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ABSTRACT 

This paper i s  intended for those who wish t o  prepare 
an algorithm t o  determine the load path of a running sky- 
l ine .  The mathematics of  a simplif ied approach t o  t h i s  
mnning sky Zine design problem are presented. The approach 
employs assumptions which reduce the complexity o f  the 
problem t o  the point where it can be solved on desk-top 
computers of  l imited capacit ies.  The r e su l t s  of t h i s  
approach are compared wi th  the exact catenary solution.  

Keywords: Cable logging, mathematical analysis, logging, 
skidding (cableway) , computer. 



1.0 INTRODUCTION 

Many logging system des igners  a r e  now fac ing  t h e  problem of determining t h e  
load-carrying c a p a b i l i t y  of t h e  running skyl ine .  There a r e  b a s i c a l l y  t h r e e  means 
f o r  a s ses s ing  t h i s  c a p a b i l i t y :  a  graphica l - tabular  handbook approach a s  presented 
by Lysons and ~ a n n , /  2/ a mathematical s o l u t i o n  u t i l i z i n g  t h e  l a r g e  d i g i t a l  com- 
put ing  f a c i l i t i e s , ? /  o r  a  mathematical s o l u t i o n  u t i l i z i n g  small  desk-top computers./ 

Although each of t hese  methods i s  d i r e c t e d  t o  t he  problem of determining t h e  
load-carrying c a p a b i l i t y  of t h e  running sky l ine ,  t he re  is  a d i f f e r e n c e  i n  approach. 
The procedures presented i n  re ferences  1, 2 ,  and 3 determine load-carrying capa- 
b i l i t y  under a  given condi t ion  of d e f l e c t i o n ,  whereas t h e  procedure of re ference  
4 determines d e f l e c t i o n ,  and u l t ima te ly  a  load pa th ,  f o r  a  s p e c i f i e d  load.  The 
mathematical f e a t u r e s  of t h i s  l a t t e r  approach t o  the  problem a r e  discussed i n  
t h i s  paper. 

2.0 MATHEMATICAL PROBLEM 

To apply d i g i t a l  computers, e i t h e r  l a r g e  f a c i l i t i e s  o r  smal l  desk-top u n i t s ,  
t o  sky l ine  design problems, t h e  sky l ine  must be  described mathematically. This  
desc r ip t ion  depends upon a c l e a r  s tatement  of t h e  mathematical problem, i n d i c a t i n g  
t h e  phys ica l  parameters and system c h a r a c t e r i s t i c s  t h a t  can be  considered a s  known 
information.  Such a s tatement  of t h e  running s k y l i n e  problem can be made ( r e f e r  
t o  t h e  cable-car r iage  conf igura t ion  of f i g .  1 ) .  The haulback, main, and grapple- 
opening l i n e s  a r e  considered anchored a t  s p e c i f i c  p o i n t s ,  (a)  and (b) .  These 
po in t s  a r e  known t o  be  separa ted  ho r i zon ta l ly  by the  span d i s t ance  L and v e r t i -  
c a l l y  by t h e  e l eva t ion  d i f f e rence  h. The c a r r i a g e ,  loca ted  a t  ( c ) ,  a  known d i s -  
tance  d from t h e  anchor po in t  ( a ) ,  i s  support ing a known log  load suspended f r e e  
of t h e  ground. The gross  payload, WG, i s  t h e  sum of t h e  c a r r i a g e  and log  weights ,  
and i t  i s  supported by the  cab le  system a t  po in t  ( c ) .  The opera t ing  tens ion ,  T', 
i n  t he  haulback a t  t he  l e f t  support  i s  equal  t o  t he  maximum al lowable t ens ion  
f o r  t h i s  l i n e ,  which is  usua l ly  one-third of t h e  breaking s t r eng th .  The haulback 
l i n e  i s  a continuous l i n e  from t h e  anchor po in t  ( a ) ,  running through t h e  c a r r i a g e  
and t h e  block a t  ( b ) ,  then back t o  t h e  c a r r i a g e  where t h e  o the r  end i s  anchored. 
The weights of t h e  main l i n e ,  grapple-opening l i n e ,  and haulback a r e  spec i f i ed .  
I n  t h e  mathematical desc r ip t ion ,  t h e  main l i n e  and grapple-opening l i n e  a r e  con- 
s ide red  t o  func t ion  a s  one l i n e ,  and t h e  combined weight of both l i n e s ,  w 3 ,  i s  
used. This  approximation in t roduces  n e g l i g i b l e  e r r o r  and a l s o  makes the  r e s u l t s  
app l i cab le  t o  running s k y l i n e  cab le  conf igura t ions  without  grapple-opening l i n e s  
o r  t o  those systems where t h e  grapple-opening l i n e  remains s l a c k  and c a r r i e s  a  
n e g l i g i b l e  po r t ion  of t h e  load.  
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Haulback 

