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a b s t r a c t

Fire frequency and severity, and vegetation composition and structure have been altered

across much of North America during the past century because of fire exclusion and other

land management practices. The cumulative results are now recognized to be partly respon-

sible for dramatic increases in wildland fire severity and declines in ecosystem health. In

response, the Departments of Agriculture and Interior are developing a strategy for reducing

fire hazard and restoring forest health. A key component of this strategy is the assessment of

the departure of current plant communities from historical conditions. Assessing departure

is difficult because of limited spatial coverage of data on successional class distribution prior

to European settlement (historical) conditions. This article discusses a two-step approach

to the problem that first generates data on historical vegetation composition and structure

by simulating succession and disturbance processes under historical conditions, and then

measures departure by comparing these simulated data to an observation on current con-

ditions. The data are observations on high-dimensional multinomial categorical variables,

and pose several problems that limit the usefulness of conventional statistical methods. We
propose a method that constructs a linear approximation of the current observation vec-

tor from the simulated historic data, and measures the departure of the current observation

vector by the length of the residual error vector. A simulation study indicates that this depar-

ture measure is substantially more sensitive than conventional outlier detection methods.

Our methodology is demonstrated using a pilot region encompassing lands in Utah.

Executive Branch mandated the development of a National
. Introduction

any forests and rangelands of North America experienced
requent, low severity fires prior to European settlement
circa 1900) (Wright and Heinselman, 1973; Heinselman, 1981;
eBano et al., 1998). Since European settlement, the frequency

nd severity of fire, vegetation composition and structure, and
uel loading have changed substantially (Ferry et al., 1995;
rost, 1998; Kolb et al., 1998; Arno et al., 2000; Keane et al.,
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2002b). Fire exclusion, livestock grazing, and logging, and gen-
erally, land management policies are widely attributed to
these changes. A probable consequence of these changes are
dramatic increases in the number, size, and intensity of wild-
fires in recent years (GAO, 2002). In response, Congress and the
Fire Plan (www.fireplan.gov) for reducing fire hazard and
restoring forest health. Through this vehicle, the Departments
of Agriculture and Interior have been directed by Congress to

mailto:steele@mso.umt.edu
http://www.fireplan.gov
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develop a cohesive strategy for implementing the Plan (Laverty
and Williams, 2000). These efforts, along with the passage of
the Healthy Forests Restoration Act (www.healthyforests.gov),
provide support for reducing fire hazard using silvicultural
thinning and prescribed burning.

The Cohesive Strategy uses fire regime condition class as
a key measure for implementing the National Fire Plan. Fire
regime condition class measures the departure of current con-
ditions from historical conditions with respect to fuel, fire
regime, and vegetation (Laverty and Williams, 2000), and is
used in part to direct funding and resources to those lands
with the greatest need for restoration. However, assessing
departure is difficult because data on historical conditions
are extremely sparse (Keane et al., 2002a). Several strategies
have been identified for quantifying local historical conditions
(Landres et al., 1999), but the only practical strategy for assess-
ing departure on a national scale is to generate historical data
by spatially simulating plant community succession as distur-
bances across landscapes (Keane et al., 2002a; Landres et al.,
1999).

The use of simulated data in ecology and resource man-
agement has become commonplace for large scale problems
(Waring and Running, 1998). Examples include the analysis
of net primary production (Jiang et al., 1999), forest planning
(Bettinger et al., 2004), and nutrient cycling (Nour et al., 2006).
In particular, succession and fire modeling has been an active
area of ecological research for 3 decades (see Keane et al., 2004;
Mladendoff and Baker, 1999). These models are now mature
in their sophistication and accuracy, and limitations aris-
ing from model assumptions are widely understood (Botkin
and Schenk, 1996; Keane et al., 2001). The current generation
of successional models are spatially explicit, and model fire
events as a function of topography, fuel, weather and pre-
vailing wind direction (Keane et al., 2004). The subject of this
article is the comparison of simulated historical and current
observations, and departure assessment. The simulated data
pose several statistical challenges common to data generated
by automated collection devices and other recent technolog-
ical innovations (Rao, 2004). These challenges include high-
dimensional observations, massive data sets, and a lack of
appropriate distributional models.

This article presents a statistical method of assessing the
departure of current vegetation conditions from simulated
historical conditions for each map unit in a landscape. The
essence of the method is the comparison of an observation
on the current distribution of successional classes to a sim-
ulated set of observations on the historical distribution of
successional classes. The population of interest consists of the
landscape units within geographic region, and an observation
vector consists of the areal covers of each possible succes-
sional class within each observed potential vegetation class.
Areal cover is quantified by the number of pixels within a land-
scape unit belonging to a particular potential vegetation class
and successional class combination. As most of these class
combinations are rare, or not present at a particular point in
time, the data are observations on high-dimensional multi-

nomial categorical variables dominated by zero counts. The
tendency for many classes to be dominated by small counts
implies that many conventional distribution-based statistical
methods [e.g., the Chi-square test for homogeneity of propor-
g 1 9 9 (2006) 53–63

tions (Ott and Longnecker, 2001, Chapter 10)] are inappropriate
for these data. Moreover, the historical data sets contain mul-
tiple linear dependencies, and so the data matrices are less-
than-full rank. Most multivariate methods are based on using
full rank data matrices and must be modified to accommodate
a less-than-full rank data matrix.

