m  to, remove i t s  effects. 1 

He is ,  however, ebla t o  tqke ,ope useful f ~ r m  of action; ho CW 
attempt t o  keep h i s  forecasting ::&atign as nearly abreast of the popula- 
t ion s h i f t  as possible. This i s  dong by dropping, o f f  some of the earli- 
e s t  years of the snow o o u s g  and w t e r  Jrield. records, baslng hi@ regres- 
sion only on more recent yews. And from than on he employs a ?novinigW 
regression, dropping off the e a r l i e s t  year of h i s  ourrent regression 
series  each time he adds a new year. 

After some preliminary t r i a l s ,  for  the  1939 forecast he decides tha t  
h i s  best course i s  t a  drop off the records for 1919-24, inolusivepe; 8nd, 
from 1939 on, to  employ regressions based60nly on the most re06n-b series 
of 15 years. Thus, the 1940 forecast $ 8  caIctJate4 from a regress$~n 
equation based on the yews 1925-39, and later years are .estimated from 
similar 15-year series,  

Now tha t  m know what action 'the anqlyst $0 ok in 1939, we GW look 
a t  the r e s t  o f  Table 6 and observe $he r e s u l t s .  The ef fec ts  of the popu- 
lat ion s h i f t  ond of the control masures taken t o  offset  it are evident 



Table 6 
-.., . *  

Statistics employed i q  d e t e c t q g  oh i f t s  i n  
the  vmter yiel+snow relutipn,  iSpu3ro River 

':' Forecast : ' b V : '  - '  ' C ~ n ~ t m t s  i n  
: yie ld  : Oeviatioa : gf estim4te : regression equation 

Year r inches : inches : ( b b 
b 

, 
b 3 

1933, t 5.9 f t 2.9 3.$9& 8 - 0.8939 :: + 0.5477d 
1932: 18.3 t - 0 . 9  t 3.569 t *  .7599 : +-0.5008 
1933 : 15.4 : - 1 .  : (3.337 t .7874 : .4973 
1934 : 11.2 : - 0.7 8 3.455 : . .71S9 : a 49 64 
1935: 14.4 r +1.7 t 3.052 : 5224 : .SO16 

8 b 

1936 ; 16.0 1 + 2.9*v; 3.041 : b 

7302 : ,4380 
1937:  12.4 : 1 . 2  : 3.342 : ,3498 : .49f13 
1938 : 15.2 t + 4.8*+ : 3.218 t $.a87 : .49 34 
1939:  15.2 : - 0 . 4  : 4.256 : 1,448 : . 489 3 

1940 I 11.4 1 + 2.8 YI 4.648 f 4.486 j .464d 
1941 : 10.8 : + 1.4 : 4.486 : 5.571 • .4256 
1942: 12.0 : +2.5 : 4.599 : 4.220 : 4094 
1913 : 21.0 : + 4.21 : 4.756 : 4.252 ,4160 
1 9 4 4 ;  11.4 : + 1 . 6  : 5.418 t 3,368 b b e4546 
1945 : 14.8 -P 0.3 : 4.732 : 3,513 b 04611 

C C . 6 
t L . . . 6 3,981 3.312 : ,4736 

t b 
b 

b 

9 Variances and roeregsion constants ca$oul&tted up t o  1939 are bascd 
on regressions cf data from 1919 $0 the preceding year. 

The as t e r i sks  indicate  t he  probable uignificarloe of these  differences: 
* = probabi l i ty  l e s s  than 0.20; ++ = probabi l i ty  l e s s  than 0.05 
(compare Table 2). 

From 1940 through 1946, the vdricmoes m3. regression constants are  
based on moving regressions, each including 15 years '  d ~ t u  up t o  and 
including the year preceding thz f ~ r o c w t .  The 1940 constants, f o r  
example, a re  based an the 1925-39 regression snalysis. 