Figure 1.-Schematic of the running skyline problem. 

The problem, a s  s t a t e d  above, can  be  so lved  f o r  t h e  d i sp lacement ,  Ay, neces- 
s a r y  t o  suppor t  t h e  payload W a t  t h e  p o i n t  ( c ) ,  wh i l e  main ta in ing  t h e  ope ra t i ng  G 
t e n s i o n  TA i n  t h e  haulback l i n e .  When t h i s  problem i s  so lved  a t  a  succe s s ion  of 
p o i n t s  through t h e  span of t h e  s k y l i n e ,  a  curve  connect ing t h e s e  p o i n t s  is  re -  
f e r r e d  t o  a s  t h e  load  pa th  of t h e  c a r r i a g e .  Th i s  is t h e  d e s i r e d  r e s u l t  of t h e  
a n a l y s i s .  

2 .1  Problem Formulat ion 

I f  t h e  c a t ena ry  d e s c r i p t i o d l  of t h i s  c a b l e  con f igu ra t i on  was used i n  t h e  
problem formula t ion ,  a  set of n o n l i n e a r ,  t r an scenden t a l  equa t ions  would r e s u l t .  
A convenient  s o l u t i o n  of t h e s e  would exceed t h e  c a p a c i t y  of t h e  desk-top type  of 
computing f a c i l i t y .  S ince  i t  i s  d e s i r e d  t o  p rov ide  a  s o l u t i o n  t o  t h e  running 
s k y l i n e  problem on a  desk-top f a c i l i t y ,  ano the r  more s i m p l i f i e d  approach must be  
used. 

The problem formula t ion  employed i n  t h i s  paper c o n s i s t s  of a  f o r c e  and moment 
ba l ance  approach, w i th  s imp l i fy ing  assumptions about  t h e  weigh ts  and geometry of 
t h e  c a b l e  segments.  The problem i s  formulated a s  having known geometry, and load  
pa th  i s  determined by an  i t e r a t i v e  technique  designed around t h i s  fo rmula t ion .  
The accuracy of t h e  r e s u l t s  is  compared w i th  r e s u l t s  de r i ved  from a ca t ena ry  
formula t ion .  

5/ J. L. Meriam. Mechanics, p a r t  I - s t a t i c s .  New York, John Wiley & Sons, 
340 p . ,  i l l u s . ,  1951. 
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2.2 Force Balance Formulat ion 

The r e l a t i o n s h i p  between c a b l e  f o r c e s  and geometry can  be  der ived  by consid- 
e r i n g  t h e  equ i l i b r i um of components of t h e  running s k y l i n e  system. The equa t i ons  
a r e  w r i t t e n  from f o r c e  and moment ba l ances  f o r  a l l  l i n e  segments and f o r  t h e  sky- 
l i n e  c a r r i a g e  ( s e e  f i g .  2 ) .  For example, l i n e  segment 1 c a ~ b e  de sc r i bed  by t h e  
v e r t i c a l  f o r c e  ba l ance  on t h e  l i n e  segment 

t h e  h o r i z o n t a l  f o r c e  ba lance  on t h e  l i n e  segment 

H 1  = c o n s t a n t ,  

and t h e  moment ba l ance  about  t h e  c a r r i a g e  

I n  t h e s e  exp re s s ions ,  R1 r e p r e s e n t s  t h e  weight  of t h e  c a b l e  segment concen t r a t ed  
a t  a  h o r i z o n t a l  d i s t a n c e  e l  from t h e  c a r r i a g e ,  and t h e  o t h e r  f o r c e s  and d i s t a n c e s  
a r e  de sc r i bed  i n  f i g u r e  2. 