These considerations motivate our approach. We construct
a linear approximation of the current data vector using the
historical data, and measure the departure of current from his-
torical conditions by the approximation error. This is accom-
plished by using the singular value decomposition of the his-
toric data matrix X to construct a projection matrix for the
space spanned by the rows of X. Then, the departure of an
observation vector X0 is defined to be the length of the error,
or residual vector associated with the projection of X0 onto the
space spanned by the rows of X. To determine the observed sig-
nificance level, an empirical distribution of departure values
is constructed by removing each simulated historical observa-
tion from X and computing its departure from the remaining
data.

1.1. Background

Many federal land management agencies use a two-tier hier-
archical plant community classification system (Anderson et
al., 1998; Grossman et al., 1998) for describing large scale
landscapes (for example, see Hessburg et al., 1999; Hann et
al., 1998). The first tier, called the potential vegetation type,
describes the biophysical conditions at a site by identifying
the plant community that would exist if succession were to
progress to the stable or climax community (Daubenmire,
1966; Pfister and Arno, 1980). The second tier of the classi-
fication system identifies the existing successional class at
a site. Succession is the progression of plant communities
from colonization to climax community. Usually, succession is
described as a series of classes, and transition between classes
is viewed as a deterministic process governed by species-
specific environmental requirements, inter-species compe-
tition, and environmental conditions. In the plant commu-
nity classification system, successional class is nested within
potential vegetation type, and identifies the vertical structure
and dominant overstory species. Fig. 1 shows an example of
the successional pathways for a subalpine forest potential veg-
etation type found in Utah.

Disturbance events such as wildland fire interrupt suc-
cession and often modify the subsequent successional pro-
gression, or pathway. The resulting successional class and
pathway depends on the disturbance severity. For example,
a low intensity fire in a mid-successional forest class may
remove understory trees leaving a single-strata overstory tree
canopy that will progress to a two-tiered canopy, whereas a
high intensity fire may produce a grass and shrub commu-
nity that will progress towards a single-strata canopy. Low
intensity fires tend to perpetuate some non-climax succes-
sional classes. For example, frequent fires in a grass and shrub
community will prevent the establishment of an overstory,

thereby maintaining the grass and shrub community. Mid-
successional forests are also maintained by low intensity fires
that eliminate climax tree species from the understory. On the
other hand, early-successional forests comprised of saplings

http://www.healthyforests.gov
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Fig. 1 – Successional pathways for a high elevation
subalpine fir potential vegetation type as dictated by a
successional model (Keane et al., 2002a). Cover types are
shrub/herb (SH), whitebark pine (WP), subapline fir (SF).
Structural stages are stand initiation (SIN), shrub/grass/forb
(SGF), stem exclusion closed (SEC), understory re-initiation
(
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URI), old forest multi-strata (OFM), old forest single strata
OFS), and young forest multi-strata (YFM).

nd poles may be set back to grass and shrub communities
y low intensity fire. Recognition of the prevalence of multiple
uccessional pathways implies in a natural ecosystem, the dis-
ribution of successional classes is within the historical range
f variation (Keane et al., 2002a; Landres et al., 1999). Before
roceeding further, it is convenient to establish notation and
erminology.

.2. Notation and terminology

et Xi denote a vector those elements are the frequency of
ccurrence for p successional classes for some landscape unit
t time i . There are n such vectors sampled from a simulation
f historical conditions, and these are indexed by i = 1, . . . , n.
he vector X0 is an observation on the current successional
lass distribution. In this article, a landscape unit is comprised
f 900, 30 m × 30 m pixels, each of which belongs to a single
uccessional class at time i . Consequently, the successional
lass vector Xi consists of the number of pixels in each of the
uccessional classes, subject to the constraint

∑
j
Xij = 900.

he data, historical and current, are collected as an n + 1 × p

atrix

=

⎛
⎜⎜⎜⎜⎝

XT
0

XT
1

...

XT
n

⎞
⎟⎟⎟⎟⎠

,

here XT
i

denotes the transpose of Xi. The i, jth element
f X is denoted by xij. The jth column mean is denoted by

¯ ·j = n−1
∑n

i=1 xij, and the p-vector of column means is X̄ =
x̄·1, . . . , x̄·p). The L2 norm of the vector X is ‖X‖2 =

√
XTX. The
1 9 9 (2006) 53–63 55

p × p sample variance matrix is D, and its spectral decompo-
sition is D = V�VT, where � = diag(�1, �2, . . . , �p) is a diagonal
matrix comprised of the eigenvalues of D with the eigenval-
ues arranged in descending order, i.e., �1 ≥ �2 ≥ · · · ≥ �p (Healy,
1986, Chapter 7). The matrix V = (V1, V2, . . . , Vp) is comprised
of the normalized eigenvectors of D arranged in concordance
with the ordering on the eigenvalues. For the problem at hand,
X is not full rank and D is singular because there are multiple
constraints on the columns of X. Suppose that the rank of X is
r ≤ min(n + 1, p). Let �r denote the square submatrix of � con-
taining the r positive eigenvalues and Vr = (V1, . . . , Vr) denote
the submatrix of V corresponding to the positive eigenvalues.
The Moore–Penrose generalized inverse of D is

D− = Vr�
−1
r VT

r

(Healy, 1986, Chapter 5; Schott, 1997, Chapter 5). Because
�i > 0 for i = 1, . . . , r, D− is positive definite and can be used
to define a vector norm ‖X0‖D− =

√
XT

0 D−X0 = ‖�
−1/2
r VT

r X0‖2,

where �
−1/2
r is the diagonal matrix with diagonal elements

�
−1/2
i

, and a distance function �(X, Y) = ‖X − Y‖D− . Finally, the
matrix constructed by removing the ith row, or observation,
from x is denoted by Xi.