8 

g/ If the forecas t s  had been made from regressions including a l l  data 
from 1919 t o  t h e  year preceding each forecast ,  tile deviations i n  
t h i s  column xvould have been as  follows, s t a r t i ng  -hu t h  1940: + 2.8, 
* 2.1, + 3.2, + 4.4, + 2.19 md + 0.9, 



in these s t a t i s t i c s ,  F i rs t ,  of course, the variance of estima$e j w 8  up 
i n  a disturbing manner. At leas t  in p a r t ,  t h i s  probably implies 8 bias  
resulting from the shift;  but  it also mews tha t  we must a t t r ibute  l e s s  
r e l i a b i l i t y  t o  our forecasts than was previously possible. Next, tb 
deviations remain positive i n  direction; there i s  a tendency for  the  
yields t o  exoeed the forecasts, Bnd then, the regression wnstants exhi- 
b i t  a degree of ins t ab i l i ty  *%oh resul t s  from adding more w d  more values 
of X and Y which f a l l  above the regression line. Finally, though, an, find 
one good feature; the forecast6 adhere mre closely to  the observed values 
than they imuld have i f  calculated frcm regressions based on the wh~la  
ser ies  of data frob 1919 on (footnote *dU, Table 6). This improvement $8 ,  

of course, the ob jebt of using the moving regressions. 

Because the s h i f t  i n  these data was abrupt rather t h m  the s l w  trend 
which i s  more l ike ly  t o  occur in a t r u e  population sh i f t ,  the non-random 
portions of these e f fec t s  are probably more pronounced thw ordinary. In 
any case, the data serve t o  show the symptoms which can be used in detect- 
ing t h i s  kind of s h i f t  and adjusting for  it. . 

The mechanism of calculations i n  the moving-regression pro cedure i s  
an extension of the rrlethod shorn in Table 4, and can be carried through 
with a l m ~ s t  equal fac i l i ty .  It i s  only necessary t o  subtract the oldest 
values of X and Y from the  sums of both variables, a t  the same time tha t  
new values are added. Similarly, the uncorrected squared and products 
of the oldest values are subtracted from the sums of squares and products, 
i n  the same process w i t h  t he  addition of the newest values, Xith praotioe 
and the a id  of m eleot r io  calculator, the Whole procedure can be executed ' 

with surprising rapidity. 

Careful use of these techniques for e t a t i s t i cu l  control of the fore- 
casting procedure, combined with cloee coordination between f i e l d  men 
and s ta t i s t ic ians ,  should provide the maximum degree oP precision that 
can be gained from the combination of water yield data and a sipgle corre- 
la ted factor employed i n  a l inear  regression. Further precision may 
sometimes be gained by the  use of additional factors, o r  by f i t t i n g  curvi- 
l inear  regressions i f  they are based on a sound hypothesis. 

Curvilinear md M u l t i ~ l e  Renressions in  Forecastinn 

In an a r t i c l e  of t h i s  k ind- i t  i s  not necessary t o  go intg de ta i l  on 
the use of these more complex regressions in water yield forecasting, 
expecifilly because complete and interest ing di$cussions are given by both 
Ezekiel and Snedecor ( ~ o o t n o t e s  2 rurd 5). T t  may be desirable, though, 
to  indicate the roles  t h a t  may be played by curvilinear and multiple re- 
gressions and t o  show br ief ly  how they may be extended from the simpler 
l inear  regression techniques, with a similar stream3.ining o f  praoedures. 

Considering f i r s t  t he  use of curved regression lines,  it i s  essen- 
t i a l  that there should ex i s t  a logical hypothesis for  curvilinearity,  . 
which should also specify the probable shape of the curve i n  general 



terms. As previously suggested, the  theoret ical  re la t ion  of water y ie ld  
t o  snow wutcr content might be curvil inear,  though not pronouncedly so; 
mi t h i s  curve might be s a t i s f ac to r i l y  f i t t e d  by a quadratic equation 
of the  form: 

