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Given a variable rate of fireline construction 
and an elliptical fire growth model, two meth- 
ods for estimating the required number of 
resources, time to containment, and the result- 
ing fire area were compared. Five examples 
illustrate some of the computational differen- 
ces between the simple and the complex meth- 
ods. The equations for the two methods can be 
used and programmed to estimate fire size and 
perimeter, time-to-containment, and the num- 
ber of resources required as a function of 
spread rate. 

Retrieval Terms: fire control, fire suppression, 
planning, fire containment, dispatching 

A n ellipse of a specified length-to- 
width ratio can be used to estimate 

fire size and shape for suppression 
modeling purposes and also for field 
use. 1,2A 4-to-I length-to-width ratio was 
suggested for grass fires3 and a 2-to-1 
ratio for a forest fire burning under a 
canopy.4 Mathematical and geometric 
model~5~6 have been developed to exam- 
ine the sensitivity of final fire size and 
time-to-containmenl to suppression 
force allocations. The models have been 
extended to the elliptical model with a 
constant rate of fireline construction. 7 

Given a variable rate of fireline construc- 
tion and an elliptical fire growth model, 
either of two models-simple or corn- 
plex-can be used to estimate the re- 
quired number of resources, the time-to- 
containment, and the resulting fire area. 

In the complex model, the area and 
perimeter of the expanding ellipse are 
computed at multiples of some time 
increment (specified by the user) and 
partial containment at time ti contrib- 
utes to the possible complete contain- 
ment at time ti+l. A typical fire at times ti, 
tic,, ti+% tic3 will look like an ellipse that 
continually changes @g. IA). The com- 
plex containment model takes full ad- 

vantage of the smaller size of the ellipse 
at time ti compared with the sizes at later 
times. Two computer simulation models- 
FOCUS and FEES-use this method in 
their initial attack evaluations. FOCUS 
(Fire Operational Characteristics Using 
Simulation) evaluates alternative fire 
suppression programs at the Forest or 
District level,8and FEES (Fire Econom- 
ics Evaluation System) is being deve- 
loped to evaluate fire program options 
for nonsite specific areas.9 

A simpler technique determines the 
containment time tc such that the total 
length of line produced at time t, equals 
or exceeds the fire perimeter at  time tc. 
The line built up to time tc is compared 
with the perimeter of the ellipse at time t, 
and line built around the smaller perime- 
ter at  earlier time points is not consi- 
dered @g. 1B). This model will be re- 
ferred to as the simple containment 
model. 

This note describes the formulation 
and development of the procedures used 
in both the simple and complex con- 
tainment models using an ellipse of a 
given length-to-width ratio. Five tables 
illustrate the difference between the two 
models in terms of resulting fire areas, 



Figure I-(A) In the complex containment tainment model, times ti, ti+,, ti+*, ti+3 repre- 
model, fireline construction starts a t t ime ti sent arrival times of resources, and I, repre- 
and continues along the perimeter of the sents time to control. At that time, fireline 
ellipse evaluated at times ti+l, ti+2, and ti+3 computed equals or exceeds the fire peri- 
specified by the user. (B) In the simple con- meter. 

number of resources used, and time 
required to contain each fire. Given 
resource arrivals, assumed pr-oductio 
rates, and a range of spread rates, out- 
puts of both computer simulation mod- 
els indicate that variations in the time- 
to-containment and the number of re- 
sources used may lead to substantial 
differences in suppression cost estimates. 

ASSUMPTIONS 

Some simplifying assumptions were 
made to calculate the number of re- 
quired resources, area, and time-to-con- 
tainment for each fire, given a forward 
spread rate. Unless otherwise indicated, 
all assumptions apply to both contain- 
ment models: 

I. The shape of a free-burning fire is 
an ellipse with constant length-to-width 
ratio. The point of origin is defined as 
one of the focal points. Initial area atthe 
time each fire is reported is one-tenth of 
an acre (0.04 ha). 

2. The forward rate-of-spread (at the 
head of the fire) is constant during the 

time required for containment or when 
the fire exceeds 100 acres. 

3. The rate of fireline construction is 
resource-specific and is constant for 
each resource during the time required 
for containment or when the fire exceeds 
100 acres. 

4. Airtankers are not used because of 
the resulting complexity in fire shape 
and the difficulty of interpreting their 
effectiveness. 

5. In  the complex containment 
model, fireline construction proceeds on 
both sides of the ellipse and may be ap- 
plied at unequal rates. For example, a 
five-penson handcrew may be split into a 
two-person and a three-person crew 
working on opposite flanks of the el- 
lipse. The complex model can use head- 
attack computations if the forward 
spread rate is small enough relative to 
the line construction rate from the avail- 
able resources.$ Head attack begins at 
the head of the fire and the resources 
may be applied at  unequal rates on both 
sides of the ellipse. 