Carriage 

Figure 2.-Force balance formulation. 



Line  segments 2 and 3 can be  descr ibed  by s i m i l a r  express ions .  These equa- 
t i o n s  and t h e  h o r i z o n t a l  and v e r t i c a l  f o r c e  ba lance  equa t i ons  on t h e  c a r r i a g e  can 
b e  combined t o  p rov ide  d i r e c t  s o l u t i o n  f o r  t h e  h o r i z o n t a l  t en s ions  i n  each l i n e  
segment. These exp re s s ions ,  l i s t e d  i n  t h e  o rde r  f o r  s o l u t i o n  w i t h  t h e  necessary  
i n t e rmed ia t e  v a l u e s ,  a r e  

and 

where 

t = Ay/d , 
1 

t = e / d ,  
2 1 

t = Ay-h/L-d , 
3 

t = e /L-d , 
4 2 

q,  t en s ion  i n  haulback segment 1 a t  c a r r i a g e  = TA - wl Ay , 

T:, t e n s i o n  i n  haulback segment 2 a t  c a r r i a g e  = TA - w l  Ay , 

and 

W~ i s  t h e  weight  per  f o o t  of t h e  haulback.  

The va lue s  of h o r i z o n t a l  t en s ion  de r i ved  from t h e s e  equa t i ons  can  be  s u b s t i t u t e d  
i n  e a r l i e r  express ions  t o  determine t h e  load-carrying c a p a b i l i t y  of t h e  s k y l i n e .  

This  fo rmula t ion  of t h e  problem provides  a n  approach f o r  d i r e c t  s o l u t i o n ;  
however, t h e  express ions  presume knowledge of t h e  l i n e  weigh ts  R and moment arms 
e of each l i n e  segment. S ince  t h e s e  a r e  determined by t h e  weight  d i s t r i b u t i o n  
and t h e  l e n g t h  and shape of each l i n e  segment, a n  i t e r a t i v e  procedure i s  r equ i r ed  
f o r  s o l u t i o n .  However, w i t h  t h e  approximations d i s cus sed  i n  t h e  n e x t  s e c t i o n ,  
t h e  i t e r a t i o n s  can  be  avoided and a d i r e c t  s o l u t i o n  i s  provided.  



2.3 Force Balance Formulat ion With S t ra igh t -Line  Approximations 

A s  d i s cus sed  i n  s e c t i o n  2.1,  s k y l i n e s  a r e  most a c c u r a t e l y  de sc r i bed  a s  
c a t e n a r i e s ,  With t h e  geometry of t h e  c a t e n a r i e s  known, t h e  weights  R and moment 
arms e of each segment could b e  a c c u r a t e l y  determined and t h e  equa t i ons  of s e c t i o n  
2.2 could be  used f o r  d i r e c t  s o l u t i o n .  The ca t ena ry  l eng th s  and shapes ,  however, 
a r e  n o t  known u n t i l  s o l u t i o n s  f o r  t en s ions  i n  each l i n e  have been e s t a b l i s h e d .  
Therefore ,  an  exac t  s o l u t i o n  would r e q u i r e  i t e r a t i o n s  involv ing  assumed t e n s i o n s  
which prov ide  ca t ena ry  geometry, l i n e  we igh t s ,  and moment arms, fol lowed by com- 
p u t a t i o n  of t en s ions  t o  b e  compared t o  t h e  v a l u e s  o r i g i n a l l y  assumed.&/ This  
procedure can b e  s i m p l i f i e d  by approximating t h e  ca t ena ry  geometry by s t r a i g h t -  
l i n e  segments between anchor p o i n t s .  The l i n e  segments would b e  envis ioned  a s  
s t r a i g h t ,  r i g i d  members w i th  t h e  uniform weight  d i s t r i b u t i o n  of t h e  c a b l e s  and 
would b e  pinned a t  ( a ) ,  ( b ) ,  and ( c ) .  This  assumption a l lows  t h e  l i n e  segment 
weigh ts  and moment arms t o  be  expressed a s  

