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A method for solving a class of problems in random sequential processes is presented.
Sawing cedar pencil blocks is used to illustrate the method. Equations are developed for
the function representing loss from improper sizing of blocks. A weighted over-all distril]
bution for sawing and drying operations is developed and graphed. Loss minimizing
changes in the control variables of saw settings are calculated from the developed equall
tions.
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analysis encounter problems based on sell

quential processes having random compo!]
nents. Raw material conversion based on a series of
cutting operations is one example of this class of
problems. At each stage in the series, operating char(]
acteristics of the saws, together with their random
factors, affect succeeding stages. Determining the best
size settings for each type of saw in the series is a
complex decision process that requires consideration
of saw characteristics and the loss caused by having
the wrong size piece at the end of the process.

This paper describes a method of solving this probl]
lem. The technique is applicable to a wide range of
sequential cutting operations. The cutting of cedar
pencil blocks is used as an illustration.

Cedar pencil blocks are about 3 by 3 by 7-1/4
inches. They are sawn and air dried before being sent
to further cutting processes. This process uses a circul
lar headsaw, a horizontal bandsaw, resaw, and a
double arbor edger. Logs are cut into pieces of wood
that are essentially square in cross section. The num[]
ber of blocks contained in each piece varies according
to the length of the logs. These log length pieces are
then air-dried and cut into 7-1/4-inch blocks. The rel]
sulting blocks form several size groups according to
the characteristics and size settings of saws that cut

Workers in operations research and systems

them. Each block is subsequently cut (in a radial
plane) into 12 pencil slats if it is the proper size. If
the block is too small, slats are lost; if it is too large,
wood is wasted.

If the final size is = X°, the block will produce
exactly 12 pencil slats. If the final size is not X°, a
loss will occur. The final size of a block depends on
the value of the saw settings. The problem can be
stated by specifying a loss function L(X), with the
effect of saw settings as control variables I'. The aim
is then to find the values of I" that will produce the
least expected loss.

This formulation of the loss function ignores two
steps in the actual process. One is the cutting of the
7-1/4-inch length, which does not affect the number
slats per block and is therefore excluded from consid!]
eration. The second step ignored, the cutting which
determines the radial dimension of the blocks, is
actually a part of the sawing sequence, but it does not
affect the number of slats obtainable. Although the
blocks are essentially square in cross section (radial
and tangential dimension) only the tangential dimen[]
sion affects the number of slats obtained. The size
requirements for the radial dimension of blocks will
be satisfied throughout the range of setting that will
be considered. Consequently the cuts which deter(]
mine the radial dimension of blocks can be ignored.

DECISION PROBLEM

The decision is to choose saw settings that will
minimize losses. Losses can be described as a function
of block sizes resulting from the control variables of
saw setting. Since random factors involved in the
process of sawing and drying affect the final block
sizes, the loss function can be specified as a random
variable with a given probability distribution. To del]
termine such a probability distribution, variability in
both sawing and drying must be considered, as it is
the final block size that determines how many slats
will be obtained.

Loss Function
A loss function can be written, L(X). If blocks are

too small and one or more slats are irrecoverably lost,
an appropriate loss function could be drawn as
shown:

L(X), X < X°

(o}




If a block is too large and raw material is wasted in
planing, edging, or other sizing operations, an approl]
priate loss function could be as shown:

L(X), X >X°

Control Variables

The control variables, I', are the settings of saws
that produce blocks. There are five in this process:

Headsaw I, T4 T
Resaw I,
Double arbor edgers I

These can be called target settings, as the sizes result!]
ing from a given setting are not exact, but vary
around the setting. The sawing result of a given saw
setting can be thought of as a random variable with a

probability density function that can be written

fXr,...,Ts)

in which f is the density function of the variable
X(final size).

Expected Loss Function

The expected loss function can be written

E [L(X,Fl, .. ,rg )] =

f-OOOOL(X)'f(XsFIs-~'9r5)dX
To minimize E [L(X,I" ,...,I's )] with respect to I, it
is necessary to set

E OE  OE

—=——=..=—=0
ory oI, or's

If we regard I' as the vector of present target setl]
tings and I"' as the vector of target settings providing
minimum loss, we can then solve for the changes in
settings I — T'. If the present settings, I', can be
changed to settings providing lower losses, nonzero
values of I" — I' will be obtained. For the relevant
range of values of T, all values other than I will
produce a larger loss than the loss from I'".