6. All suppression work is assumed 
to be 100 percent effective, and a fire 

does not spread beyond its contained 
perimeter. 

"I A list of resources is available for 
each fire, and each resource must be 
described in terms of its type (handcrew, 
engine, bulldozer, helitack, smokejump- 
ers, tractor-plow), arrival time (mea- 

_sured from the reported time of the fire), 
and production rate (chains pee hour). 

8. Resource units are used as they 
arrive on the fire and their total line 
production is computed as the product 
of total time on the fire by their produc- 
tion rate. 

MATHEMATICAL DEVELOPMENT 

Complex Containment Model 

The complex containment model as- 
sumes an elliptical fire such that the 
spread rate V from any point on the 
perimeter at  polar angle 4, measured 
from the direction of most rapid spread 
'$rh(t), is given by fig. 2) 

in which e is the eccentricity of the fire 
ellipse 

Equa"lon I can be integrated with 
respect to time along constant 4 to give 
perimeter distance R Iirrom the origin of 
the fire at time t: 

in which h(t) is the distance of the fire 
head from the origin, given by 

A fire perimeter location y can be 
expressed in rectangular coordinates 
[x(t), y(x(t), t)] in which 

and 



The forward rate-of-spread Vh(t) is 
assumed to be constant and is matched 
against a variable line construc"kon rate 
VL(~)) .  Equation 4 can be integrated 
numerically to calculak eonstrraetlon 
progress as a function of h. The sign in 
equation 4 is positive if progress is 
toward the head of the ellipse; the sign is 
negative otherwise. lo 

Equations 2 and 3 are used to com- 
pute the (x, y) position of progress and 
are calculated independently for the 
lower and upper halves of "Le ellipse as a 
function of the variable cons"cuction 
rates for each half. Head or rear attack is 
chosen on the basis of a specified ratio of 
rate-of-spread to rate-of-available-line- 
construction. Unlike the simple contain- 
ment model, equation 4 is evaluated and 
integrated starting at  the first arrival 
time and thereafter at I-minute incre- 
ments. Therefore, the available line con- 
struction rate is applied almost continu-- 

Figure 2-In the complex model. line con- and upper halves of the ellipse and can pro- ously as the ellipse expands with time. 
struclion is calculated separately for lower ceed toward the rear or head of the fire. 

Simple Containment Model 

and 

is an auxiliary variable. 
Starting at time to and a perimeter 

point (x(t,), y[x(to)]), control line con- 
struction can proceed toward the rear or 
the head of the fire. Let the ratio of line 
construction rate VL(~) to the forward 
spread rate of the head Vh(t) be P at the 
time the fire is at h(t). The position vec- 
tor R(4, t) and its derivative with re- 
spect to time are (lig. 2) 

in which a dot indicates the partial 
derivative with respect to time and yx is 
the partial derivative of y with respect to 
X. 

Setting the line construction rate VL(~) 
dR 

at time t equal to - gives 
dt 

In the simple containment10 model 
the elliptical fire starts at time to = 0.0 

k2 -4- (yx * k +- y)2 V2(t) and is reported at time tr@g. 3). The fire 
is contained at time tc  if the perimeter at 

Solving for ri. time tc  is less than or equal to the line 

. dx - y x y k J ~ Z ( t ) * ( ~ + y x ) 2 - y 2  built around the fire at time tc, i.e., 
x = - =  

dt 1 4- Y? k 

C(E) * Vh * tc P (tc) = C ~ i ( t c  - ti) 
i= I 

dx -y, y 5 d ~ t ( t )  * (1 + yX)2 - y 2  in which P(tc) is the perimeter at time t,, - -  - 
d t (1 + ~x2) * h'(t) and k is the number of resources dis- 

. - .  , , 

patched to generate the required perime- 
-yxyh 2 J P ~  * (I + yx)2- yh2 - ter at time t, The corresponding area at 

I + yx2 time tc will be 

in which P = K ( t )  / Vh(t). ( ~ h  * tc)2 * r * J I  - t 2 /  ( I  + e)2. 
The derivatives of y with respect to x 

and h written in terms of A, h, and z, solving for tcgives: 
lead to 

in which in which 
h(t) EZ Ri = line production rate of the ith 

P2> A2 * - 
h(t) - tz resource (chains per minute) 



k 

R2 3 R k 

Time 

Figure 3-Atimesequenceexplainsvariables reported at time t, and controlled att ime h; Ri and travel time yi to the fire site. 
in the simple model: a fire started attime tois resources arriveat time tiiwith production rate 

t, = time the fire was reported (min- 
utes) 

7 ,  = ti - t, = travel time for the ith 
resource (minutes) 

'Vh = forward rate of spread (chains 
per minute) 

E ( ~ 2 )  is an elliptical integral, which 
exists only in tabular form. The linear 
function 5.83 - 3.766 is used as an ap- 
proximation for C ( E )  in the range of 
interest. C ( E )  is a unitless quantity. 