2. Methodology

The methodology for assessing the departure of a landscape
unit from historical conditions consists of two stages, (1) gen-
erating a sample of observations on the distribution of suc-
cessional classes by simulating succession under historical
fire regimes, and (2) comparing the observed (current) succes-
sional class distribution to the simulated historical data.

2.1. Simulating plant community succession

The LANDscape SUccession Model (LANDSUM) (Keane et al.,
2002a, 2006) was used to generate observations on succes-
sional class distribution. The predecessor of LANDSUM is CRB-
SUM, a model used to simulate coarse scale vegetation dynam-
ics in the interior Columbia River Basin at a 1 km lattice cell
resolution (Keane et al., 1996). Unlike CRBSUM, the LANDSUM
model is spatially explicit. Simulations are carried out on a
30 m × 30 m pixel lattice covering a region of interest, typi-
cally 100–10,000 km2 in area. A geographic information system
maintains the lattice and stores attribute values on topogra-
phy, potential vegetation type and prevailing wind direction
for each pixel in addition to successional class. From an ini-
tial state, time is simultaneously incremented for all pixels.
As time advances, a time series of successional classes is
generated for each pixel in response to succession and fire
disturbance. Successional transition between classes occurs at
predetermined time intervals along potential vegetation type-
specific successional pathways. In contrast to the determin-
istic progression of succession, fire disturbance is stochastic,
and fires are generated according to potential vegetation type-

specific annual ignition probabilities. Fire is spread from pixel
to pixel as a function of prevailing wind direction and speed,
and slope (Keane et al., 2002a; Rothermel, 1991). Fire events
change the successional pathway according to fire intensity
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(low, medium or high intensity) as specified by the potential
vegetation type successional model (Keane et al., 1996).

A simulation is carried out for a core region (the area
of interest) by enlarging the simulation region to include a
perimeter region. The perimeter allows for the spread of fires
into the core region from outside. Potential vegetation type
and current successional class are determined by field obser-
vation or by a classification rule that uses remote sensing
variables for prediction of each pixel in a simulation region.
The initial succession class for each pixel is defined to be
the modal succession class under current conditions for the
pixel’s previously identified potential vegetation type. Time
is incremented in 1-year steps for 5000 years. Output from
the first 500 years of the simulation are discarded, and data
from the remaining years are sampled every 20 years for the
analysis of departure. This initialization strategy was adopted
after conducting a pilot study using a sample of 266 land-
scape units. Simulations were carried out for 10,000 years,
data were collected on a 10 year interval, and the depar-
tures of each historical sample year from all other historical
sample years were computed. The first years of the simu-
lation produced large departure values which then declined
steadily to a base level. Once this level was reached, departure
varied randomly with no trend, and so the departure series
appeared stationary, that is, without trend and unaffected by
endogenous or exogenous disturbances. We concluded that
the transition from the initial state to stationarity was com-
plete after 400 years as there was no statistical evidence of low-
order polynomial trend in the historical departure series after
400 years. Using this scheme, stochastic variation attributable
to dynamic modeling of succession has little effect on the
distribution of simulated successional classes and departure
assessment. Furthermore, restarting the simulations with a
different set of initial conditions and random seeds does not
lead to two or more simulated historical sequences that lead
to different inferences regarding departure.

With respect to serial correlation, a 50-year sampling inter-
val appeared to be sufficient for producing a set of depar-
ture values free of serial correlation. Presently, the compu-
tational effort demanded by a 50-year sampling interval can
be very costly for large-area problems, and shorter intervals
(usually 20 years) are sometimes used despite the risk of gen-
erating serially correlated simulation output. Below, we dis-
cuss the interpretation of departure given that autocorrela-
tion among the simulated historical observations cannot be
ruled out.

Though the simulations are conducted using the secondary
pixel lattice, the comparison of current and historical condi-
tions is conducted using the coarser primary lattice comprised
of landscape units. The primary lattice size (30 × 30 pixels)
was chosen as it is appropriate for management decision-
making. At this scale, and in landscapes with spatially variable
topography such as the Rocky Mountains and intermountain
West, historical successional class distributions are substan-
tially different among adjacent landscape units. Departure is
computed for each landscape unit without considering neigh-

boring landscape units because inference is primarily cen-
tered on comparing historical and current conditions in each
landscape unit rather than larger geographic areas. For this
reason, spatial correlation has been ignored.
g 1 9 9 (2006) 53–63

Scale and resolution limitations affect LANDSUM simula-
tions for a number of reasons. Recent simulation experiments
have shown that the size of the landscape has a large influ-
ence on variation in the simulated successional process
(Karau and Keane, submitted for publication). Small land-
scapes (<10 km2) lead to greater variation in the simulated
successional processes due to the scale at which fires are
spread across the landscape. Specifically, fires are more
likely to affect a large proportion of landscape and thereby
perturb the landscape to a greater extent than fires in large
landscapes. In contrast, Karau and Keane (submitted for
publication) found that pixel size had little effect on simu-
lated successional processes provided that pixel size was no
greater than 300 m × 300 m. The coarseness of the succes-
sional classification system (as quantified by the number of
potential vegetation type/successional class combinations)
also influences the variability of the simulated successional
process. In particular, less successional process variability
was observed in those landscapes modeled with fewer classes
(Karau and Keane, submitted for publication).