PROBABILITY DENSITY FUNCTION

Our probability density function of final block
size is affected by both sawing and drying operations.
In this section we will discuss the specifications of the
drying function and the sawing function, and the
technique for transformation of variable.'

The probability density function for sawing and
drying, ' (X,I), can be derived from f'(Y.I') and f* (P),
in which Y is the wet size as sawn, and P is the ratio
of dry size over wet size. The sawing distribution /'
(Y, T',...T's) is assumed independent of the drying
distribution f* (P).

Specification of the density function f{X,I) can be
obtained by using the transformation of variable
technique.

'Freeman, Harold. Introduction to statistical inference.
Reading, Massachusetts: Addison-Wesley Publishing Coml(]
pany, Inc., p. 78-82. 1963.

Transformation of Variables

We have in effect, for fixed I', two random varil]
ables Y and P with probability density functions /'
(Y) and 12 (P). We want the probability density of X
=Y - P. As we have assumed that Y and P are inde(
pendent, the joint density function of Y and P (by a
well-known theorem) is

o(Y.P)=f'(Y) * f* (P)
We define the transformation of the variables Y,P inl]
to the variables X,V as

T
Y. P-XV

We assume V = P, which here provides the auxiliary
variable V. V is introduced as a mathematical device
to allow the transformation between two two-
dimensional spaces. The transformation T is defined
by a system of two equations:

X=Y P
. X =X(Y,P)
or in general,
V=P V =V(Y,P)



As the transformation is one to one, there exists an
inverse transformation,
T-l
Y,P—XV
which is defined by the following system of equal]
tions:

Y = i}—‘ Y(X,V)
T! or
P=V P(X.V)

The determinant of the Jacobian of a transformation
(Y,P)>(X,V) is

oY 9Y
X AV
1=
ob 9P
X AV

For the case at hand the determinant of the Jacobian
of T is

<=
)

131 = -

The joint density function of X,V can then be ex![]
pressed as

OX,V) = o[Y (X,V),P (X,V)] * | T]

For this case, since

Y(X,V)=X+V'
P(X,V)=V
1=V

OX V)=¢[X+V' V]eV!

The density function of X is obtained by integrating
0 (X,V)over V.

upper limit of V
h(X) = f PP 0(X,V) dV

lower limit of V

Then, substituting from the previous definition,

fXD) =ff (X VD)« f (V)= V! dV

We now have the probability density function of
the variable X written in terms of the probability
density functions of the original variables Y and P;
that is £ ' and £? . The next step is to specify these
functions.

In the example given we were interested in the
variable X, which was the product of two variables Y
and P. It should be noted that the same technique can
be applied to the difference of two variables as
follows:

Consider the variable U where U=X —Y

T
Define X,Y — U,V
UxXy)=X-Y
T
VIX,Y)=Y
X(uv=U+V
T'l
Y(UV)=V
1 1
lJ I = =1

Assuming X and Y stochastically independent,

(X,Y) = fAX) « g(Y)
then

h(U) = £/ (U+V) « g(V) dV
Drying Function

The specification of £ % (P), the drying function,
being the least complex, can be considered first. Rel
call the definition of P as the ratio of dry size over
wet size and the probability density function of P as
/2 (P). The cumulative distribution function of P can
be written

@)=, f*(P)dp
One general formulation for F2 (P) can be written
FA(P) = [ 1+e-*1(P-a2)-03

Given values for the coefficients «; ,0, , and a3 , the
cumulative distribution could be computed for given
values of P. Note that the distribution is independent
of I'. Values of I' affect only the wet size distribul]
tion, which is the result of sawing.



