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Abstract

Czaplewski, R. L. 1994. Variance approximations for assessments of
classification accuracy. Res. Pap. RM-316. Fort Collins, CO: U.S.
Department of Agriculture, Forest Service, Rocky Mountain For-
est and Range Experiment Station. 29 p.

Variance approximations are derived for the weighted and unweight-
ed kappa statistics, the conditional kappa statistic, and conditional
probabilities. These statistics are useful to assess classification accu-
racy, such as accuracy of remotely sensed classifications in thematic
maps when compared to a sample of reference classifications made
in the field. Published variance approximations assume multinomial
sampling errors, which implies simple random sampling where each
sample unit is classified into one and only one mutually exclusive
category with each of two classification methods. The variance ap-
proximations in this paper are useful for more general cases, such as
reference data from multiphase or cluster sampling. As an example,
these approximations are used to develop variance estimators for
accuracy assessments with a stratified random sample of reference
data.

Keywords: Kappa, remote sensing, photo-interpretation, stratified
random sampling, cluster sampling, multiphase sampling, multivari-
ate composite estimation, reference data, agreement.
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Variance Approximations
for Assessments of Classification Accuracy

Raymond L. Czaplewski

INTRODUCTION

Assessments of classification accuracy are important
to remote sensing applications, as reviewed by
Congalton and Mead (1983), Story and Congalton (1986),
Rosenfield and Fitzpatrick-Lins (1986), Campbell (1987,
PPp. 334-365), Congalton (1991), and Stehman {1992).
Monserud and Leemans (1992) consider the related
problem of comparing different vegetation maps. Re-
* cent literature favors the kappa statistic as a method for
assessing classification accuracy or agreement.

The kappa statistic, which is computed from a square
contingency table, is a scalar measure of agreement be-
tween two classifiers. If one classifier is considered a
reference that is without error, then the kappa statistic
is a measure of classification accuracy. Kappa equals 1
for perfect agreement, and zero for agreement expected
by chance alone. Figure 1 provides interpretations of
the magnitude of the kappa statistic that have appeared
in the literature. In addition to kappa, Fleiss (1981) sug-
gests that conditional probabilities are useful when as-
sessing the agreement between two different classifi-
ers, and Bishop et al. (1975) suggest statistics that
quantify the disagreement between classifiers.

Existing variance approximations for kappa assume
multinomial sampling errors for the proportions in the
contingency table; this implies simple random sampling
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Figure 1. — Interpretations of kappa statistic as proposed in past

‘literature. Landis and Koch (1977) characterize their interpretations
as useful benchmarks, aithough they are arbitrary; they use clini-
.cal diagnoses from the epidemiological literature as examples.

Fleiss (1981, p. 218) bases his interpretations on Landis and Koch -

(1977), and suggests that these interpretations are suitable for
“most' purposes.” Monserud and Leemans (1992) use their inter-
pretations for global vegetation maps.

where each sample unit is classified into one and only
one mutually exclusive category with each of the two
methods (Stehman 1992). This paper considers more
general cases, such as reference data from stratified ran-
dom sampling, multiphase sampling, cluster sampling,
and multistage sampling.

KAPPA STATISTIC (x,)

The weighted kappa statistic (k) was first proposed
by Cohen (1968) to measure the agreement between two
different classifiers or classification protocols. Let p;
represent the probability that a member of the popula-
tion will be assigned into category i by the first classi-
fier and category jby the second. Let k be the number of
categories in the classification system, which is the same
for both classifiers. x,, is a scalar statistic that is a non-
linear function of all k* elements of the k x k contin-
gency table, where p,; is the ijth element of the contin-
gency table. Note that the sum of all k* elements of the
contingency table equals 1:

) k k

ZZpii =1. [1]

=1 j=1

Define w; as the value which the user places on any
partial agreement whenever a member of the popula-
tion is assigned to category I by the first classifier and
category j by the second classifier (Cohen 1968). Typi-
cally, the weights range from 0 < w; <1, with w; =1
(Landis and Koch 1977, p. 163). For example, w;; might
equal 0.67 if category i represents the large size class
and j is the medium size class; if r represents the small
size class, then w; might equal 0.33; and w; might equal
0.0 if s represents any other classification. The un-
weighted kappa statistic uses w;; = 1and w,; = 0 fori #j
(Fleiss 1981, p. 225), which means that the agreement
must be exact to be valued by the user.

Using the notation of Fleiss et al. (1969), let:

k :
P = Zpij [2]
j=1
ok
p;= Z Dy (3]
i=1

K k
Pe = Z Z W P [4]

=1 j=1



k k ‘
P.=2 3 W;p:p,- [5]

i=1 j=1

Using this notation, the weighted kappa statistic (x,) as
defined by Cohen (1968) is given as:

L
K'w 1—P,; N [6]

Estimated Weighted Kappa (%, )

The true proportions p,. are not known in practice,
and the true x,, must be estimated with estimated pro-
portions in the contingency table ( p;):

’ew - po_apc,
1-p

(7]

where p, and p, are defined as in Egs. 2, 3, 4, and
using p; in place of p,. '

The true x, equals the estimated &, plus an unknown
random error g

K, =K, +&. (8]

If £, is an unbiased estimate of k , then Ele, ]=0 and
E[K,]=x, . Bydefinition, E[e?]= E[(x, ~K, )], and the
variance of x, is: '

Var(z%w)=E[£,2(]—Ez[8k]=E[e,§]. ) [9]

Taylor Series Approximation for Var (x,)

K,, is a nonlinear, multivariate function of the k? ele-
ments (p;) in the contingency table (Egs. 2, 3, 4, 5, and
6). The multivariate Taylor series approximation is used
to produce an estimated variance Var(g,). Let
&; =(p; - p;),and (0k,, /dp;),, s, be the partial deriva-
tive of £,, with respect to p;; evaluated at p; = p;. The
multivariate Taylor series expansion (Deutch 1965, pp.
70-72) of x, is:

+&,, (ak“’ J +L +&, (ﬂ(—”—"—) +
apu |Pu=ﬁ.'/ aplk IP17=ﬁfI

+&,, (ak‘” J +L + &, (_9&_) +L
apm |Pi/=f71,- ap 2k lP1i=f’i/

+€, (%”—) +L +ekk[ak"”} +R [10]
P [Pfi=ﬁii ap kk IPii=ﬁi,‘

where R is the remainder. In addition, assume that p, is
nearly equal to p; (i.e., p; = f’i;]? hence, g; = 0 because
g; =(p; — p;), the higher-order products of g, in the Tay-
lor series expansion are assumed to be much smaller
than g, and the R in Eq. 10 is assumed to be negligible.
Eg. 10'is linear with respect to all ¢; =(p; - p;).

" The Taylor series expansion in Eq. 10 provides the
following linear approximation after ignoring the re-
mainder R:

k k ak
8k=(’<w-'<w)“zzsv[§:l o nn
Pii=Pij

i=1 j=1

The squared random error approximately equals ¢7 from

Eq. 11:
{ ké kE grs(gkwj ]
By r=1 s=1 prs |Pn=f7u
k k k

. ok, ok, |
8,2( - Ezzz&;gm [aprs ]Ip & (_—‘1},":@" [12]

i=1 j=1 r=1 s=1 apij

i =

From Egs. 9 and 12, Var (£, ) is approximately:

Kk Ck
& a z Jk,, s ok,
varl )= 2. (gl E[Sijsm]Ez(aP )i .
pi=Dj S /\prs=Py -

=1 j=1 if r=1 s=1

[13]

This corresponds to the approximation using the delta
method (e.g., Mood et al. 1963, p. 181; Rao 1965, pp.
321-322). The partial derivatives needed for {/ar(;ew)
in Eq. 13 are derived in the following section.