2.2. Comparing observed and simulated plant
community distributions

In general terms, the objective is to determine whether an
observation X0 describing the current, or existing distribution
of successional classes for a landscape unit is unusual with
respect to the stochastic process that generated the observa-
tion vectors Xi, i = 1, . . . , n, on historical conditions. We adopt
the null hypothesis view, and proceed by assuming that X0

was generated by the historical succession process. As dis-
cussed above, X is comprised of the n + 1 row vectors (includ-
ing XT

0 ), and the row vectors consist of the counts of pixels
belonging to each combination of potential vegetation type
and successional class at a point in time. The dimension of
X is n + 1 × p, and it is not unusual for p to be larger than n;
for example, a random sample of 5628 landscape units from
a pilot region discussed below produced median value of p
of 175, and the 5th and 95th percentiles of p were 96 and
231, respectively. A column constraint is imposed on X by
the condition that the number of pixels (and hence, the row
totals) are fixed at 900 for each year. Each potential vegeta-
tion type observed on the landscape unit induces an addi-
tional linear constraint on the columns of X because the pixel
count within potential vegetation type is also fixed across
years.

There are similarities between this problem and two-
sample and multivariate outlier detection problems. With
respect to the two-sample approach, it is useful to view the
data as a 2 × p contingency table obtained by cross-classifying
data source (historical and current) versus potential veg-
etation type/successional class pair. A test of departure is
obtained, in principle, by the Chi-square test of homogeneity
of proportions. However, the majority of the expected cell
counts for current conditions are typically less than one
because of the tendency for a few successional classes to

dominate the count distributions. It is inappropriate, then,
to model the data using the multinomial distribution and
to assess departure by conducting a Chi-square test of
homogeneity of proportions. In addition, the cell counts on



i n g

h
a

o
b
t
d
a
T
o
d
s
o
w
D
d

e
v
v
s
s
F
a
s
c
t
b
c
m
o
t
u
p
e
v
d

s
s
c
t
e
(

a
r
p
s
t
v
I
w
a
t
r
s
p
a
T
p
a

e c o l o g i c a l m o d e l l

istorical conditions are totals obtained over multiple years,
nd these counts are sometimes correlated.

Assessing departure is similar to identifying multivariate
utliers as both tasks attempt to identify unusual observations
y comparing a candidate observation to a set of observa-
ions. Multivariate outlier detection methods tend to be largely
istribution-free and suited for high-dimensional data, char-
cteristics that are also desirable for departure assessment.
raditional multivariate outlier detection methods identify
bservations that are distant from a measure of central ten-
ency such as the sample mean. Mahalanobis distance, the
implest and arguably the most commonly used multivariate
utlier detection measure is dM(X0) =

√
(X0 − X̄)TD−1(X0 − X̄)

here D is the full rank sample variance matrix. When
is not full rank, then an analogous distance measure is

r
M(X0) = ‖�

−1/2
r Vr(X0 − X̄)‖2. The distance measure dr

M gives
qual weight to each eigenvector axis in the sense that the
ector V = �

−1/2
r Vr(X0 − X̄) satisfies var(V) = I provided that

ar(X0) = D. Multivariate outlier detection distance mea-
ures are often based on the spectral decomposition of the
ample variance matrix D (see Jolliffe (2002), Chapter 10).
or example, Gnanadesikhan and Kettenring (1972) consider

distance measure that emphasizes variables with larger
ample variances. When D is not full rank, then the measure
an be expressed as dr

GK(X0) = ‖�
1/2
r Vr(X0 − X̄)‖2. Observa-

ions that are distant with respect to dM and dGK tend to
e outliers respect to one or more of the column variables
omprising X, and so are often detectable by univariate
ethods provided that p is not very large. Consequently,

ther distance measures attempt to expose observations
hat are unusual in some respect that is not obvious using
nivariate methods (Jolliffe, 2002, Chapter 10). For exam-
le, these measure may place greater weight on those
igenvectors with the least contribution towards explaining
ariation in X. Two examples are ds

1(X0) = ‖Vs(X0 − X̄)‖2 and
s
2(X0) = ‖�

−1/2
s Vs(X0 − X̄)‖2, where Vs denotes a matrix con-

tructed from those eigenvectors of D corresponding to the
smallest positive eigenvalues (Jolliffe, 2002, Chapter 10). A

omplication associated these measures is that it is some-
imes difficult to discriminate between very small positive
igenvalues and zero-valued eigenvalues when p is large
say, p > 30).

These traditional multivariate outlier detection approaches
re not necessarily well-suited for detecting departure of cur-
ent from historical conditions. Specifically, the successional
rocess may generate several common patterns of succes-
ional class distributions, or modes, and measuring distance
o a single centroid such as X̄ may mistakenly identify obser-
ations as outliers that are near a mode, but not the centroid.
n addition, the appropriate number of eigenvector axes with
hich to measure distance varies among landscape units,

nd it is impractical to determine appropriate axes when
here are many landscape units in the region of interest. More
ecent outlier detection methods focus on robustness against
wamping, or maintaining sensitivity when many outliers are
resent. Jackson and Chen (2004), Juan and Prieto (2001), Pena

nd Preito (2001), Penny and Jolliffe (2001) provide examples.
hese methods are computationally intensive, and not appro-
riate for this application in which departure must be evalu-
ted for thousands of landscape units; moreover, swamping
1 9 9 (2006) 53–63 57

is not a concern because the simulated historic data is free of
observational error.