and 

I f  t h i s  assumption is made, t h e  a l g e b r a i c  express ions  of s e c t i o n  2 . 2  can b e  
used t o  s o l v e  t h e  problem d i r e c t l y .  An i t e r a t i v e  procedure i s  s t i l l  r equ i r ed  t o  
e s t a b l i s h  t h e  Ay which matches t h e  g ro s s  payload of t h e  s k y l i n e ;  however, t h e  
procedure is s t r a i g h t f o r w a r d .  The technique  f o r  de te rmin ing  Ay i s  d i s cus sed  i n  
t h e  nex t  s e c t i o n .  The e r r o r  of t h i s  approximation i s  presen ted  i n  s e c t i o n  3.0. 

2 .4  I t e r a t i o n  For Ay 

A s  d i s cus sed  i n  t h e  prev ious  s e c t i o n ,  a good approximation t o  t h e  running 
s k y l i n e  problem can  be  formula ted ,  based on known geometry. S ince  our  problem 
i s  t o  de te rmine  geometry, s p e c i f i c a l l y  Ay, a n  i t e r a t i v e  procedure based on suc- 
c e s s i v e  s o l u t i o n s  of t h e  known geometry problem must b e  designed t o  determine t h e  
Ay which y i e l d s  an  a p p r o p r i a t e  g ro s s  payload WG. This  procedure,  i f  designed f o r  
u se  w i th  a desk-top computer, should r e q u i r e  a s  l i t t l e  s t o r a g e  and a s  few i n s t r u c -  
t i o n s  a s  p o s s i b l e .  Such a procedure is  suggested i n  t h i s  s e c t i o n .  

6/ Ward W .  Carson and Char les  N.  Mann. A t echnique  f o r  t h e  s o l u t i o n  of 
s k y l i n e  ca t ena ry  equa t ions .  Pac. Northwest F o r e s t  & Range Exp. S t a .  USDA F o r e s t  
Serv.  Res. Pap. PNW-110, 18 p . ,  i l l u s . ,  1970. 



The i t e r a t i v e  procedure de te rmines  Ay from t h e  known r e l a t i o n s h i p  between Ay 
and WG and a s p e c i f i e d  v a l u e  of (WG)INpUT. The procedure was designed t o  i n s u r e  
convergence f o r  a l l  p h y s i c a l l y  r e a sonab l e  d a t a  and r e q u i r e s  a minimum of i n s t r u c -  
t i o n s  and s t o r a g e  i n  t h e  process .  The procedure depends upon an  i n i t i a l  computa- 
t i o n  of WG corresponding t o  t h e  chord v a l u e  of Ay. This  w i l l  never  b e  t h e  c o r r e c t  
v a l u e  f o r  Ay; however, i t  s e r v e s  a s  a minimum i n  t h e  i t e r a t i o n s  t h a t  fo l low.  

A second (Ay, W ) p a i r  i s  genera ted  by choosing a 6 corresponding t o  1 per- 
G c e n t  of t h e  s k y l i n e  span and computing WG. With t h i s  p a i r  and t h e  prev ious  p a i r  

computed f o r  t h e  chord v a l u e  of Ay, a l i n e a r  r e l a t i o n s h i p  can b e  used t o  gene ra t e  
new e s t ima t e s  f o r  Ay. The r e l a t i o n s h i p ,  de r i ved  from t h e  i l l u s t r a t i o n  i n  f i g u r e  
3 ,  i s  

where 

(Ay)  CALC = t h e  l a s t  v a l u e  of Ay used i n  t h e  c a l c u l a t i o n s ,  

( ~ y ) ~ ~ ~ ~ ~  = t h e  v a l u e  of Ay a t  t h e  s k y l i n e  chord,  

INPUT = t h e  i n p u t  v a l u e  of g ro s s  payload,  

(WG)CALC = t h e  l a s t  v a l u e  of WG computed, 

(WG)CHORD = t h e  v a l u e  of WG computed w i t h  (Ay)CHORD, 

and 

( A Y ) ~  = a n  e s t i m a t e  f o r  (Ay)SOLN which i s  used i n  t h e  nex t  
computation of W 