Partial Derivatives for Var (£,) Approximation

The partial derivative of x , in Eq. 13 is derived by re-
writing x,, as a function of p;. First, p, in Eqg. 6 is ex-
panded to isolate the p; term using the definition of p,

in Eq. 4:
kK
p =Wi'pi'+ Wrsprs'
C ZZ [14]

{rs) = {ij}
The partial derivative of p, with respect to p;; is simply:

9P _
p; Wi )

As the next step in deriving the partial derivative of i,
in Eq. 13, p, in Eq. 6 is expanded to isolate the p;; term
using the definition of p_ in Eq. 5:



k k
Pe=2, X W.\D.D,’

r=1 s=1
k k
pc = z Wq'prpj + zwrspr‘p's !
r=1 s=1
L s#jf
k k k
pc = z Wq'pr Zpuj + zwrspr-p»s
r=1 u=1 s=1
rel | s#j
k
+ Wiipi'p'i +Zwispi-p59
s=1
s#f
k k k
pc = 2 erpr- pij + zpuj + zwrspr-ps
r=1 u=1 s=1
r#i uzi s#jf

k K k k
TWi| Pyt Z Piw || Py z Py |+ z Wis| Py + z Diw |Ps
v=1 u=1 s=1 w=1

v#j

uzi 5#jf wj

k k k kK k. *
pC = zwﬁpr- pi}' +Zzwrjpr~pui +22Wrspr»pis
r=1 r=1 u=1 r=1 s=1

r#i rf u#i r#i s#j

k k k k
2
+Wifpfi+wii zpiv +z uj pij +Wijzpivzpuj
v=1 u=1 v=1 u=1

vef u#f vef ui

k k k
+ zwisps pij +2Wisp-szpiw’
s=1 s=1 w=1

s#] s#j w#j

P = (Wij)pizj

k k K k .
+ z WyPr. + W 2 Diy t Wy Z Dy +Z Wi D.s | Dy
r=1

v=1 u=1 s=1
T#1 vj u#i s#J

dk

k k k Kk b
zzwr;’prpui +22Wrspr‘p;s +
r=1 u=1 r=1 s=1
r#i u#i r#i s#j

ok &k Kk ,
zzwijpivpui +zzwispvspiw
v=1l u=1 5=1 w=1

| v#j uzi s2f wzf ]

P = (Wi;)PfZ,‘ +(by)py ¢y,

(16]
where .
k k k k .
b; = Z WP, tW; Zp_iv Wy zpuj + zwisp»s )
r=1 v=1l u=1 | §=1 [17]
r#i va#j u#i s#f
( kK Kk kK k T
Zzwdprpuj + ZZ Wrspzﬂpzs +
r=1 u=1 r=1 s=1 .
| r=ioui r# s#f
Cy =1 x & Kk _k [18]
2 2 Wi Piy Py + z Z WisDsDiw
v=1 u=1 5=1 w=1
| v u=i s#j w#f |

Finally, the partial derivative of p_ with respect to pyis
simply:

9P,
e (2w} p; +by. [19]

The partial derivative of k,, (Eq. 6) with respect to p;; is
determined with Egs. 15 and 19:

ok, -p)[Z-%]-(p, - p.)|- %]
;- (1-p,)? '

w (1-p)w; -2w;p,; —=b;)+(p, - p.)2w;p; +b;)

apii .— 1-p,)?

[20]

The b;; term in Egs. 17 and 20 can be simplified:

k k
b, = ZWq'Pr- +wy (P = py)+w; (p; — py)+ Zwisp~s’
r=1 . =1

r#i s#f

k k
bi;' = Zwri Pr.—2W;p; + zwisp-s .
r=1

5=1

Using the notation of Fleiss et al. (1969):



b;=w,-2w;p; +w,, {21]

where

S

k : k k
w; =ZW,-,~P,,- =Zwi/2prj’ [22]
j=1 j=1 r=1
k k k
w,; = ZW;,-P;. = 2 W Z Dis - (23]
i=1 i=1

§=1

Replacing b;; from Eq. 21 into the partial derivative of
k,, from Eq. 20: .

3kw - [1_pc)(w,~,- _Wj —W,-.)+(Pg _pc)(W.i +W,:)

apij 1-p.)
6’kw - (1 - PC)(W,-; +(P0 _1](W.]‘ + Wl)
ap;; - (1-p ) [24]

Equation 24 contains p, terms that are imbedded within
the w, and w ; terms (ﬁqs. 22 and 24). Any higher-order
partial derivatives should use Eq. 20 rather than Eq. 24.

First-Order Approximation of Var (£, )

The first-order variance approximation for x,, is de-
termined by combining Egs. 13 and 24:

Var (£,,)= .

& k[7, +7,) (P, 1]k & » W, +w,)(p, -1)

$3 " AB IS e [T
(1-p)* [25].

The multinomial distribution is typically used for

Ele e, ] in Eq. 25 (see also Eq. 104). However, other
types of covariance matrices are possible, such as the
covariance matrix for a stratified random sample (see
Egs. 124 and 125), the sample covariance matrix for a
simple random sample of cluster plots (see Eq. 105),
or the estimation error covariance matrix for multivari-
ate composite estimates with multiphase or multistage
samples of reference data (see Czaplewski 1992).

‘Afar0 (K,,) Assuming Chance Agreement

In many accuracy assessments, the null hypothesis
is that the agreement between two different protocols
is no greater than that expected by chance, which is
stated more formally as the hypothesis that the row and
column classifiers are independent. Under this hypoth-
esis, the probability of a unit being classified as type i
with the first protocol is independent of the classifica-
tion with the second protocol, and the following true
population parameters are expected (Fleiss et al. 1969):

Py =DPiPj- [26]

Substituting Eq. 26 into Eq. 4 and using the definition
of p, in Eq. 5, the hypothesized true value of p, under
this null hypothesis is:

k k
Po=2, > W;D;P; =D, [27]
i=1 j=1

Substituting Eqgs. 26 and 27 into Eq. 25, the approxi-
mate variance of K, expected under the null hypoth
esis is: :

Var,(#,) =
k _(W,'.'*'V—‘;.,'](l—ﬁc) L S _(1’7,.+V7,5)(1"ﬁc)
5?{ sw,(1-p,) }EAE"[EUEM]{ (1= p.) }
1-p)*
\A/aro[x;v)=
k k k k
ZZ[W,']'—W,'.-“—;,}')Z ZEO[SUSN](W”_W;\—WS) .
i=1j=1 r=1s=1
(1-p,.)? " [28]

The covariances E, [e;€,] in Eq. 28 need to be esti-
mated under the conditions of the null hypothesis,
namely that p; = p,p; (see Egs. 113, 114, and 117).

Unweighted Kappa (2)

The unweighted kappa (k) treats any lack of agree-
ment between classifications as having no value or
weight. K is used in remote sensing more often than
the weighted kappa (x,,). xis a special case of k,, (Fleiss
et al. 1969), in which w;,, = 1 and Wi = 0 for i # j. In this
case, K, is defined as in Eq. 6 (Fleiss et al. 1969) with
the following intermediate terms in Egs. 4, 5, 22, and

- 23 equal to: .
Bo= by [29]
I=1
k
P.=Y BB, [30]
i=1
w, = ﬁ-i [31]
W, =p,. (32]

Replacing Egs. 29, 30, 31, and 32 into Var(¢,) in Eq.
25, where w, = 0 if i # jand w;; = 1, the variance of the
unweighted kappa is: -

Var ()=
k k . N K k - A )
E’llg{l(p‘-*-p])(po‘l] z’la [g’lers](pr+ps)(po—1)
+§§w,—i (1-p,) +£ S A[gj},grslwrs (1-p,)

=1j=1 r




Var (£) =

(B, -DE £ (5. +p)) | (5, -0E S Ele,e,1(p, + )

r=1s=1
.k koA
+ (1-p)%1 + (1—pc)ZlE[6,-,~8,,]
=1 r=
j=i s=r

(1-p.)*

. k k k k A A a A oA
(p,-1)*X ¥ 3 S Elese, 1(p,; +p;)(p, +ps)

i=1j=1r=1s=1

~

k

Hp,~D(A-pIL L S Bl 1 (B, +B;)

i=1j=1r=1

+H1-p)(p, -3 S $ Bleye, 1, +B.)