Sawing Distribution

The distribution, 1 (Y), of block sizes depends on
the five saw settings identified earlier. The distribul]
tion is also affected by the combination of saws used
to produce a group of blocks and the number of
blocks in each group. The sawing distribution can be
specified as follows:

iy = Wi fL(Y.r)  Headsaw

+ Wy le (Y.,I;) Resaw

+ W f31 (Y,I';) Double arbor edger

+ Wy fi (Y,I';) Headsaw-resaw;

bottom cuts from 6[]
or 9-inch boards

+ Wse f51 (Y,I'4 ,I,) Headsaw-resaw; top

cuts from 6-inch
boards

+ Wee £l (Y.J5.I,) Headsaw-resaw; top

cuts from 9-inch
boards

+ Wy f71 Y) Headsaw-double

arbor edger
in which

Wi, is the weight or proportion of blocks sawn by
method 1

fil for i =1, 2, 3 are distributions determined by
one saw alone

fil fori=4,5, 6, 7 are distributions created by a

combination of saws.
Now we define

K ()=[Y, fl@ndz
and specify

El () = 1+ AulY- B201- s

The mode of the density function derived from this
cumulative distribution function is

Io :
M; = B + log/si
Bii
Then let
L- log S5
Bii

and
ﬁzi: M; - L; i=123

We further assume the mode to be the sum of the
relevant saw setting and some constant. For values of
i from 1 to 3 we will denote k=i and

Boa=T+c)-L

For values of i from 4 to 7 a slight modification of
this formulation is required. There are only three
saws, and the last four of the distributions are the
results of combinations of the saws. We will consider
each of the combinations separately.

Headsaw-Resaw Combination; Bottom
Cuts From 6- or 9-inch boards: fi Y.I'5)

The initial cut made by the headsaw determines
the straightness of one side of a square several blocks
long. The other side of all the blocks in this square is
cut by the resaw. Thus, the size of such blocks is
determined by both the headsaw and the resaw in the
following manner: For blocks with one side cut by
the headsaw and one side by the resaw, when cut
from the bottom of a 6- or 9-inch board, the wet size
Y is determined by the setting of the resaw and the
irregularity of the headsaw cut. The actual thickness
setting of the headsaw has nothing to do with the
thickness of the bottom piece cut from 6- and 9-inch
boards.

As the variations of the saw are assumed fixed, or
not subject to control, the difference between the
density function of these blocks and those with both
sides cut by the resaw is specified by a different funcl]
tion with the same control parameter as the resaw
function. The cumulative distribution function is as
follows:

By ()= [ /i @rydz
then we specify
) (y) = [1+efis (Y- F20)] - o
in which
Bou=My-Ly
But above we have

Brn=ML,



We shall assume the difference between M* and M?
to be caused by an effect from the irregular headsaw
cut. Then we can write

Pru=My+(My-M;) - Ly
and
Poa= (L2 +c) + (My-M; ) - Ly

Headsaw-Resaw Combination; Top Cuts
From 6-Inch Boards: f51 Y,I,.I,)

When the blocks are produced from the top cut,
the size setting of the headsaw as well as its variability
has a direct bearing on sizes of the blocks. We can
designate Y, as the size of the boards cut by the
headsaw (nominally 6 inches) and Y, as the size of
blocks produced by the resaw. The bottom blocks
from the 6-inch board are sawn by the resaw, leaving
the size of the top blocks as the difference between
the 6-inch headsaw setting and the resaw setting. As
before specify

F} (Y,TI) = [Y, fA(ZTWl) dz

F& (Y.T,Ty) = [1+e Bis(Y-Bas)]-Bss
Pas=Ms - Ls

Pas = [(Ts +c4 )-(I', +¢; )] -Ls

Headsaw-Resaw Combination; Top Cuts
From 9-Inch Boards: f61 (Y, T's,T)

These blocks are produced in rnuc%l the same man(]
ner as the blocks with distribution /5 . The exception

is that the top cut from the wider board is a residual
from two resaw cuts instead of one. Specification is
as follows:

Fe (Y.Is,.10) =Y, f¢ (ZTsT;) dZ
Fé (Y, ['s,I) = [1+e'Bl6(Y'B26)] -Bss

ﬁzs = Mg - L¢
Bas = [(I'stcs)-2(I'a+¢y)] - L

Headsaw-Double Arbor Edger
Combination: f71 Y)