In  other cases the hypothetical curve be of the logarithmic or  
exponential form; then the *best f i t n  mi;;ht be provided by transforming 
the data  f o r  e i t he r  X o r  Y, o r  both, logarithiiis and f i t t i n g  u s t ra igh t  
l i n e  t o  the  resul t ing data: 

log E log a + b(log x), f o r  example ....................( 13b) 

m e r e  no par t icu la r  hypothesis as  t o  the  shape of the curve can  be s e t  
up, it m y  be desirable t o  f i t  u quadratic equation to  the  data as  sug- 
gested above. In t h i s  case it i s  easy, i n  the course of the analysis, 
t o  t e s t  the  v a l i d i t y  of the  curvi l inear  hypothesis by s t a t i s t i c a l  methods. 

A l l  t h a t  i s  necessary i s  t o  add t o  the w ~ u l y s i s  u, s e t  of values for  
a second independent var iable  ( x ~ ) ,  vdth each item for  t h i s  variable 
supplied by squaring t h e  yearly values f o r  snqw water content (x~). 
Corrected squares m d  products are  obtained f o r  the  various combinations 
of these X's a d  Y, and then the regression s t a t i s t i c s  are  calculated by 
means of equations presented i n  d e t a i l  by Snedecor (chapters 13 and 14). 
As a resu l t ,  you w i l l  obtain a sum of squares f o r  error s of estimate 
corresponding t o  t h a t  supplied by -the l inour regression f o r  the same data, 
but with one l e s s  degree of freedom. The difference between these t w o  
sums, on one degree of freedom, i s  a sum of squares a t t r ibu tab le  t o  the 
quadratic regression, and it c m  be t es ted  for significance by the stand- 
ard methods of variance analysis. 

In in terpret ing t h e  resu l t s ,  of course you w i l l  use the  same caution 
t n a t  i s  required othenvise i n  dealing with sampling, especial ly  with 
small samples. In t h i s  kind of t e s t ,  your interpreta t ion should be 
grea t ly  ass i s ted  by a good logical  basis  for  or against the  hypothesis 
of curv i l inear i ty  and as t o  the shape of the  curve. I f ,  f o r  exumple, 
such an hypothesis i s  log ica l ly  untenable, you w i l l  probably not bother 
t o  make the  t e s t .  And in any case, remember t h a t  about once in  every 
20 t r i a l s  cllance d o n e  i s  l i ke ly  t o  ;ive you r e s u l t s  t h a t  are "s ignif i -  
cant" a t  or beyond the 0.05 level.  



The use of multiple regressions may often be more profitable than the 
f i t t i n g  of curves. As our knowledge of variables tha t  are correlated with 
water yield increases, we are l ike ly  t o  w a n t  t o  associate more and more 
independent variables with t h e  one we need t o  forecastr variables such 
as  t o t a l  winter precipitation as well as  the spring water content of -OW; 

solar radiation during the early spring, when evaponrtion &nd sublimation 
losses may be expected to subtraot important amounts of water from the 
stored snow; antecedent s o i l  moisture, as  a measure of def ic i t s  of water 
stored in  the s o i l  reservoir; atresa discharge during the preceding 
autumn, as  sa index of anteoedent conditionst and others afriiah haw been 
suggested and are being studied. 

One variable which might be part icular ly valuable i s  the experience 
of  some highly trained and acclimated technieiaa who has worked on a 
watershed for some time, and has generated a 'Peelu for watershed condi- 
tions. As he col lects  data on streamf'low, snow uater contents, md other 
variables he may develop a current impression that,  other neasured vari- 
ables being equal, t h i s  year should produoe more or l e s s  water than usual. 
Hydrologists are we11 aoquainted w i t h  t h i s  aapaoity of trained ead exper- 
ienced teohnioians, but it f a  not ordinarily thought possible t~ incor- 
porate suoh informtioh into a s t a t i a t ioa l  aaalyai a. 