Ai=1;=):s=k1 )
+(1-p,) "X T Elee,]
i=1r=1

(1-p)*

—
L

Var (£) =

[ PV g . . .
[1 pa] 222ZE[SJ/Srs](p1+p;](pr+ps)

=1j=1r=1s=1

-2 (1—}50)(1“13.:)21(: i fEA’[E,-iS,T][[AJ.,- +13,:)
i=1j=1r=1
+ (1_ﬁc)2§ iﬁ'[eiigii]

i=1j=1
(1-p.) (33]

Likewise, the variance of the unweighted kappa sta-
tistic under the null hypothesis of chance agreement is
a simplification of Eq. 28 or 33. Under this null hypoth-
esis, p; =p,p; and p, = p, (see Eq. 27):

r

Var () =

k k
Y a-p,-p)Y Elee 0=, - H,)
r=1

Var, (7 = 22 e . 134]

The covariances E, [¢;¢€, ] in Eq. 34 need to be estimated
under the conditions of the null hypothesis, namely that
P; =PiP; (see Egs. 113, 114, and 117).

Note that the variance estimators in Egs. 33 and 34
are approximations since they ignore higher-order terms
in the Taylor series expansion (see Egs. 10, 12, and 13).
In the special case of simple random sampling, Stehman
(1992) found that this approximation was satisfactory
except for sample sizes of 60 or fewer reference plots;
these results are based on Monte Carlo simulations with
- four hypothetical populations.

Matrix Formulation of ¥ Variance Approximations

The formulae above can be expressed in matrix alge-
bra, which facilitates numerical implementation with
matrix algebra software.

Let P represent the kxk matrix in which the ijth ele-
ment of P is the scalar p,. In remote sensing jargon, P is
the “error matrix” or “confusion matrix.” Note that k is

the number of categories in the classification system.
Let p, be the kx1 vector in which the ith element is the
scalar p, (Eq. 2), and p; be the kx1 vector in which the
ith element is. p; (Eq. 35. From Egs. 2 and 3: '

p; =P1, [35]
p-j = P’lv [36]

where 1 is the kx1 vector in which each element equals
1, and P' is the transpose of P. The expected matrix of
joint classification probabilities, analogous to P, under
the hypothesis of chance agreement between the two
classifiers is the kxk matrix P, where each element is
the product of its corresponding marginal:

P, =p.p;- [37]

Let W represent the kxk matrix in which the ijth ele-
ment is w. (i.e., the weight or “partial credit” for the
ij A e .
agreement when an object is classified as category i by
one classifier and category j by the other classifier). From
Egs. 4 and 5,

p, =1 (W®P)1, [38)

p, =1 (W®P,)1, (39]
where ® represents element-by-element multiplication
(i.e., the ijth element of A®B is ai.bi]., and matrices A
and B have the same dimensions). The weighted kappa
statistic (x,) equals Eq. 6 with p_ and p_ defined in Egs.
38 and 39.

The approximate variance of x, can be described in
matrix algebra by rewriting the kxk contingency table
as a k?x1 vector, as suggested by Christensen (1991).
First, rearrange the kxk matrix P into the following k2x}
vector denoted vecP; if p, is the kx1 colu vector in
which the ith element equals P then p=I[p, p2|L lpk],
and vecP =[p; p;|L lp}(]’. Let Cov(vecP) denote the
k?xk? covariance matrix for the estimate vecP of vecP,
such that the uvth element of Cov(vecP) equals E[(vecP,
-vecP,) (vecP, —vecP,)]and vecP, represents the uth
element of vecP. Define the kx1 intermediate vectors:

w,=Wp,, [40]

w, = w’ P [41]

and from Eq. 25 , the k?x1 vector:

w
d, =(1-p,)vecW-(1-p,)3| ,* |+vec

w.| w4

where vecW is the k*x1 vector version of the weighting

matrix W, which is analogous to vecP above. Examples
of w,, w;, and d, are given in tables 1and 2.



Table 1. — Example data' from Fleiss et al. (1969, p. 324) for weighted kappa (,, ), including vectors used in matrix algebra formulation.

Classifier A
Classifier B Statistic 1 2 3 P w,
=1 wy; 1 0 0.4444 0.60 0.6944
Py 0.53 0.05 0.02
PP, 0.39 0.15 0.06
W +W; 1.3389 1.0611 1.2611
=2 Wy ‘ 0 1 0.6667 0.30 0.3167
Ba; 0.11 0.14 0.05
PP 0.195 0.075 0.03
Wy +W, 0.9611 " 0.6833 0.8833
=3 Wy 0.4444 0.6667 1 0.10 0.5555
Psj 0.01 . 0.06 0.03
P3P, 0.065 0.025 0.01
Wy +W,; 1.1200 0.9222 1.1222
P, 0.65 0.25 0.10 1.00
w, 0.6444 0.3667 0.5667
Weighted « from Fleiss et al. (1969, p. 324)
k, =0.5071 Var(x,) = 0.003248 Var, (£,) = 0.004269
p, = 0.8478 p, = 0.6756
P
subscripts
! J vecP "~ vecW (W1.IW2- lL ’Wk-)’ VeC(W-;lW-a ]L ]WJ()' d,
1 1 1 0.53 . 1 0.6944 0.6444 0.1472
1 2 2 oM 0 0.3167 0.6444 - -0.2050
1 3 3 001 0.4444 0.5555 0.6444 -0.0637
2 1 4 005 -0 0.6944 0.3667 -0.2264
2 2 5 0.4 1 0.3167 0.3667 0.2870
2 3 6 0.06 0.6667 0.5555 0.3667 0.0918
3 1 7 0.2 0.4444 0.6944 0.5667 -0.0767
3 2 8 005 0.6667 0.3167 0.5667 0.1001
3 3 9 0.03 1 0.5555 0.5667 0.1934
Unweighted k from Fleiss et al. (1969, p. 326)
%, = 0.4286 - Var(%) = 0.002885 Var, (£) = 0.003082
P, = 0.7000 P, = 0.4750
subscripts
i i vecP vecW wi|w, [t [we) veo(w'|w, [t |w,) d,
1 1 i 0.53 . 1 0.65 0.60 0.150
1 2 2 0.1 0 0.25 : 0.60 . =0.255
1 3 3 0.0t 0 0.10 0.60 -0.210
2 1 4 005 0 0.65 0.30 -0.285
2 2 5 014 1 0.25 0.30 0.360
2 3 6  0.06 0 0.10 0.30 -0.120
3 1 7 002 0 0.65 0.10 -0.225
3 2 8 0.5 0 0.25 © 010 -0.105
3 3 9 003 1 0.10 0.10 0.465

! The covariance matrix for the estimated joint probabilities ([7,»,-) is estimated assuming the multinomial distribution (see Eqgs. 46, 47, 128, 130, 131,
and 132. -



Table 2. — Example data' from Bishop et al. (1975, p. 397) for unweighted kappa ( £ ), including vectors used in matrix formulation.

Example contingency table
Bishop et al. (1975, p. 397)

/3,'1 =P
i =1 =2 =3 5
1 0.2361 0.0556 0.1111 0.4028 n=72
2 0.0694 0.1667 0 0.2361 ¥ =0.3623
3 0.1389 0.0417 0.1806 0.3611 Var(r&) = 0.007003
Var () = 0.008235*
P 0.4444 0.2639 0.2917
Vectors used in matrix computations for Var() and Var, (£)
ij vecP vecP, vecW (w,_|w2,|L |w,.y vec (w; Wé.lL [wiy
11 0.2361 0.1790 1 0.4444 0.4028
21 0.0694 0.1049 0 0.2639 0.4028
31 0.1389 0.1605 0 0.2917 0.4028
12 0.0556 0.1063 0 0.4444 0.2361
22 0.1667 0.0623 1 0.2639 0.2361
32 0.0417 0.0953 0 0.2917 0.2361
13 0.1111 0.1175 0 0.4444 0.3611
23 0.0000 0.0689 0 0.2639 0.3611
33 0.1806 0.1053 1 0.2917 0.3611
Covariance matrix for ,o-p assuming multinomial distribution. See 6ov(ved§) in Eq. 128.