The number of resources dispatched k 
is determined by yk< tc  < yk + I, or k 
is equal to the maximum number of 
resources available. 

ANALYSIS AND RESULTS 

The simple and complex containment 
model equations were each incorporated 

into a computer program that calculated 
area at containment, time to contain- 
ment, and number of resources used, at 
13 spread rates. The programs were used 
to evaluate five different examples, 
which varied in available resources, type 
of attack, and length-to-width ratio of 
the fire. Iln all cases, dispatch procedures 
and spread rates were the same. 

In the first case, the following five 
resources were available for each fire: 

sources already on the fire the resource 
was not used. The length-to-width ratios 
for the ellipse were 4: 1 and 2: 1. The con- 
tained areas and time to containment 
did not differ substantially between the 
two models for spread rates less than 10 
chains per hour (eable I). 

In the second case, the hllowing five 
resources were available for all fires: 

Time of Assumed 
arrival (min) T v ~ e  ~roduction rate 

Time of Assumed 
arrival (min) TY pe production rate 

Chainslhotrr 
23 Handcrew 

(2 persons) 6.8 
23 Handcrew 

(2 persons) 6.8 
41 Engine crew 

(2 persons, 200 gal) 16 
50 Engine crew 

(2 persons, 200 gal) 16 
52 Wandcrew 

(2 persons) 6.8 

Two of the handcrews were the same. If 
the arrival time of any resource exceeded 
the required containment time by re- 

Chains/ hour 
15 Engine crew 

(2 persons, 200 gal) I6 
40 Bulldozer 

medium size 36 
45 Handcrew . 

(2 persons) 6.8 
45 Handcrew 

(2 persons) 6.8 
69 Engine crew 

(2 persons, 200 gal) 16 

The length-to-width ratios for the ellipse 
were 4: 1 and 2: 1. Due to the high pro- 
duction of the bulldozer, the complex 
containment model used head attack 
calculations up to a spread rate of 10 



chains per hour (see assun~ption 5). This for the fifth case they were one-half of 
attack option resulted in a reduction of those in the second case: 
acreage and number of crews rased at the 
lower spread rates for the complex Assu~ned 

model (table 2). production rates 

The third case was the same as the first Time of Fourth Fifth 

case. except that the complex model a"ival(min) Type case case 

used the head attack option. With the Chaim/hour 
15 Engine crew 

head attack option, area a t  containment (2 ~ersons.  200 gall 4 8 
~ x " 1 

and the number of resources used dif- 40 Bulldozer 

fered substantially (table 3). At 5 chains (medium) 9 18 

per hour, the complex model shifted 45 Handcrew 
(2 persons) 

over to rear attack, and the results were 1.7 3.4 
45 Handcrew 

almost identical for both models. Again, (2 persons) 1.7 3.4 

spread rates in excess of I0 chains per 69 Engine crew 

hour were needed to show any differen- (2 persons, 200 gal) 4 8 

ces in contained area. 
In the fourth and fifth cases, the Length-to-width ratios were 2: 1. In 

resources were the same as for the the fourth case, area-at-containment 
second case, but production rates dif- varied with increasing spread rates (table 
fered. For the fourth case they were one- 4). For a spread of 8 chains per hour or 
fourth of those in the second case, and more, the crews cannot match the peri- 

1 %:I length-to-width ratio 

Table 1 -Area at csontainm~nt, rime to c'oiziainrnent, anclreso~~rc~r~c ~wecl, h13 ~preaclrate andImgrh-to- 
n~itlth ratio, f ir  sir?~p/e and (40177pIe5 ~~01ztaii?t>7er~t ~ I O L I ~ I , I  

~neter growth rate in the simple model. 
For the complex model, the fire escapes 
(exceeds 100 acres) at I I chains per hour. 

Again in the fifth case, for spread 
rates in excess of 5 chains per hour, "ce 
complex model gave smaller areas at 
containment (table 5). 