G ' 

This  i s  t h e  equa t i on  c o n t r o l l i n g  t h e  v a l u e s  of Ay used i n  t h e  i t e r a t i v e  pro- 
cedure.  For each pass  through t h e  c a l c u l a t i o n s ,  t h e  computed v a l u e  of W is 
compared w i t h  (WG)INm. When t h e s e  a r e  w i t h i n  1 pe rcen t  of each ~ t h e r , ~ t h e  
c a l c u l a t i o n s  a r e  t e rmlna ted  and t h e  v a l u e  of Ay used t o  g e n e r a t e  WG is  taken  a s  
t h e  s o l u t j o n  t o  t h e  problem. 

2.5 Numerical Example 

To demonstrate  t h e  procedure used t o  de te rmine  load-car ry ing  c a p a b i l i t y ,  a 
numerical  computat ion a s s o c i a t e d  w i t h  t h e  example of s e c t i o n  2.0 is d i s cus sed  
he r e .  The geometry of f i g u r e  1 and t h e  equipment s p e c i f i e d  prov ide  t h e  fo l lowing  
i n p u t  

L, s k y l i n e  span  = 800 f e e t ,  
h ,  e l e v a t i o n  d i f f e r e n c e  of anchors  = 150 f e e t ,  
wl, weight  p e r  f o o t  of haulback = 1.42 pounds pe r  f o o t ,  
w3, weight  p e r  f o o t  of main and grapple-opening l i n e s  

combined = 2-84 pounds p e r  f o o t ,  

and 
T A ,  ope ra t i ng  t e n s i o n  of haulback = 26,500 pounds. 



Figure 3.- A Y-WG relationship. 

Actua l  r e l a t i o n s h i p  between 
Ay and W 

G 

-f (ay) SOW , t h e  d e s i r e d  s o l u t i o n  

For t h i s  example, t he  Ay f o r  (WG)IupUT = 25,000 pounds when t h e  s t a t i o n  loca t ion  
of d = 270 f e e t  i s  determined. 

The f i r s t  s t e p  i n  t h e  i t e r a t i v e  procedure t o  determine t h e  Ay is t o  e s t a b l i s h  

(AyICHORD and (WG) CHORD. These a r e  

which leads  t o  

"c' CHORD 
= -1,350,837 pounds. 

The second es t imate  f o r  Ay i s  taken a s  ( A L ~ ) ~ ~ ~ ~ ~ ,  p lus  1 percent  of t h e  span. 
I n  t h i s  ca se ,  

( A Y )  = ('y)cHORD + L/100 = 58.625 f e e t .  
2 .  

This g ives  a gross  payload of 

(WG)cALC = 970.412 pounds. 



With t h e s e  two p a i r s  of Ay, WG, t h e  equa t i on  of s e c t i o n  2.4 i s  used t o  p r e d i c t  
t h e  t h i r d  e s t i m a t e  of Ay , namely, 

(Ay) = 141.441 f e e t .  

Th is  g ive s  a  g ro s s  payload of 

('GI CALC 
= 25,290.21 pounds. 

Another a p p l i c a t i o n  of t h e  s e c t i o n  2 .4  equa t i on  g ive s  t h e  f i n a l  r e s u l t  

Ay = 140.45 f e e t  

and t h e  corresponding g ro s s  payload of 

WG = 25,000.26 pounds 

which i s  c l o s e  enough t o  (WG)INpUT t o  b e  regarded a s  a  s o l u t i o n .  

Therefore ,  t h e  s o l u t i o n  f o r  t h e s e  cond i t i ons  when t h e  s t a t i o n  d = 270.0 
f e e t  i s  

Ay = 140.45 f e e t .  

The f o u r  i t e r a t i o n s  r equ i r ed  t o  a r r i v e  a t  t h i s  r e s u l t  a r e  t y p i c a l .  Th i s  r a p i d  
convergence i n d i c a t e s  t h a t  t h e  l i n e a r  r e l a t i o n s h i p  i n  s e c t i o n  2.4 is  a good 
assumption. 