=1 =2 =3 =1 =2 =3 =1 =2 =3
ij =1 j=1 =1 j=2 =2 j=2 j=3 =3 =3
11 0.0025 —0.0002 —-0.0005 -0.0002 -0.0005 -0.0001 -0.0004 0 -0.0006
21 -0.0002 0.0009 -0.0001 —-0.0001 -0.0002 -0.0000 -0.0001 0 -0.0002
31 -0.0005 —-0.0001 0.0017 -0.0001 -~0.0003 ~0.0001 -0.0002 0 -0.0003
12 -0.0002 -0.0001 -0.0001 0.0007 -0.0001 -0.0000 -0.0001 0 —-0.0001
22 -0.0005 -0.0002 -0.0003 -0.0001 0.0019 -0.0001 -0.0003 0 -0.0004
32 -0.0001 —0.0000 ~0.0001 -0.0000 ~0.0001 0.0006 ~0.0001 0 -0.0001
13 —0.0004 -0.0001 -0.0002 —-0.0001 -0.0003 ~0.0001 0.0014 0- -0.0003
23 0 0 0 0 0 0 0 0 0
33 —0.0006 —0.0002 -0.0003 -0.0001 -0.0004 -0.0001 -0.0003 0 0.0021

Covariance matrix for ygcp under null hypothesis of independence between the row and column classifiers

and the muitinomial distribution. See Cov, (vecP) in Eqs. 130, 131 and 132.

=1 =2 =3 =1 =2 =3 i=1 =2 =3
ij =1 =1 =1 =2 =2 =2 /=3 =3 j=3
11 0.0020 ~0.0003 -0.0004 —0.0003 .~0.0002 -0.0002 -0.0003 ~0.0002 —-0.0003
21 —-0.0003 0.0013 -0.0002 -0.0002 ~0.0001 -0.0001 -0.0002 -0.0001 -0.0002
31 —0.0004 -0.0002 0.0019 -0.0002 -0.0001 -0.0002 -0.0003 -0.0002 -0.0002
12 -0.0003 -0.0002 —-0.0002 0.0013 -0.0001 -0.0001 -0.0002 -0.0001 -0.0002
22 -0.0002 -0.0001 -0.0001 ~0.0001 0.0008 -0.0001 -0.0001 -0.0001 -0.0001
32 -0.0002 -0.0001 —-0.0002 -0.0001 -0.0001 0.0012 -0.0002 -0.0001 -0.0001
13 —-0.0003 -0.0002 -0.0003 -0.0002 —0.0001 -0.0002 0.0014 -0.0001 -0.0002
23 -0.0002 —0.0001 -0.0002 -0.0001 -0.0001 -0.0001 -0.0001 0.0009 —-0.0001
33 -0.0003 -0.0002 -0.0002 —0.0002 -0.0001 -0.0001 -0.0002 ~0.0001 0.0013

' The covariance matrix for the estimated joint probabilities (ﬁi,-) is estimated assuming the multinomial distribution (see Eqs. 46, 47, 128, 130, 131,

and 132).

7

2 Var ()= 0.0101 in Bishop et al. (1975} is a computational error. The correct Var(r%) is 0.008235 (Hudson and Ramm 1987).



The approximate variance of k,, expressed in matrix
algebra is:

Var(%,)=Id,Cov(vecP) d,1/(1-p,)*.  [43]

See Egs. 104 and 105 for examples of Cov(vecP). The
varjance estimator in Eq. 43 is equivalent to the estima-
tor in Eq. 25. Tables 1 and 2 provide examples.

The structure of Eq. 43 reflects its origin as a linear
approximation, in which £, = (vecP)d, . This suggests
different and more accurate variance approximations
using higher-order terms in the multivariate Taylor series
approximation for the d, vector, and these types of ap-
proximations will be expf

The variance of &, under the null hypothesis of
chance agreement, i.e., Var, (¢, ) in Eq. 28, is expressed
by replacing p_ with p_in Eq. 42:

w, w/,
W, w/,
d,, =(1-p. ) vecW - omved e (ag]
‘ :
’

Var, (£, )=(d}_, Cov, (vecP)d,_,1/(1~p,)*. [45]

Tables 1 and 2 provide examples of d,_; and Var, (£,)
for the multinomial distribution. The covariance ma-
trix Cov, (vecP) in Eq. 45 must be estimated under the
conditions of the null hypothesis, namely that
Elp;l=p,p; (see Egs. 113, 114, and 117).

The estimated variances for the unweighted « statis-
tics, e.g., Var(x) in Eq. 33 and Var, (£) in Eq. 34, can be
computed with matrix Egs. 43 and 45 using W =1 in
Egs. 37, 38, 40, and 41, where I is the kxk identity ma-
trix. Tables 1 and 2 provide examples.

Verification with Multinomial Distribution

The variance approximation Var(£,) in Eq. 25 has
been derived by Everitt (1968) and Fleiss et al. (1969)
for the special case of simple random sampling, in which
each sample unit is independently classified into one
and only one mutually exclusive category using each
of two classifiers. In the case of simple random sam-
pling, the multinomial or multivariate hypergeometric
distributions provide the covariance matrix for E [&;€]

n§;rs

in Eq. 25. The purpose of this section is to verify that

Eq. 25 includes the results of Fleiss et al. (1969} in the -

special case of the multinomial distribution.
The covariance matrix for the multinomial distribu-
tion is given by Ratnaparkhi (1985) as follows:

a .. A p,; (1~ p;;)
Cov(p,p,)= Var(p,) = Ele}] - E*le, 1= Lo
[46]

Cov(ﬁfiﬁmllml:liﬂ )= El€;€ rsjain] — Ele;1E EAT—"

__Pubs
n [47]

ored by the author in the future. -

Equation 104 expresses these covariances in matrix
form. :

Replacing Eqs. 46 and 47 into the Var(£, ) from Egs.
13 and 24:

2

k k 2 o
. ok (1= P
)= S5 G| | BT

=p. {r=1 s=1
P Lirstetip) &

Farf 2 RS ok, zﬁi' B ok, " 5
weo- 35, [ 2-33]is) T4]

b): [(%f")lp ]ii[(%‘),”]ﬂ-

9

The following term in Var(£,) from Eq. 48 can be
simplified using the definition of p_ in Eq. 4, and the
definition of p; and p; in Egs. 2 and 3:

i=1 j=1 p‘l

- k ‘k N
_ B -1 A7 2 = A P, [491
‘[‘;:r“[z ,..+Zw.,-p.,-]+1, '

S| [ 9k .
ZZ (a_w"J Pj
'Pll'-'ﬁii

k k
Z —-;.ﬁi. = 2(2 Wijﬁ-j]ﬁi = f’c R [50]



K K [ k
ZWIP ]_Z[EWJI}A)I'-JIAJJ =D+ (51]

j=1 1\ i=1

Using the definition of p_in Egs. 50 and 51, Eq 49 sim-
plifies to:

- ﬁoﬁc .—zpc +f)o
[1_130] : [52]

Likewise, the following term in \7ar(

x,) from Eq. 48 is
derived directly from Eq. 24:

- 22 ~ [T’VU (1 pc [Wi;-'- Z_V_l)(l - ﬁa )]2 . [53]
(1_pc)

i=1 j=1

Substituting Eqs. 52 and 53 back into Eq. 48:

k k
Var(g, )— QZZPU[WU (1-p.)
=1 j=1
—(@,+w,)1-p )]2———1—¥~(ﬁ P. —2P. +P,)’
i -J o n(l_ﬁcyl ol’c ¢ o
[54]

which agrees with the results of Fleiss et al. (1969). This
partially validates the more general variance approxi-
mation Var(:c ) in Eq. 24.