If, however, such a f e e l  aan be translated into ~urnerfoal terans--as 
en adjustment percent, for  example--it can be added t o  the analysis a8 
one more independent variable, and tes ted  for  its signifioance. This may 
add materially t o  the precision of water yield forecasts, expecially be- 
cause the observer can continually improve the usefulness of h i s  own ex- 
perience by natohing h i s  progressive and repeated successes and failures.  
The value of t h i s  variable w i l l  depend, of course, on the likelihood 
tha t  the technician can remain in a single region long enough t o  make h i s  
estimates contribute materially t o  the regression. To retain maxi- 
control over the information provided, such estimates should be kept as  
a separate variable rather thw to be combined with the snow water content 
as some form of adjustment. By t h i s  means the s t a t i s t i c i an  oan keep a 
constant watch on the efficiency of the variable, and can help the tech- 
nician gain experience and thereby add precision t o  the forecasts. 

Ifhatever the variables are, they can be added t o  the regression 
equation in  any desired -her and combination of curved and l inear  rela- 
tions, as long as enough degrees of freedom are l e f t  t o  provide a r e l i -  
able estimate of the variance of t h e  forecast. Ordinarily, f o r  water ' 

y ie ld  data, a t  leas t  9 or 10 degrees of freedon are required a f t e r  a l l  
deductions have been made for curvilinearity and dndependent variables. 

A s  i n  the t e s t  fo r  curvilinearity,  the value o f  each independent 
variable can be tes ted  by s t a t i s t i c a l  methods. Ken, as  a r e su l t  of these 
tes ts ,  the forecaster i s  f a i r l y  certain tha t  one or  more of the  variables 
being t r i e d  out does not contribute significantly t o  the precision of 
hiq f o r e c a s t s , i t h e . r u ~ l e  may be dropped from further consideration; 
end, if desired, i t s  place can be taken by a more ef f ic ient  variable* 



Another possible elaboration of t h ~  l inear  ragression technique i s  
t o  ~ i i d ~ e  preliminary forecasts  from the data  available ear ly  i n  the season, 
and then to  improve tliese forecasts  as  the year goes on by adding later  
measurement s as  new independent varisble s , Jine re t n i  s tho 3 h a s  h e n  
qp l i e : i ,  the  precision of the l a t e r  forecasts  i s  ge~xerally seen to  be 
increased, 

AS more independent variables a re  added to the analysis, natural ly  
the  ~zechanicttl work of calculating t h e  s t a t i s t i c s  becomes more labori-  
ous; but  these calculations can bo s t r eml ined  b a manner s imi lw t o  
t h a t  outl ined fo r  l i nea r  regressions. After the  corrected squares and 
products are obtained f o r  a l l  t&e necessary combinations of X's a d  Y, 
the regression coeff ic ients  are calculated through the use of simultw- 
eous equations. Their use i n  t h i s  kind of analysis i s  presented i n  de- 
t a i l  by Snedecor, together with methods for  crrlculating and employing 
the so-called "Gauss mu1tip1iers," required in obtaining the variance 
of u. forecast  i n  mul,tiple regression. Jhen the forecasting eqqution 
assumes the form 

for  example, t he  corresponding veriapce equation i s :  

where the various c ' s  are, the Gauss mult ipl iers ,  sometimes termed 
"elements of the inverse natrix" and calculated by the method of deter- 
pinants from the simultaneous equations; and the x's, as usual, are 
deviations from the means of X. 

With t h i s  sketch of the  somewhat more complex methods involved i n  
curvil inear and multiple regression, we have completed an out l ine  of 
s t a t i s t i c a l  procedures t h a t  are  adapted especial ly  t o  water y i e ld  fore- 
casting, It i s  sincerely hoped that techniques such as these w i l l  help 
forecas te rs  make t h e i r  predictions more usefu l 'md precise. 