Some blocks have one side cut by the headsaw and
the other side by the double arbor edger. The probal
bility density function of these blocks can be ex[]
pected to vary widely from either the headsaw or the
double arbor edger blocks. The headsaw cut edge is
influenced by the variability of the headsaw, but not
its size settings. Similarly the double arbor edger side
is influenced by the variation of the saw but the size
setting is not relevant. As the size of these pieces is
primarily influenced by the way a board is positioned
for feeding to the double arbor edger, the wet size
can be regarded simply as a random variable with
distribution f71 (Y). Specification of the function is as
before:

Y= f](2)dz
Fi (Y) = [1+eBir(Y-B21)] -Bss

PARAMETERS OF CUMULATIVE DISTRIBUTION
FUNCTIONS

Parameters of the cumulative distribution funcl]
tions

Fl,..., Fl and F? (P)

can be estimated using the technique of nonlinear
least squares.

Block Size Distribution

Estimates of the probability of occurrence of
blocks at or below specified wet sizes for each of the

sawing methods defined were made as follows:

A sample of blocks from each sawing method was
drawn and its critical dimension measured at three
places on each block. An average of these three meal
surements was taken to be the block size. Histograms
were constructed by defining intervals of 0.001 inch
and counting all blocks whose dimension was smaller
than the maximum limit of each interval. Then the
number of such blocks in each interval was divided by
the total number of blocks of that sawing method to



provide observations suitable for fitting the specified

Table 1—Estimated coefficients for block size distribution

functions.

The estimated coefficients and accuracy measures Item B, B, Bs Mean squared
are shown in table I, and the data points and result- deviation
. . I
ing curves in figure 1. F

.. . 27.0284 3.02729 2.99416 0.01606
From the definition of F' (Y,(3) we obtain the pro- {
1 B 46.1520 3.09395 1.00253 01707

bability density function as £ (Y, )= Ll e67) |
’ dy B 478.9543 3.13276 .34495 .02092

1
Ey 86.6924 3.13536 33552 .01304

and {
Fs 39.5252 3.08650 .33309 .01078

1 1
dF Fe 25.3623 3.07697 1.04801 .01589

—— =5 [1+ePi1(Y-B)1Ps-1 « [.p, e-Pi(Y-P2)y

dy F% 75.4782 3.17829 13328 .02962

100 GROUP | - Headsaw both sides
GROUP 2 - Resaw both sides
75 - | GROUP 3 - Double arbor edger both sides
GROUP 4 - Headsaw-resaw bottom cuts
50 (- —  GROUP 5 - Headsaw-resaw top cuts
from 6-inch boards
55 | - GROUP & -Headsaw-resaw top cuts
from 9-inch boards
o GROUP 7 - Headsaw-double arbor edger
100 : : ‘ :
GROUP 2 GROUP 3
75 -+ —
50 | -+ .
25 -1 —
‘g o L
2 100 T T
&’ GROUP 4 GROUP 5
75 — —
50 |- — =
25— — -
0 [N |
100 : [ [ ,
GROUP 6 GROUP 7
75— 4 —
50 — -+ —
25 - —
L l | I I s | | |
2.8 29 30 3.1 32 33 28 29 3.0 3 32 33

Size (inches)

Figure 1—Block size distribution is determined by saw characteristics and settings.
The curves show the distribution for three saws and four combinations of saws.



The resulting probability density functions using the
estimated values for f are as shown in figure 2.

To combine these results into a single distribution,
estimates of the proportion of total block production
from each sawing method are required as weights. As
the sample taken to determine frequency of size ocl]
currence in each group did not contain the informal]
tion necessary to determine proportion of blocks in
each sawing group, another sample was taken. The
fraction of blocks in each group is:

i ( .

. J

L
: (\
]!

2.8 2.9 3.0 3.1 3.2 3.
Size {inches)

Figure 2—The probability density curves for the saw-
ing operation shown here are for the various saws and
combinations. Group 1-Headsaw both sides; 2-Resaw
both sides; 3-Double arbor edger both sides; 4-
Headsaw-resaw bottom cuts; 5-Headsaw-resaw top cuts
from 6-inch boards; 6-Headsaw-resaw top cuts from
9-inch boards; 7-Headsaw-double arbor edger.