2.3. The projection method of assessing departure

We propose an approach to assessing departure based the
extent to which a suspected outlier X0 can be approximated
as a linear combination of all other observations in the data
set. This is accomplished by projecting the vector X0 onto the
space spanned by the rows of X0, where X0 is obtained by delet-
ing the row vector XT

0 from X. We propose using the scaled
length of the residual error vector to measure the departure
of X0 from the distribution that generated the rows of X0. Let
P denote a projection matrix for R(X0), the linear subspace of
R

p spanned by the rows of X0. If X0XT
0 is nonsingular, then

P
p×p

= XT
0 (X0XT

0 )−1X0, (1)

and the projection of X0 onto R(X0) is U = PX0. If X0XT
0 is sin-

gular, and (X0XT
0 )− is any generalized inverse of X0XT

0 , then
P = XT

0 (X0XT
0 )−X0 is the unique projection matrix for R(X0).

A projection matrix for R(X0)⊥, the null space of R(X0), is
Ip − P. The projection of a conformable vector X onto R(X)⊥

is V = (Ip − P)X (Schott, 1997, Chapter 2). The vector V is often
called the residual or error vector associated with the pro-
jection U because X − U = V. Our measure of the distance
between X and X0 is the scaled length of the error vector given
by

dP(X, X0) = ‖(Ip − P)X‖2

‖X‖2
.

This distance may also be viewed as the length of the error vec-
tor obtained by projecting the normalized vector X/‖X‖2 onto
R(X0)⊥. It is readily verified that the length of the error vec-
tor V = (Ip − P)X is no greater than the length of X, and hence,
0 ≤ dP(X, X0) ≤ 1. In addition, the projection U = PX is the least
squares prediction of X obtained by regressing X on the rows
of X0.

Returning to the problem of assessing departure of the cur-
rent data vector X0, the n × n matrix X0XT

0 is not full rank, and
formula (1) cannot be used to compute the projection matrix.
Appendix A shows that a relatively simple method of com-
puting dP(X0, X0) can be carried out by extracting the eigen-
vectors of XT

0 X0. Specifically, suppose that the p × r matrix
Ur = (U1, . . . , Ur) is comprised of the r eigenvectors of XT

0 X0 cor-
responding to the r ≤ p positive eigenvalues of XT

0 X0. Then, as
shown in Appendix A, the departure of X0 from X0 is

dP(X0, X0) = ‖(Ip − UrUT
r )X0‖2

‖X0‖2
= 1 − ‖UrUT

r X0‖2

‖X0‖2
.

This formula is preferable to formula (1) from a computational
standpoint because it is not necessary to compute P. Conse-
quently, the singularity X0XT

0 is not a concern.
The primary difference between the projection method
and conventional outlier detection methods is that the
projection method does not center the data matrix X
or the test vector X0, whereas the conventional mea-
sures center both. By centering X, distances are measured
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along the eigenvectors of the sample variance matrix
D = n−1(X − 1X̄T)T(X − 1X̄T) = n−1XTX − X̄X̄T where 1 is an
vector of ones. The conventional outlier detection meth-
ods differ with respect to the relative importance of the
eigenvectors towards the distance calculation. For example,
successional classes (columns of X) with large variability are of
diminished importance in determining Mahalanobis distance
(dM), and of greater importance for dGK. Let X̄0 = n−1XT

0 1. In
contrast to dM, the projection method distance d measures dis-
tance along the eigenvectors of XT

0 X0 = n(D0 + X̄0X̄T
0 ), and con-

sequently, the importance of the eigenvector axes associated
with d are determined by the sample mean vector X̄0 = n−1X01
and the sample variance matrix D0, both constructed without
X0. In addition, the projection of a vector X onto these eigen-
vector axes strongly reflects the magnitude of the different
successional class counts whereas the conventional mea-
sures project the centered vector X − X̄ onto the eigenvector
axes of D which poorly reflects the magnitude of different
successional classes. Our strategy of projecting X0 without
centering is preferable if the successional process generates
several modes so that the sample mean is not effective for
describing the population of successional class vectors.

2.4. Significance testing

In this section, a permutation procedure (Good, 1993) is
described for testing H0 : X0 ∈ S versus H1 : X0 /∈ S assuming
X0, X1, . . . , Xn are mutually independent, where S denotes
the historical population of successional class vectors. Let
DP denote the statistic generating the observed departure
dP(X0, X0). Under H0, X0, X1, . . . , Xn are independent observa-
tions sampled from S, and the empirical distribution of DP