Likewise, Var, (£, ) in Eq. 28 can be shown to be equal
to the results of Fleiss et al. (1969, Eq. 9) for the multi-
nomial distribution using Egs. 1 and 50 and the follow-
ing identity:

kK K Kk
22 DiD; 2 iﬁnzAﬁj:Ac- [55]

i=j j=1 i=1 j=1

In the special case of the multinomial distribution,
Var (<) in Eq. 33 agrees with Fleiss et al. (1969, Eq. 13),
where Egs. 29 and 30 and the following three identities
are used in Eq. 33:

"G)

>335 b

i=1 j=1 r=1 s=1

i+ P)b, + D) =4p;

ii

i=1 j=1

k

a- i)o )? Z Pi(p; +p.)V

i=1

k
-2(1-p,)a-p, )z Pi(p; +p;)
i=1

(1-p,) :
_ in“ -(1-p,)(p; +p;)
i=1 p“ —pa (1_pc)2

Examples given by Fleiss et al. (1969) and Bishop et
al. (1975) were used to further validate the variance
approximations, although this validation is limited by
its empirical nature and use of the multinomial distri-
bution. Results are in tables 1 and 2. A

In a similar empirical evaluation, Eq. 43 for the
unweighted kappa (x,, W =1I) agrees with the unpub-
lished results of Stephen Stehman (personal communi-
cation) for stratified sampling in the 3x3 case when used
with the covariance matrix in Eqs. 124 and 133 (after
transpositions to change stratification to the column
classifier as in Eq. 123 and using the finite population
correction factor).

CONDITIONAL KAPPA (x;) FOR ROW i

Light (1971) considers the partition of the overall co-
efficient of agreement (x) into a set of k partial « statis-
tics, each of which quantitatively describes the agree-
ment for one category in the classification system. For
example, assume that the rows of the contingency table
represent the true reference classification. The “conditional
kappa” (x;) is a coefficient of agreement given that the
row classification is category i (Bishop et al. 1975, p. 397):

. = PiZPiPi
Yopi-pipi [561

The Taylor series approximation of Eq. 56 is made

using Eq. 10:
K. =K +&; ('gk—'J
Pii lPi,':f’i,'

‘e [ k,n ) + g g _Ii—

"\ 9p, [pi=ps i lpy=py
+£ = TmeE o

i W =Py “Lopw lPi=bi
+E k,‘, + e+ £ ——k,——.

1j ap” - (i-1)j ap(j—l)i =By

+E k + e € _]('L—
(i+1)] 3P(,+1), - ki apki lpi=bs [57]



pj; is factored out of Eq. 56 to compute the partial de-
rivatives in Eq. 57. First, define

x
a, = Zpij =Pi ~ Piw
=1

(58]
J#u
k

= Py =D~ Pu- (59]
j=1
jru

Substituting Eqs. 58 and 59 into Eq. 56, k; can be re-
written as a function of p; and differentiated for the
first term of the Taylor series approximation in Eq. 57:

Pi —(ay; + pi)(ay; + py)
(@;; + p;) = (ay; + pi)lay; + p;).

(-a idi xyz)+(1—a.i|i _ai{i)pii -pi

- (@ ~ayay)+—-ay —ay)p; — p§’
[60]
(i = p;p. )[(1 — ;= ay) =2 p,-j]
ok, ~(ps — pip; )[[1 =y —ay) - 2P,~,-]
9p; B (p;. - pips )V
_p;-p;)2-p, -p,)
(P~ p;psY [61]

Slmﬂarly, k; can be rewritten as functions of p;; oI p;;,
i#J, then differentiated for the other terms in the Tay-
lor series approximation in Eq. 57:

(01]] +p);)p1

(a i +P1,) (@ + py)ps , (621
|: (p; — p.p)l=p,] :l
ak,'. = *(pn Pip; )[ — P ] - —Pii (1—P,i] [63]
ap,'i, (p: = p.p.)* pi-pipil
o Pii — Pi. (a-i|j +pj)
" Pi.— D (a»i|j + Pj,-) ’ [64]
[ i — Pi.p)=p;l }
ok, - =(pi — p.p;[-p;] _ ~(p;. = Py) b _ [65]
apfg, (p; - p.p; ) (p. - p.p )
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Replacing the partial derivatives in Egs. 61, 63, and
65 which are evaluated at p; = }5,.,-, into the Taylor se- -
ries approximation in Eq. 57:

- i’;l
[131‘- - f)i-ﬁi Jz

(x, —K.)=¢€, [IA); - ﬁii)(l-— ﬁb

I 1 b

p;:(1-p,) p,,)p,
- i ~ ~ E;
(p; — p,plzz’ -pip Jz;’
1:1 J=i [66]
(Kj. - 72;)2 =
(f)i- _ i)ii)z [1 — 131'. - 13-1)2 £2
[f)ﬁ - ﬁijii )4 !
i 1
p p 28112815
}ﬂ zatx
[131'- —ﬁii)zﬁﬁ S 3
t— =~ 2.€i ) &
(p. - p.p,;) ; ! ;
)%I §#1
(B~ Pu)A-D, - PP (1-p) | < $
—_ 1 11 — l'h ~ -1 " 1 -1 8“ zs + zgls
(p:. - p:.p.) j= s=1
):1 s#i
A _Ah - 2R k k
Bl e -1 (5l T8 TP Zfﬂ +Ye,
(p;. - p:P.s) i= 5=1
) ]#1 s#1
p,, (1-p)(p; —Ps)P
81 ESI
(B ~p:.p;)* 2 ’;
1:1 s#i
p,, (1= p,)(P;. = Pi) Pi
EI 813
(B - pips)* Z ! z:‘

1:: s#i

[67]

[67] continued on next page



[67] continued

ko 2 — “' - . 2 A
pji) (1. P1.4 p.) Ele?]
(pi. = pipJ)

{,ar(’ez) = E[(K} - 72,..)2] = (ﬁ,‘

pll
pi-p,)

EZE s,,e,s]

j=1 s=1
/aex s#i

+(pl p]l
pi(1-p;)

7 iZE[eues,

/—1 s=1
jel sl

(ﬁxt - 161’:')(1 — [’:’f- -
-2 e
p:(1-p;)

A yA ok
D) Dy ZE[Sﬁei;‘]
=1

J#i

_,0=p -pp; ~ ~Pi)
4 ZE I 11
pi-p;)
1;:1

p,(p - Pi) =
’ I E l Sl

pii-p,) 4 ZZ ’

1:1 sz:l

The validity of the approximation in Eq. 67 was par-
tially checked using the example provided by Bishop
et al. (1975, p. 398); the results are in table 3.F or ex-
ample, K, is 0.2941 in table 3, which agrees with &, in
Bishop et al. The 95% confidence interval is 0.2941+
(1.96 x +/0.0122 } in table 3, which agrees with the inter-
val [0.078, 0.510] in Blshop etal.

The variance under the null hypothesis of independence
between the row and column classifiers, Var, (x,), as-
sumes that p; = p;p,. To compute Var, (k;), substitute
P; = p.p; into Eq. 67, and use the variance under the
assumption Elp.]= p.p; (see Egs. 113, 114, and 117).
An example of Var, (x;) is given in table 3.

Conditional Kappa (x ;) for Column i

The kappa conditioned on the ith column rather than -

the ith row (Eq. 56) is defined as:

i =DiPi
p - PiPs

K;= [68]

The Taylor series approximation of Eq. 68 is derived
similar to Eq. 66:

11

"(‘.) =g, (px

i i if

— i)ii)(l - ﬁi- ‘f’-i]

(x. =
(p;-pipi)

(69]
- [i’-i - 13,'1‘)13.; zk:g.. _ f’ii (1- 13;'.)
([Ali _13.'-134)2 j=1 Y (A p;.D

Ji

K
E;
Pi = Dp.ps) ; !