W, =.01558 W5 =.00554
W, =.09254 We =.04274
W; =.58856 W, =.13071
W, =.12432

Combining the previous results with these weights
produces the over-all sawing density function.

Drying Distribution

The drying distribution was obtained in much the
same manner as the sawing distribution. A sample of
blocks was drawn and measured while wet and later
remeasured when dry. The ratio of dry size to wet
size is the variable for which a probability density
function is to be constructed. Like the sawing func!]
tion, the drying function is a sum of individual drying
functions. Here the individual functions are the result
of different wood types drying at different rates. The
wood types were (1) kiln-dried sapwood, (2) air-dried
sapwood, and (3) kiln-dried light heartwood.

A separate cumulative distribution function for
each type of wood was estimated using the same alge!
braic form and the procedures described. For compul]
tational convenience the coefficients for these curves
were computed using the variable 100 « (1-P) rather
than P. The coefficients are given in table 2 and the
graphs of the functions in figure 3.

Table 2—Estimated coefficients for drying distribution

| w | e | w g
F ()| 1.92096  3.58300  0.69993 0.03136
Ff (P)| 2.28439 1.51630  1.72986 .00822
F7 (P)| 1.93950  -1.45374 125.94974 01124

The proportion of blocks occurring in each wood
type was obtained from a separate sample and used as
weights along with the above given coefficients to
produce a weighted drying distribution function. This
was then combined with the weighted sawing dis[]
tribution to obtain the over-all sawing and drying
density function given in figure 4.



DETERMINATION OF SAW SETTING CHANGES

The final form of the expression is then
OE [ oM 1 a1 ]
0=—=LLX — 2ZW;fi XV, T .
N 2
2 Ujf; (V)IV'dVdX M=6,N=3
=l

where o is the vector of partial derivatives
k

Note that M is equal to 6 because the 7th distribution
is independent of I, and that the partial with respect
to I' can be brought through the two integrals, their
limits and L(X) both being independent of I".

Rather than solving for I" we will solve for another
vector of variables, Z. This procedure is somewhat
more convenient, and by the composite function rule
of differentiation is equivalent to solving with respect
to I' given the linear relationship between Z and T

100 T T o=
75 —
50 —

25 |- _ _

Kiln-dried sapwood
L |

100 , o ‘

Percent
w
(@]
T
|

25 / .

Air-dried sapwood
1 1

T T

Kiln-dried light heartwood
| ] |

0 2 4 6 8 10
Shrinkage (percent)

Figure 3—Distribution of shrinkage in the drying
operation was determined for three types of wood.

Then the partial for the ith sawing distribution has
the form

o] ,
- =W B i e PiXIV-Z)).
0z;

[1 +ePi i(X/V-Zi)]‘ﬁ3i '2.[ﬂ3ie-ﬂ1i(X/V—Zi)_ 1]

Solving Equations by

Approximation

We expect each partial derivative of the expected
loss functions with respect to Z; to have zero value
and to be continuous in the range of interest. The
partial will then have the shape shown below:

aft
0Z

N

60 w T T

Percent
T
|

20 = —

0 J |

|

2.8 2.9

3.0
Size (inches)

3.1

3.2

Figure 4—The weighted distribution functions for
the drying and sawing operations were combined to

produce this over-all ¢

urve.



We are given a tolerance e; a lower limit on the
accuracy with which we are to find the zero point Z';.
(In this case we used e = 0.001.) In other words we
wish to find Z'; such that

€
Zi-21]< 5, e>0

To obtain an approximation of Z';, we used the
Newton iteration procedure.

Calculating Setting Changes

The solution, Z', can be translated into a set of
optimum values, one for each saw setting.

For Iy, and I'; (Headsaw and
Double Arbor Edger)

Each Z; is a parameter of one density function.
For each minimization, we obtain a minimizing Z;,
Z'il

Z’i :(F'k + Ck) - Lk k=i = 1,3
But we know
Poc= T+ i) - Ly k=13

So that the difference in setting is given by

M- Ty =2Z' Py k=i =1,3.