is obtained by enumerating all possible values of dP(Xk, Xk),
k = 0, 1, . . . , n. This entails constructing all n + 1 partitions of
X that consist of a singleton set {Xk} and Xk, and computing
the departure of Xk from Xk. The test statistic, N+, is number of
values dP(Xk, Xk), k = 0, 1, . . . , n, that are greater than or equal
to the observed departure dP(X0, X0), and the observed signif-
icance level is N+/(n + 1). An appropriate use of this test is to
measure the strength of evidence of departure for compara-
tive purposes rather than formal testing. Two reasons argue
against formal hypothesis testing. First, departure analysis is
typically carried out simultaneously for many landscape units
comprising a region of interest, and some provision for con-
trolling experiment-wise Type I error rates should be available.
The application of these methods is complicated by possi-
ble spatial correlation among landscape units that are close
in space, and tend to be similar with respect to vegetation
and fire history. In addition, the possibility of serial correla-
tion among X1, . . . , Xn implies that observed significance levels
may be inflated or deflated relative to observed significance
levels obtained from serially uncorrelated historical data. For
simplicity, we refer to N+/(n + 1) as the observed significance
level with the warning that significance testing is not advis-
able unless the problems of serial and spatial correlation are
carefully considered.
One concern raised regarding the proposed departure mea-
sure is whether departure is dependent on successional class
complexity. In other words, can similar inferences be drawn
from a particular value of departure regardless of the num-
g 1 9 9 (2006) 53–63

ber of successional classes present in the historical data? The
observed significance level obtained from the permutation test
is comparable across landscape units because it is the propor-
tion of null distribution departures that are as large as the
observed departure. There is however, some support for the
comparability of dP(X0, X0) across landscape units in a sam-
ple of 5628 landscape units drawn from the 76,924 landscape
units comprising the Utah pilot region. The analysis of these
data, described below, shows that departure and observed sig-
nificance level are strongly associated. Thus, a departure value
that is unusually large in one landscape unit, and hence, asso-
ciated with a small observed significance level, will also tend
to be associated with similar small observed significance lev-
els in other landscape units.

3. An example

Lands administered by the USDA Forest Service in Utah (Zone
16 in the Forest Service Nationwide Map) are one of two pilot
areas used to develop and test the methodology. This region
consists of N =76,924 landscape units. The predominant vege-
tation of the region is montane conifer forest, though there are
extensive grass and shrublands, and some subalpine forest.
Alpine communities are present but lesser in area. Fire sup-
pression was vigorously pursued in this region during the last
century; in addition, overgrazing has led to the establishment
of invasive species in many grassland and shrubland loca-
tions. Long et al. (in press) provide an extensive description
of the historical fire regimes used in the LANDSUM simula-
tions. To provide a example of typical successional patterns
in this area, a single landscape unit was randomly selected
and the average percent areal cover over time of the 22 most
common potential vegetation type/succession class combi-
nations (out of 60) are listed in Table 1. Fig. 2 is a visual
representation of the data matrix X from which Table 1 was
constructed. This figure consists of 60 × 202 cells correspond-
ing to 60 successional classes and 202 = 201 + 1 years of data.
The degree of shading for the i, jth each cell corresponds to
the number of pixels occupied by successional class i in year
j. At any point in time, the great majority of the 900 pixels to
belong to only a few potential vegetation type/succession class
combinations. Moreover, there are a few dominant potential
vegetation type/succession class combinations that tend to
dominate the pixel counts for extended intervals. The length
of time during which these classes are dominant appears to
vary substantially among these classes. For the remainder
of the potential vegetation type/successional class combina-
tions, usually few or no pixels belong to these combinations at
any point in time. This pattern is characteristic of fire regimes
in which low intensity fire serves to maintain stands in mid-
successional communities by removing regeneration in the
understory.

Departure for the Zone 16 pilot region is displayed as a
gray-scale map (Fig. 3). The larger departure values primarily
were observed in non-forest potential vegetation types (salt

desert shrub and pinion-juniper types), probably because of
overgrazing in these types and the consequent replacement
of native forb and grass species by invasive species. Substan-
tial departure was also detected in montane forest potential
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Table 1 – List of the 22 potential vegetation
type/successional class combinations with the largest
areal covers under the simulated historical fire regime
for the stratum displayed in Fig. 2

Potential vegetation
type

Successional
classes

Average areal
cover (%)

White Fir/Maple All classes 27.0
Early seral 11.6
Mid seral 6.7
Late seral 3.2
Mid seral disturbance
maintained

1.9

Pinyon-Juniper/North All classes 13.6
Early seral herb 2.6
Early seral shrub 1.6
Mid seral shrub 2.6
Late seral shrub 1.2
Early seral grass 2.0
Mid seral grass 1.5

Pinyon-Juniper/Sagebrush All classes 5.7
Early seral shrub 1.2
Mid seral grass 1.6

Pinyon-Juniper/South All classes 3.4
Mid seral grass 1.2

Pinyon-Juniper/Mountain
Mahogany

All classes 3.2
Mid seral shrub 1.6

Mountain Big Sagebrush All classes 22.1
Early seral 5.4
Mid seral shrub 2.7
Mid seral shrub 1.3
Late seral shrub 1.4
Early seral grass 4.8
mid seral grass 3.8

v
t

u

F
n
t

Riparian Hardwood All classes 9.2
Early seral 1.5
Mid seral 1.8
egetation types (such as Douglas-fir/Ponderosa pine) that his-
orically were subject to frequent, low intensity fires.

A sample of 5628 landscape units were drawn from the pop-
lation of 76,924 units to investigate the relationship between

ig. 2 – A level plot constructed for a stratum showing the
umbers of observations in each potential vegetation

ype/succession class combination.
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departure and observed significance level. On the natural log-
arithm scale, there is a strong linear correlation (r = −0.74)
between departure and observed significance level based on
5498 observations with non-zero departure values. The trans-
formed variables are visually displayed by aggregating depar-
ture according to observed significance level, and plotting box
plots of log-departure against log-observed significance level
(Fig. 4). A clear association is apparent between current year
departure dP(X0, X0) and observed significance as quantified
by the fraction of historical departures that are greater than or
equal to dP(X0, X0). This implies consistency among landscape
units with regard to the historical departure distributions, and
that the scale on which departure is measured is roughly the
same across the much of the pilot region.