J#i

Equation 69 is used to derive Var(£,) similar to Eqg. 67:

(B, = P (=B, - b, Ble?]

Var(.)= E[(x.
et = Bl (B; - p.p;)*

_’2-.,')2]"

b= py)’
Thta-p )“ZZE &€l

j=1 s=1
J#i s#i

pll
pil-p;

B3 S e,

j=1 s=1
]ael s#i

_ztl—p, PP~

Pi)
ol b

]#I

(P, = Py)A =P, = P;) Py
_2 1 11 I H E[Eusj]
p;a-p.y ,z !

]‘I

p., (P = Py)
SRR St E EE[E, £4l.
(1 pl )3 j=1 s=1 ’
]ﬂ s#i [70]

The variance under the null hypothesis of indepen-
dence between the row and column classifiers,
Var, (k,;), assumes that p,=p,p;,. To compute
Var, (x,), substitute p; = p, p; into Eq. 70, and use the
variance under the assumption E[p;]=p;p; (see Egs.
113, 114, and 117). The vahdlty of tl?ns approximation
was partially checked by using p’ in the example pro-
vided by Bishop et al. (1975); the results are in table 4.

Matrix Formulation of Var(x,) and Var ()

The formulae above can be expressed in matrix alge-
bra, which facilitates numerical implementation with
matrix algebra software. The p, and p, terms that de-
fine «; in Eq. 56 are computed with Egs. 2 and 3 or
matrix Egs. 35 and 36. The linear approximation of



Var(x,) in Eq. 67 uses the following terms. First, de-
fine the diagonal kxk matrix H, using the definitions
of p, and p, in Egs. 2 and 3, in which all elements
equal zero except for the diagonal:’ '

—f’ii
H )y ="
(H;); -5 [71]

which corresponds to the second term in Eq. 66. An
example of H; is given in table 3. Define the kxk ma-

trix M, , in which all elements equal zero except for

the ith column:

(Mi.)j_ — :ﬂ:_&f_z,] 5]'511,

' bl1-p)
which corresponds to the third term in Eq. 66. An ex-
ample of M; is given in table 3. Define the kxk matrix

G, , in which all elements are zero except for the iith
element:

[72]

1

[Gj,),'j )

p.a-p;) [73]
which corresponds to the first term in Eq. 66 plus
abs(H,); in Eq. 71 plus abs(M,), in Eq. 72. An example
of G, is given in table 3. :

Table 3. — Example data! from Bishop et al. (1975) for conditional kappa (&,), conditioned on the row classifier (i),
including vectors used in matrix formulation. Contingency table is given in table 2.

Vectors used in matrix computations

G, (Eq. 73) H, (Eq.71) M, (Eq.72)
=1 =2 j=3 =1 =2 j=3 =1 =2 =3
4.4690 0 0 -2.6197 0 0 -1.3407 0 0
0 0 0 0 ~4.0614 0 - ~1.3407 0 0
0 0 0 0 0 _ -1.9548 -1.3407 0 0
0 0 0 -2.6197 0 0 0 -0.5428 0
0 5.7536 0 0 -4.0614 0 0 -0.5428 0
0 -0 0 0 0 —-1.9548 0 -0.5428 0
0 0 0 -2.6197 0 0 0 0 -0.9965
0 0 0 0 B -4.0614 0 0 0 -0.9965
0 0 3.9095 0 0 -1.9548 Q 0 -0.9965
Vectors used in matrix computations, null hypothesis K, =0
G; (Eq.73) H, (Eq.71, 5, =p,p,) M. (Eq. 72, p,=p,p,)
1 =2 j=3 IS =2 =3 = =2 73
4.4690 0 0 -1.9862 0 0 ~1.8000 o] 0
0 0 0 0 -1.5183 0 -1.8000 0 0
0 0 0 0 0 -1.1403 -1.8000 0 0
0 0 0 —-1.9862 0 0 0 -1.3585 0
0 5.7536 0 0 -1.5183 0 0 -1.3585 0
0 0 0 0 0 —1.1403 0 -1.3585 0
0 0 0 -1.9862 0 0 0 4] -1.4118
0 Q 0 0 -1.5183 0 0 0 -1.4118
0 0 3.9095 0 0 —1.1403 0 0 -1.4118
Resuiting statistics
Cov(k;.) Cov(x|.)
i : ;. j=1 j=2 =3 =1 j=2 =3
1 0.2551- 0.0170 0.0052 0.0067 0.0165 0.0040 0.0046
2 0.6004 0.0052 0.0191 0.0000 0.0040 0.0161 0.0021
3 0.2941 0.0067 0.0000 0.0122 0.0046 0.0021 0.0101

' The covariance matrix for the estimated joint probabilities ( ;3,, ) is estimated assuming the multinomial distribution (see Eqs. 46, 47, 128, 130, 131,

and 132).
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The linear approximation of x; equals (vecP)d, ,
where the k*xk matrix d, equals:

G, H, | |M,
G, | (H, | [M,

An example of d, is given in table 3. The kxk covari-
ance matrix for the kx1 vector of conditional kappa sta-
tistics kK, equals:

Cov (k)= d;qéov (vecP) d, . [75]

See Egs. 104 and 105 for examples of Cov (VecP] An
example of Cov [K‘A) is given in table 3. The estimated
variance for each «; equals the correspondmg diagonal
element of Cov (x; ] in Eq. 75. As in the case of £, bet-
ter approximations of d,, in x; = (vecP)d, mlght lead
to better approximations of Cov (x:).

To compute the covariance matrix under the null
hypothesis of independence between the row and col-
umn classifiers, Cov, (k;), substitute p, = p, p,in Egs.
71, 72, 74 and 75; and use the variance under the as-

Table 4. — Example data' from Bishop et al. (1975) for conditional kappa (R; ), conditioned on the column classifier,

including vectors used in matrix formulation. Contingency table is given in table .

Vectors used in matrix computations

G, (Eq. 78) H; (Eq. 76) M, (Eq.77)
=1 =2 =3 =1 =2 =3 =1 =2 =3
3.7674 0 0 -1.3142 0 0 -2.0015 0 0
o 0 0 0 -0.6314 0 —2.0015 0 0
0 0 0 0 0 -0.9333 -2.0015 0 0
0 0 0 -1.3142 0 0 0 -3.1331 0
0 4.9608 0 0 -0.6314 0 0 -3.1331 0
0 0 0 0 0 -0.9333 0 -3.1331 0
0 0 0 -1.3142 0 0 0 -0 -3.3221
0 0 o - -0 -0.6314 0 0 0 -3.3221
0 0 5.3665 0 0 —-0.9333 0 0 -3.3221

Vectors used in matrix computations, null hypothesis k ;=0

G, (Eq.73) H; (Eq. 71, ﬁii = blﬁl) M. (Eq.72, ﬁii = ﬁ,i’l) ‘
=1 j=2 =3 =1 j=2 =3 =1 =2 © 3
3.7674 0 0 -1.6744 0 0 -1.5174 0 0
0 0 0 0 -1.3091 0 -1.5174 0 0
0 0 0 0 0 -1.5652 -1.5174 0 0
0 0 . 0 -1.6744 0 0 0 -1.1713 0
0 4.9608 0 0 -1.3091 0 0 -1.1713 0
0 0 0 0 0 -1.5652 0 -1.1713 0
0 0 0 -1.6744 0 0 0 0 -1.9379
0 o] 0 0 -1.3091 0 0 0 -1.9379
0 0 5.3665 0 0 -1.5652 0 0 -1.9379

Resulting statistics
Cov (k) Cov, (k;)

i £; =1 =2 j=3 =1 j=2 j=3
1 0.2151 0.0124 0.0033 0.0079 0.0117 0.0029 0.0053
2 0.5177 0.0033 0.0166 0.0010 0.0029 0.0120 0.0024
3 0.4037 0.0079 0.0010 0.0207 0.0053 0.0024 0.0191

' The covariance matrix for the estimated joint probabilities ( p,, ) is estimated assuming the multinomial distribution (see Egs. 46, 47, 128, 130, 131,

and 132).
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sumption E[p,.,.] =Ppip,; (see Egs. 113, 114, and 117). An
example of Cov,, (k) is given in table 3.