3.0 ACCURACY OF THE STRAIGHT-LINE APPROXIMATION 

The o b j e c t  of t h e  a n a l y s i s  p resen ted  i n  t h e  prev ious  s e c t i o n s  was t o  d e t e r -  
mine t h e  load  p a t h  geometry f o r  s p e c i f i e d  s k y l i n e  equipment, ground p r o f i l e ,  and 
g ro s s  payload W . The accuracy of t h e  approximation proposed i n  s e c t i o n  2.3 
should t hen  b e  $iscussed i n  terms of t h e  geometr ic  e r r o r  of t h i s  s o l u t i o n  com- 
pared  t o  t h e  r e s u l t s  of t h e  ca t ena ry  formula t ion .  This  e r r o r  can  b e  def ined  as 

&FB - &CAT 
E, pe r cen t  e r r o r  = 

CAT 

where 

&FB = t h e  c a r r i a g e  d e f l e c t i o n  a s  computed by t h e  f o r c e  
ba l ance  formula t ion  con t a in ing  t h e  s t r a i g h t - l i n e  
approximations 

and 

&CAT = t h e  c a r r i a g e  d e f l e c t i o n  a s  computed by t h e  ca t ena ry  
formula t ion .  

This  e r r o r  i s  in f luenced  by t h e  v a r i a b l e s  of span  L ,  s t a t i o n  d ,  s l o p e  S, 
l i n e  weigh ts  p e r  f o o t  w l ,  w Z ,  and w 3 ,  and g ro s s  payload WG. F i gu re  4 d i s p l a y s  
t h e  e r r o r  f o r  a  range  of t h e s e  v a r i a b l e s .  Although a  more thorough coverage of 
t h e  v a r i a b l e  ranges  would be  r equ i r ed  f o r  a  f u l l  s t udy  of accuracy ,  t h e  low e r r o r s  



presen ted  i n  t h e s e  f i g u r e s  e s t a b l i s h  t h i s  s o l u t i o n  a s  s u f f i c i e n t l y  a c c u r a t e  f o r  
p r a c t i c a l  a p p l i c a t i o n s  of t h e  running s k y l i n e  system. 

4.0 CONCLUSIONS 

The approximate f o r c e  ba l ance  s o l u t i o n  t o  running s k y l i n e  problems prov ides  
a  method by which t h e s e  problems can  be  so lved  on a  desk-top computer w i th  l i m i t e d  
s t o r a g e  c a p a b i l i t y .  Carson e t  a l .  ( s ee  f o o t n o t e  4)  g ive s  t h e  d e t a i l s  of app ly ing  
t h i s  s o l u t i o n  w i th  a  t y p i c a l  desk-top computer /p lo t te r  system. Sec t i on  3 shows 
t h a t  t h i s  approximate s o l u t i o n  is  always w i t h i n  1 o r  2 pe r cen t  of t h e  exac t  ca ten-  
a r y  s o l u t i o n  f o r  t h e  range  of p r a c t i c a l  running s k y l i n e  problems. 

Figure 4.-Percent error in straight-line approximation. 
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The mission of the PACIFIC NORTHWEST FOREST 
AND RANGE EXPERIMENT STATION is to provide the 
knowledoe, technology, and alternatives for present: and 
future protection, management, and use of forest, range, and 
related environments. 

Within this overall mission, the Station conducts and 
stimulates research to facilitate and to accelerate propress 
toward the following aoals: 

1. Providing safe and efficient technology for inventory, 
protection, and use of resources. 

2. D~eveloprnent and evaluation of alternative me-thoda 
and levels of resource management. 

3. Achievement of optimum sustained resource produc- 
tivity consistent with maintaining a hip? quality forest 
environment. 

The area of research encompasses Oreaon, Washington, 
Alaska, and, in some cases, California, Hawaii, the Westera 
States, and the Nation. Results of the research will be made 
available promptly. Project headquarters are at: 

Colleoe, Alaska Portland, Oregon 
Juneau, Alaska Roseburg, Oregon 
Bend, Oregon Olympia, Washington 
Corvallis, Oregon Seattle, \Nashington 
La Grande, Oregon Wenatchee, Washington 
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