Thanks are due t o  the  s ta f f  of the  Bureau of Reolmat ionls  Division 
of Hydrology i n  Denver, Colorado, fo r  supplying the data f o r  this ser ies  
of analyses and f o r  other aspects of t h e i r  f r iendly  cooperation in re- 
cent years. Special acknowledgment i s  due also t o  D r .  R. A. Fisher md 
h i s  associates  and followers, who developed the s t a t i s t i c a l  theory and 



methods on which these techniques are based3 and to Dr. George N. Snedeoor 
and his  assooiates at Iowa State College, who have done a very great ser- 
vice in making s tat i s t ica l  methods widely used and understood by workers 
in the biological soiences. 



GLOSSkRY OF SYMBOLS AND TEEMS 
- .  , . - -  

Symbol Definit ion 

a. The 'y-intercept;" i n  the  regression equation f o r  a simple 
s t r a igh t  l ine ,  a = - bji. 

b The regression coeffioient. In a l i nea r  equation, 
b = sxy /Sx2 .  

0 etc.) The Gauss multipliers,  calculated by the 
from a s e t  of simultaaeous equations. 

CT Correction term, used in analysis t o  correct  the sum of 
squared observations (sx2, SXY, and S Y ~ )  t o  t h e  'sum of 
squaresw o r  "sum of productsn of the deviations of observa- 
t i ons  around t h e i r  sample average. CT = ( s x ) ~ / ~ ,  ~=/n, 
or  (sY)~/~, i n  l i nea r  regression. 

D/F Degrees of freedom$ n-m, where m i s  t he  number of var iables  
( includingy)  i n  an analysis, or the number of constants in 
the regression equation. Without regression, D/F = n - 1. 

E The foreoast  value, obtained with o r  without regression. 

Fiducial  T h e u p p e r a n d l o w e r l i m i t s ,  i r S t h i n f i i o h t h e a c t y a l v a l u e i s  
Limits l i k e l y  t o  f a l l ,  a s  measured on e i the r  side of a forecast  

value. Limits = E + t%. 
0 

I( The t rue  average value f o r  a population of observations, as 
water yields. 

n The number of observations i n  a sample s e t  of data, a s  corn- 
pared with . , , . 

N The t o t a l  number i n  ti l a rge r  s e t  ( o r  population) of data, of 
which th8 smaller set  may be considered a sample. 

r Correlation coeff i o i en t  ( in  simple correla t ion of two vari- 
ables) r 

= M ' ( ' g j W 8  or  5 r/w 

s~ Standard deviation calculated from a s e t  of sample observa- * 

t ions;  a sample estimate of d, the  population standard devia- 
t ion.  The equation f o r  calculating sy isr 



Definition 

S- Standard error of  a sample average of Y. Without regression, 
Y S9 = 5 s 2/n . With regression and f o r  a fixed s e t  of 

Y 

s Standard error of estimate, expressing the variation of observa- 
Y *x t ions around the r e g r e s s i ~ n  line. In a l inear  equation, 

Sb Standard error of the regression coefficient. In a l inear  equa- 
t ion, 

6 E Standard error of a forecast. Hithout regression, 

with regression 

Standard error of a point on the sample regression l i n e  i n  es t i -  
mating the t rue population value fo r  any given value of X: 

S A symbol meaning "sum of." 

SS A sum of squares o r  products, ae  S X ' ~  sx2, SXY, Sxy, 6 t h  

sQ2 Sum of squares at t r ibutable to regression. In a l inear  regres- 
sion, 

sgz = (sxy)2/sx2 

Sdy.,2 Sum of squares of deviations from regression = sy2 - sQ2 

t Any single value of student's dis tr ibut ion of t ; for  a complete 
table, see "Sta t i s t ica l  Methods, " by George 8. Snedeoor, 4 th  
Edition, Page 65. Iowa Sta te  College Press, 1946. 

X, Y Any sample observation of an independent variable (x) o r  dependent 
variable (Y).  



I ' ;  *A. r 

I ,  - 

Symbol 

x, Y 

x, Y 

Variance 

Definition 

The average of a series of sample observations o f  X and Y. 

The deviation of any single sample value of X or Y from 
the sample average. 

Squared standard deviation 