The linear approximation of Var(x,) in Eq. 70, which
is used to estimate the precision of the kappa condi-
tioned on the column classifier (x,), can also be ex-

pressed in matrix algebra. As in Eq. 71, define the di-

agonal kxk matrix H,, in which all elements equal zero

except for the diagonal:

(ﬁi - ﬁii)

. o LN [76]
pA,' (1 - p,'.)z

(H,); =~

which corresponds to the second term in Eq. 70. An
example of H, is given in table 4. As in Eq. 72, define
the kxk matrix M, in which all elements equal zero
except for the ith column:

N
Pii

T S

<j<n, [77]

which corresponds to the third term in Eq. 70. An ex-
ample of M is given in table 4. As in Eq. 73, define the
kxk matrix G, in which all elements are zero except
for the iith element: -

1

G,y =5
©.) p.(1-p;)

PESE

(78]

which corresponds to the first term in Eq. 70 plus
abs(H ), in Eq. 76 plus abs(M,); in Eq. 77. An example
of G, is given in table 4. .

The linear approximation of «; equals (vecP)d, ,
where the k?xk matrix d,, equals:

Gl H~1’ M1
G H.| M

d, = :-2 o |+ :-2. [79]
G,| |H;| M,

An example of d, = is given in table 4. The kxk covari-
ance matrix for the kx1 vector of conditional kappa sta-
tistics k; equals:
Cov(k,)= d, (Cov (VecP)) d, . [80]
See Egs. 104 and 105 for examples of Cov(vecP). An
example of Cov(x,) is given in table 4. The estimated
variance for each «; equals the corresponding diagonal
element of Cov(x,) in Eq. 80. To compute the covari-
ance matrix under the null hypothesis of independence
between the row and column classifiers, Cov, (x ), sub-
_stitute p, =p,p, into Egs. 76, 77, 78, 79, and 80; and
use the variance under the assumption Elp;l=p;p,
(see Egs. 113, 114, and 117). An example of (fovo(x,ij
is given in table 4.
The off-diagonal elements of Cov(x;) and Cov (k)
can be used to estimate precision of differences between

14

partial kappa statistics from the same error matrix (P).
The variance of this difference is used to test the hy-
pothesis that the difference between x, and «, is zero,
i.e., the conditional kappas are the same, and hence,
the accuracy in classifying objects into categories i=1
and j=2 is the same. Table 3 provides an example. The
difference between x, and x, is (0.2551-0.6004) =
—0.3453; the variance of this estimated difference is
0.0170+0.0191+(2x0.0052) = 0.0465; the standard devia-
tion is 0.2156; and the 95% confidence interval is
—-0.3453 £ (1.96x0.2156) = [~0.7679,0.0773]. Since this
interval contains zero, we fail to reject (at the 95% level)
the null hypothesis that the two classifiers have the same
agreement when the row classification is category i=1
or i=2. This test might have limited power to detect true
differences in accuracy for specific categories.

CONDITIONAL PROBABILITIES

Fleiss (1981, p. 214) gives an example of assessing
classification accuracy for individual categories with
conditional probabilities. An example of a conditional
probability is the probability of correctly classifying a
member of the population (e.g., a pixel) as forest given
that the pixel is classified as forest with remote sens-
ing. Let p;; represent the conditional probability that
the row ciassification is category i given that the col-
umn classification is category j; in this case:

P
Pupn= —=.

P, [81]

The variance for an estimate of p(,, can be approxi-
mated with the Taylor series expansion as in Eq. 57.
First, p . is factored out of Eq. 81 using Eq. 59 so that the
partial derivatives can be computed:

Piln= g oo {82}

-l

The partial derivative of Eq. 82 with respect to pyis:

[(9P(,-|-;‘) ) _
31717- |Py=by

9Pt ) - P, __ P
0 N

The Taylor series approximation of Var ( Pt ) is made
similar to Eq. 57 for Var(x;,):

S 3P(;(.,')] [f); ~ Py : -Dy
e, ~Ye |l —= =g, | L+ Y e | L
= 2 ( P Jpesy L B 2 B

[84]

ﬁj _ﬁii _ 13»,' —ﬁij

= = r=i,
(Q,'[i + Py ) p~2j .

(83]

r=1
rei



- ~ A R R A
2 P, = Pj Py P;— Py Pj
Pup 132’ ij _'ITé;Eﬂ —Lg_LEij _ﬁ_z‘szﬂgsi
‘A,al'[f)j“): '
2
(*p"]_E[ 2] 2 ll)pll ZE EIIEU]

gl r=1
r#i

LSS Blese,l

[ r=1 s=1
r#i s#i

[85]

Conditional probabilities that are conditioned on the
row classification, rather than the column classification,
are also useful. Let p;, represent the conditional prob-
ability that the column classification is category igiven
that the row classification is category j; in this case:

Dji
Dijjy=——
li p;
The variance for an estimate of Pyyj can be approximated
with the Taylor series expansion as in Egs. 82 to 85:

[86]

Var(f)ili)=
(P, p/;) E[ 2] P;; p}l EE[SI,EF

I r=1

pl’ ZZE[SF ]s

I r=1 s=1
r#i s#i

(87]

Of special interest is the case in which i = j, i.e., the
conditional probabilities on the diagonal of the error
matrix (P). In this case,

Var (IAJ,‘] =
pH]pu ZE[GH

I' ?l

(p, - p,,) Ele?]- 2
Pi

-1

p,, ZZE le, €],

l r=1 s=1
I’$l S#I
{,ar(ﬁili-)=
By = Pyl preay _pBe=PulBy p,,)p,, 2 Ble,e,]
P,,
I‘#l
p” EZE[EH' IS
P ot [89]

[88] |
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Matrix Formulation for Var py;) and Var (Pis)

Equation 88 can be expressed in matrix algebra as
follows. First, define the kxk matrix H, ,, in which all
elements equal zero except for the ith coiumn

_Digcrsk.
-

(Hp(-n) = [90]

Equation 90 corresponds to the second term in Eq. 84,
and an example is given in table 5. Define the kxk ma-
trix G, , in which all elements are zero except for the
iith element:

1
(G i ]u =7z
p(i) p

-

(91]

Equation 91 corresponds to the first term in Eq. 84, and
an example is given in table 5. The linear approxima-
tion of p;, equals (vecP)D ., , where p, is the kx1
vector of diagonal condition 1l probab111t1es with its ith
element equal to p(;;. The k’xk matrix D, equals:

GP(‘l) Hp (1)
G H
_ p(2) p(2)
D(i]-i) - E + s [gz]
Gp(~k) . Hp(-k)

An example of Dy, (Eq. 92) is given in table 5. The kxk
covariance matrix for the kx1 vector of estimated con-
ditional probabilities p,; on the diagonal of the error
matrix (conditioned on the column classification)
equals:

Cov(py;)) =Dy, Cov(vecP) Dy . [93]
See Egs. 104 and 105 for examples of Cov(vecP). An
example of Eq. 93 is given in table 5.