For I'; (Resaw)

Both le and fi are functions of I'; and no other

Ik . (Recall the earlier "sawing distribution" discus(
sion of the headsaw-resaw combination, bottom
cuts.) We take

Zy=(I'y+c)—1L,
and express Z, in terms of Z,

Z4=7Zy+ (Bos - f2).

We then take the partial with respect to Z, , then
obtain a minimizing

=, +¢y) - Lo

Pro=02+c)-L,

then

[y-Th=2,- ﬁzzo

For f51 (Headsaw-Resaw; Top Cuts
From 6-Inch Boards) and f61 (Headsaw-Resaw;
Top Cuts From 9-Inch Boards)

Both f51 and f61 are functions of two saw setl]

tings, (I'; and I's ). Both are also functions of the
resaw setting I, , for which we have already obtained
a change in setting.

We can then calculate the changes in I'y and I's
given I''5; — I'; and values for Zs and Zs. We have for
I'y a minimizing Zs , as

Zs'=[(I'y +cg) - (I + )] - Ls
and
Prs=[(Ts+cy)-Ttcy)]-Ls.
Then
[y-Ty=(Zs' - Prs) + (L' -T>)

Uy -Ty=(Zs' - Pos )+ (Z2' - B2 )

We have also a minimizing Z'¢ as

Z'¢=[(I''s; + ¢s) - 2(I'y-¢2)] -Lg
and

P = [(I's +¢5)-2(I"; +¢5)] -Le -
Then, as above,

Is'-T's =(Zs' - as ) + 2Zs" - P22 ).
Numerical Results

This gives us the complete vector (I — I')as follows:
I -T) =(Z"y -f21)

Headsaw change for 3-inch setting
(I3 -T2) = (Z'5; - f 22)

Resaw setting change
(I35 -13) = (Z'5 - B23)

Double arbor edger setting change
(M4 -T)=(Z's-Pos) + (22— pr)

Headsaw change for 6-inch setting
(I'"s-T's)=(Z'6- Pos ) +2(Z'> - B2 )

Headsaw change for 9-inch setting.



Minimizing values (Z';) are tabulated here.

Z'1 = 3.092 inches
Z'5,=3.121 inches
Z'3=3.126 inches
Z's =3.299 inches

'« = 3.377 inches

Minimizing changes in the saw settings calculated
using the coefficient estimates given in fable I are as
follows:

Headsaw, 3-inch cut 3.092 -3.027 = .065

Resaw 3.121-3.094 = .027
Double arbor edger 3.126-3.133 =-.007
Headsaw, 6-inch cut

(3.145-3.087) + 0.027 = .085
Headsaw, 9-inch cut

(3.129 - 3.077) + .054 = .106

CONCLUSIONS

The method of analysis presented here should be
of value to operations researchers and systems anal|
lysts engaged in optimizing (or improving) results
from random sequential processes. The method was
illustrated by solving to determine optimum settings
for saws in a sequential process. Of course, the loss
functions and data for the illustration are not widely

applicable. The method is. Appropriate data and loss

functions would be required before a different applil’
cation could be made.

Problems based on sequential processes of this

nature have proven difficult to solve. We hope the

method presented here will lead to solutions of a

number of similar problems.
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A method of solving problems based on sequential
processes is presented and illustrated using the sawing
of cedar pencil blocks as an example. Losses resulting
from cutting of blocks to improper sizes are described
as a function of block sizes resulting from the control
variables of saw settings, from drying processes, and
from random factors.

From the saw setting variables I'y ... I's an ex[]
pected loss function is developed. A joint probability
density function for sawing and drying is developed
from separate functions for sawing and drying. The
distribution of block size groups as determined by
three saws and four combinations of saws is analyzed.

Parameters of the cumulative distribution funcl]

tions are estimated and curves for the cumulative dis(]
tribution functions and density functions are given

for the sawing operation. Parameters are estimated

and curves drawn for the drying of three wood types.

A weighted over-all density function for both sawing

and drying is graphed.

An over-all expression for loss minimization is
given and equations are derived for the five saw setl]
tings. Loss minimizing changes in the saw settings are
calculated from these equations.

The method is widely applicable and should be
valuable in operations research and systems analysis
of random sequential processes.
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