CONCLUSIONS 

Spread 
rate 

(ch/hr) 

No empirical data are available to 
verify the ,accuracy of the simple and 

A 6.rc.s - - h f i r z ~ r t ~ ~  - 
4:l length-to-widtia ratio 

complex containment models. The re- 
sults are rather limited in scope, but they 
do illustrate some of the computational 

Area at 
co~ltainlment 

Time to 
containment 

differences between the two models. A 
large number of possible combinations 
of dispatches, fire spread rates, and line 
construction rates would further bring 

Area ratio 
(sirnp1e:coinplex) Simple Siinple 

out differences between these two mod- 
els. Variations in the time-to-contain- 
ment and the number of resources used 

Complex Complex 

may lead to substantial differences in 
suppression cost estimated by the two 
models. 

Resources used 

The results indicate that: 
@ The models agree closely for ellipti- 

cal fires in which the ratio of line produc- 

Simple 
tion rate to perimeter increase rate is 
high. 

@ The use of the direct head attack 
Complex 

option in the complex model signifi- 
cantly affects area at containment and 
the number of resources used. 

@ For those fires in which the produc- 
tion rate is close to the perimeter growth 
rate, the complex model gives substan- 
tially smaller containment areas and 
fewer escapes. 

@ For the average fire the simple 
model has an advantage of approxi- 
mately 100 to 1 in computer running 
time over the complex model. This 
advantage increases as the time to con- 
tainment goes up. The equations for the 
simple model can easily be programmed 
and adapted within other models. 

Potential users of these models must 
consider these results, computational 
cost, ease of using the simple model, and 
the range of production rate versus 
perimeter growth rate, in deciding wheth- 
er to use the simple or complex model. 
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Table 4-Area af  containment, time to co~ztainment, and resources used, by spread ratefor simple and 
complex containment models. Length-to-width ratio of ellipse was 2:l 

Time to 
containment containment Area ratio Resources used 

Table 2-Area at contlain~nenl, lime to confainmenl, andresources used, bj~spreadra'clte andlength-to- 
\vidrh ratio, for simple and complex con lair amen^ tnodel'cls 

I 
2 
3 
4 
5 
6 
7 
8 
9 

10 
12 
14 
I6 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
12 
14 
16 

4:1 length-to-width ratio 

0.16 0.14 38 3 4 1.16 L 1 
.26 .20 4 1 40 1.30 2 2 
.39 .27 43 4 1 1.44 2 2 
.55 .36 45 43 1.52 4 2 
.77 -46 47 44 1.67 4 2 

1.04 .60 49 45 1.73 4 4 
1.36 .73 5 1 46 1.86 4 4 
1.78 .88 54 47 2.02 4 4 
2.32 1.11 5 6 50 2.09 4 4 
2.94 1.33 5 9 5 2 2.21 4 4 
4.8 1 2.98 66 5 2 1.6 1 4 4 
7.15 4.12 7 2 46 1.73 4 4 

1 1.03 5.92 79 7 1 1.86 5 5 

21 length-to-width ratio 

.18 . I5 33 33 1.20 1 1 

.36 .25 40 3 8 1.44 2 I 

.60 .36 43 4 1 1.66 2 2 

.9 1 .54 45 42 1.68 4 2 
1.34 .73 48 48 1.83 4 2 
1.80 .97 50 45 1.85 4 4 
2.52 1.30 5 1 47 1.93 4 4 
3.60 1.65 5 6 49 2.18 4 4 
4.89 2.09 59 5 2 2.35 4 4 
6.58 2.52 63 57 2.61 4 4 

11.27 6.04 7 1 6.5 I .86 5 4 
18.12 8.85 79 70 2.04 5 5 
28.98 12.90 8 9 76 2.25 5 5 



Table 3--Area at contain~?zent, i'irne to cor~tninment, a~zdresozrrce~ used I?,, ~yreadrale andlengtlt-to- 
width ratio, for sirrzple and complex contain~lzenl models 

I t I I 

Acres - - Minutes- 
4:l length-to-width ratio 

Spread 
rate 

(ch/hr) 

2:1 length-to-width ratio 

Table 5-Area at containment, time to containment, and resources used, by spreadratefor simple and 
complex containrnent models. Lennf h-to-widf h ratio o f  ellipse was 2:l 

Area at 
containment 

A c r e s  - 

Simple 

Spread 
rate 

(ch/hr) 

The Author: 

Time to 
containment 

Complex 

ROMAIN M. MEES is a mathematician with the Station's unit studying fire management 
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staff in 197 1. 

Area ratio 
(simp1e:complex) Simple Complex 

Area at 
containment 

Resources used 

Simple 

Simple 

Complex 

Time to 
containment 

Complex 

Area ratio 
(simp1e:complex) Simple Complex 

Resources used 

Simple Complex 
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