4. A simulation study

A simulation study was carried out to compare the sensitivity
of the departure measures discussed above. The simulation
combined 201 observations sampled from the historic popu-
lation of successional class vectors S and one or more atypical
observations sampled from a different population, denoted
by S0. Then, the departure of each observation in the com-
bined sample was computed and classified as unusual, or not,
depending on the departure value. An observation X0 was clas-
sified as unusual if its departure value was larger than the
95th sample quantile of departure values. The sensitivity and
specificity of a departure measure were determined from the
proportion of observations sampled from S0 and S, respec-
tively, that were classified as unusual.

This simulation study is similar to those used in studies of
outlier detection methods in that a set of atypical observations
contaminates a sample, and the objective is to determine the
accuracy with which the atypical observations are detected
as unusual (and identified as outliers). An important property
of outlier detection methods is resistance against swamping,
or the ability to perform well when the contamination frac-
tion is large. While resistance to swamping is not directly
relevant to the comparison of current and historical condi-
tions because there is only a single observation on current
conditions, an analysis of resistance to swamping does pro-
vide some additional information on the projection method
of departure assessment.

We randomly sampled five clusters of landscape units
from Zone 16 for the simulation study. Successional processes
were simulated for each cluster under historical fire regimes,
and historical data were drawn from the core regions, and
provided 5 × 266 = 1330 landscape units. For each unit, out-
liers were created by randomly sampling m observations with
replacement from the historic sample of n observations, where
m was a predetermined fraction of n. These m observations
were made atypical by randomly permuting the succession
class counts within each potential vegetation type. Specifi-
cally, suppose that the p-vector X consists of counts from s
potential vegetation types, and that there are p succession
j

classes in potential vegetation type j, j = 1, . . . , s. Then X can
be viewed as comprised of s sub-vectors, where the elements
in the sub-vector Xj are the counts for each pj succession class
within potential vegetation type j. Atypical count vectors
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pilot
Fig. 3 – Gray-scale map of departure for the Utah

were generated by randomly permuting the elements of Xj for
each j = 1, . . . , s. Because counts were permuted only within
potential vegetation type class, the permuted observations
were subject to the same linear constraints as the original
observations, and the rank of the combined data matrix
was the same as the historical data set. At the same time,
these additional contaminant observations are presumably
inconsistent with the process that generated S because the
counts have been permuted. Contaminant observations were
introduced according to six rates: 1, 5, 10, 15, 20, and 25% of
the historical data sample of n = 201 observations.

A second simulation scheme was used in which outliers
were obtained by random sampling m observations from land-
scape units different than the one being analyzed. Conse-
quently, the potential vegetation types represented in the con-
taminant observations were sometimes different than in the

historical observations, and the rank of the combined data
matrix tended to be greater than the historical data matrix.
Results from the two schemes were not substantially different,
so we report the results only for the first simulation scheme.
region constructed from 76,924 landscape units.

The outlier detection methods used in the simulation study
differ with respect to the measurement of observation-to-set
distance. The distance measures are the projection method
distance dP, Mahalanobis distance dr

M (adapted for less-than-
full rank covariance matrices), dr

GK (Gnanadesikhan and Ket-
tenring, 1972), and ds

1 and ds
2 (Jolliffe, 2002, Chapter 10). An

observation Xk was identified as an outlier if the distance to
the historical data set Xk was greater than the qth quantile of
all such distances. Two values of q were used, 0.90 and 0.95.
Because there was very little difference in the relative perfor-
mance of the methods with respect to the two quantiles, we
present results only for the 95th quantile. Two statistics were
computed to compare methods: the detection rate, or sen-
sitivity (percent of contaminants identified as outliers), and
the specificity (percent of non-contaminants not identified as
outliers). By using the 95th quantile as a criterion for outlier

detection, 10 observations will be identified as outliers by each
method. By fixing the number of identified outliers to be 10,
specificity is forced to be less than 100% when the contamina-
tion fraction is less than 5%. For example, if the contamination
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Fig. 4 – Box plots of log-departure plotted against
log-observed significance level using a random sample of
5498 landscape units with non-zero departure values.
Log-departure was aggregated according to the associated
o
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Fig. 6 – Specificity plotted against contamination fraction
for five departure measures. Plotted values are means over
1330 landscape units. The departure measures are (1) dP,
denoted by projection in the legend, (2) dr

GK (Gnanadesikhan
and Kettenring, 1972), denoted by GK in the legend, (3) ds

2,
denoted by PC2 in the legend, (4) ds , denoted by PC1 in the
bserved significance levels.

ate is 1%, then two of the 201 observations are contaminants;
f these are correctly identified, then the detection rate is 100%.
ut, eight additional non-contaminants will be identified as
utliers and the specificity will be 100 × 191/199 = 96.0%. Sim-

larly, the detection rate is bounded above by 100 × 10/(201c),
here c is the contamination fraction. When the contamina-

ion fraction is 0.1, then detection rate is bounded above by
0%.
Figs. 5 and 6 summarize the results of the simulation analy-
is. Fig. 5 shows that the detection rate is substantially greater
or the projection method compared to the other methods,
articularly when the fraction of contaminants was small (say,

ig. 5 – Outlier detection rate (sensitivity) plotted against
ontamination fraction for five departure measures. Plotted
alues are means over 1330 landscape units. The departure
easures are (1) dP, denoted by projection in the legend, (2)

r
GK (Gnanadesikhan and Kettenring, 1972), denoted by GK
n the legend, (3) ds

2, denoted by PC2 in the legend, (4) ds
1,

enoted by PC1 in the legend, and (5) dM, Mahalanobis
istance.
1
legend, and (5) dM, Mahalanobis distance.

less than or equal to 0.01). In addition, Fig. 6 shows that the
specificity was greatest for the projection method at all con-
tamination rates. The performance of dGK was best among the
four conventional outlier distance measures, and most similar
to dP. This result is in concordance with the discussion of the
distance measures above because the eigenvector axes for dGK

and dP are extracted from matrices that give greater weight to
successional classes with the largest sample variances.

5. Discussion

Simulated observations are less desirable than sample obser-
vations because simulated data depend on the assumptions of
the model that generated the data. However, it is sometimes
impossible to effectively sample ecological and environmental
systems over time and space. Comparing current successional
class distributions to historical distributions illustrates the
problem because data on historical conditions (pre-European
settlement) is very sparse. We conclude, based on this study,
that simulations of successional processes are useful for com-
parative purposes. Specifically, these data are appropriate for
assessing relative departure across contiguous regions, and
thereby identifying areas and plant community types where
current distribution of successional classes appears to have
diverged from historical conditions. Given the limitations
associated with simulated data, the appropriate use of the
methodology discussed herein is for prioritizing landscape
units for field visitation and possible treatment. Our recom-
mendation to land managers is to use a two-stage procedure.
In the first stage, a subset of all landscape units within a region

with large departure values and small observed significance
levels should be identified. The second stage is ground visita-
tion and inspection, and a final determination of management
activities.
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The methodology presented in this article incorporates two
important features. First, the simulation of successional pro-
cesses is spatially explicit. Incorporating the spatial dimen-
sion has a significant impact on the simulation of fire distur-
bance events. In contrast, previous simulators of succession
modeled each map unit independently, without consideration
of fire spread and the factors that influence it. While these
programs may faithfully simulate fire disturbance on average,
accuracy for individual map units may be poor in landscapes
with high relief because fire intensity and spread, and hence
frequency, is partly governed by topography and wind direc-
tion.

The second important feature is the use of the projection
method as a distance measure for comparing a single obser-
vation to a set of observations on historical conditions. This
distance measure differs from traditional outlier detection
methods that measure distance between X0 and the centroid
X̄ along particular eigenvector axes extracted from the sample
variance matrix. The projection method constructs a predic-
tion of X0 that is a linear combination of the historic data
vectors, and measures the prediction error. The prediction
error is determined by the extent to which the distribution
of counts across successional classes in the test vector can be
approximated by the historical observation vectors. The sim-
ulation study indicates that the projection method measure
of departure is substantially more sensitive than the compar-
ison outlier detection methods. We attribute this sensitivity
primarily to using un-centered test vectors in the distance cal-
culation, and to a lesser extent, measuring distance along the
eigenvectors of XT

0 X0. The eigenvectors XT
0 X0 and D0 are often

not substantially different; on the other hand, X0 and X0 − X̄0

are always very different, and so we surmise that not cen-
tering X0 is important for sensitivity. Moreover, we conclude
the difference in performance between the comparison outlier
detection methods and the projection method is attributable
to historical data that are a mixture of successional class dis-
tributions without a clear mode.
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Appendix A. An alternate expression for
departure

The singular value decomposition of XT provides a compu-

tationally convenient alternative to formula (1) for computing
departure. To develop the alternative formula, let �i, i = 1, . . . , n

denote the eigenvalues of XXT arranged in descending order,
�p denote a diagonal matrix with diagonal elements

√
�i, and
g 1 9 9 (2006) 53–63

� a p × n matrix

� =
(

�p
p×p

0
p×n−p

)
,

where 0 denotes a matrix of zeros. The singular value decom-
position of the p × n matrix XT can be expressed as XT =
U�VT, where U

p×p
and V

n×n
are comprised of the eigenvectors

of XTX and XXT, respectively. Suppose that the rank of XT is
r ≤ min(n + 1, p) and �r denotes the square submatrix of �p

containing the r square roots of the positive eigenvalues of
XTX (Schott, 1997, Chapter 4). The truncated singular value
decomposition of XT is obtained by partitioning U and VT con-
formably with �r according to

XT =
(

Ur
p×r

Up−r
p×p−r

)⎛
⎝

�r
r×r

0
r×n−r

0
p−r×r

0
p−r×n−r

⎞
⎠(

VT
r

n×r

VT
n−r

n×n−r

)
= Ur�rVT

r ,

(Vogel, 2002, Chapter 1). A generalized inverse of XXT is
(XXT)− = Vr�

−2
r VT

r , where �−2
r is defined to be the diagonal

matrix with diagonal elements �−2
i

, i = 1, . . . , r. Substituting
Ur�rVT

r for XT and Vr�
−2
r VT

r for (XXT)−1 in formula (1) leads
to

Ur�rVT
r Vr�

−2
r VT

r Vr�rUT
r = UrUT

r .

It is straightforward to verify that UrUT
r and Ip − UrUT

r are pro-
jection matrices for the row and null space of XT, respectively.
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