The variance of the estimated conditional probabili-
ties that are conditioned on the column classifications
(p Py in Eq. 89) can similarly be expressed in matrix
form. First, define the kxk diagonal matrix H_,, in
which all elements equal zero except for the diagonal
elements (i1):

Bi j<ick.
:

(Hp(i;))il' == [94]

An example is given in table 5. Define the kxk matrix
G,,, in which all elements are zero except for the iith

element:
1

Cowhi =5

(95]

An example is given in table 5. The linear approxima-
tion of py;, equals (vecP)Dy;,, where p;, is the kx1
vector of dlagonal probabilities conditioned on the row
classification. The k?xk matrix D ;) equals:



Goay | |Hpuw
G H
(2) (2-)
Dyyy=| 5 |+ 0 |
‘ v [96]
Gp(k-) Hp(k-)

An example is given in table 5. The kxk covariance
matrix for the kx1 vector of estimated conditional prob-
abilities (p(y;,) on the diagonal of the error matrix (con-
ditioned on the row classification) equals:

Cov (py;y) = Diyy (éov(vecf’)) Dy [97]

See Egs. 104 and 105 for examples of éov(vecf’). An
example of Eq. 97 is given in table 5.

Test for Conditional Probabilities
Greater Than Chance

It is possible to test whether an observed conditional

probability is greater than that expected by chance. In

Table 5. — Examples of conditional probabilities’ and intermediate matrices using contingency table in table 2.

Conditional probabilities, conditioned on columns (p(i,.,—))

diag[Cov(R;/.j))] Approximate 95%
i p, P Py (Eq. 93$ confidence bounds
1 0.2361 0.4444 0.5313 0.0078 {0.3583, 0.7042]
2 0.1667 0.2639 0.6316 0.0122 [0.4147, 0.8485]
3 0.1806 0.2917 0.6190 0.0112 [0.4113, 0.8268]

Gp(~i) (Eq. 91) Hp(-i) (Eq. 90) D(,'/,,') (Eq. 92)

1 =2 =3 = =2 =3 =1 =2 =3
2.2500 0 0] -1.1953 0 0 1.0547 0 0
0 0 0 -1.1953 0 0 -1.1953 0 0
0 0 0 -1.1953 0 .0 -1.1953 0 0
0 0 0 0 . -2.3934 - 0 0 -2.3934 0
0 3.7895 0 0 -2.3934 0 0 1.3961 0
0 _O 0 0 -2.3934 0 0 -2.3934 0]
0 0 0 0 0 -2.1224 0 0 -2.1224
0 0 0 0 0 -2.1224 ‘0 0 -2.1224
0 0 3.4286 0 0 -2.1224 0 0 1.3062

Conditional probabilities, conditioned on rows ( p(,-|,~.))

diag[Cov (py;,)]
q. 97)

Approximate 95%

i Py p; Pyiiy (E confidence bounds

1 0.2361 0.4028 0.5862 0.0084 [0.4070, 0.7655]

2 0.1667 0.2361 0.7059 0.0122 [0.4893, 0.9225]

3 0.1806 0.3611 0.5000 0.0096 [0.3078, 0.6922]
Gp(i) (Eq. 95) Hp(i) (Eq. 94) Dyiiy (Eq. 96)

E =2 =3 . =2 /=3 = 2 =3

2.4828 0 0 -1.4554 0 0 1.0273 0 0

0 0 0 0 —-2.9896 0 0 ~2.9896 0

0 0 0 0 0 -1.3846 -0 0 -1.3846

0 0 0 —1.4554 0 0 ~1.4554 0 0

0 4.2353 0 0 —2.9896 0 0 1.2457 ]

0 0 0 0 0 -1.3846 0 0 -1.3846

0 o 0 -1.4554 0 0 —-1.4554 0 0

0 0 0 0 —-2.9896 0 0 -2.9896 0 )

0 0 2.7692 0 0 -1.3846 0 0 1.3846

"The covariance matrix for the estimated joint probabilities ( ,5,,— ) is estimated assuming the multinomial distribution (see Eqs. 46, 47, 128, 130, 131,

and 132).
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most cases, practical interest is confined to the condi-
tional probabilities on the diagonal ( 4, or py;,). This
is closely related to the hypothesis that the conditional
kappa (x; or ;) is no greater than that expected by chance
(see Var, () and Var, (<) following Egs. 67 and 70).

The proposed test is based on the null hypothesis that

the difference between an observed conditional prob-
ability and its corresponding conditional probability
expected under independence between the row and
column classifiers is not greater than zero. First, con-
sider the conditional probability on the diagonal of the
ith row that is expected if classifiers are independent:

Dip,;
) 2¥
p; in Eq. 98 is defined in Eq. 2, but the Taylor series

approximation of p; can be expressed differently in
matrix algebra as:

E[pu]-;)] = =P;.- (98]

p;. =vecP’' D, . [99]
Recall that p; in Eq. 99 is the kx1 vector in which the
ith elementis p, (Eq. 35), and vecP’ is the transpose of
the k*x1 vector version of the kxk error matrix P(Egs.
35 and 36). In Eq. 99, D, is a k?xk matrix of zeros and
ones, where D, =(I|I [ |I) and I is the kxk identity
matrix. Let the 2kx1'vector p . equal (f)(,.l_,.,lf); ), where
P} is the kx1 vector of observed conditional probabili-
ties (Eq. 92) and p, is the kx1 vector of expected condi-
tional probabilities under the independence hypothesis
(Eq. 99). The covariance matrix for p, using the Taylor
series approximation is:

Cov, (p,)= Df,._[éovo (Vecf’]]D,i_ , [100]

where D is the k*x2k matrix equal to (D4 |D s Dy
is defined in Eq. 92, and D, is defined following Eq.
99. An example of D ;_is given in table 6. The covariance
matrix expected under the null hypothesis, Cov,, (vecP),
is used in Eq. 100 (see Egs. 113, 114, and 117).

The Taylor series approximation of the kx1 vector of
differences between the observed conditional probabili-
ties on the diagonal (p(,;) and their expected values
under the independence hypothesis (p;) equals
p/[I-11’, where [II-11" is a 2kxk matrix of ones and ze-
ros (table 6), and I is the kxk identity matrix. Since this
represents a simple linear transformation, the Taylor
series approximation of its covariance matrix is:

Cov, (B - p.) = IH-1[Cov, (p., |m-u. 01
Equation 101 can be combined with Eq. 100 for
Cov,(p,.) to make the expression more succinct with
respect to Cov (vecP):

éova [f’(q»n -p;)

’ C o\ [102]
= D[i]-i)—i- [COVO (VeCP]]D[il

)i

where D(,‘ﬂ,‘)_,’. D(,'J.,')_,: = D-i —'[I ! —I], in Eq 102. An ex-
ample of Dy;_; is given in table 6.
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A similar test can be constructed for the diagonal prob-
abilities conditioned on the row classification, in which
the null hypothesis is independence between classifi-
ers given the row classification is category i, i.e.,
Elpyul=p.; (see Eq. 98). Define D, as a k*xk matrix of
zeros and ones defined as follows. Let D, be the kxk
matrix with ones in the first column and zeros in all
other elements, let D, be the kxk matrix with ones in
the second column and zeros in all other elements, and
so forth; then, D, equals (D,’lfD,’2|L ID’,) . As in Eq. 100,
define D, as the k?x2k matrix equal to [Dg;,|D..],
where Dy, is given in Eq. 96. The approximate covari-
ance matrix for the kx1 vector of differences between
the observed and expected conditional probabilities is
derived as in Eq. 102:

Cov, (fj(l‘li-) -p i) = D{ili_)_li[COVU (VecP)]D[,.I,._,_,,- , [103]
where Dy, =D_,._[I[1—I]'. The covariance matrix ex-
pected under the null hypothesis, Cov, (vecP), is used
in Eq. 103 (see Egs. 113, 114, and 117). An example of
Eq. 103 is given in table 6. .

The variances pn the diagonal of Covo[f)m_,.) -p;) in
Egs. 101 or 102, Cov, (P, —P.;) in Eq. 103, can be used
to estimate an approximate probability of the null hy-
pothesis being true. It is assumed that the distribution
of random errors is normal in the estimatg of (p(y;, —p;) -
or (g —P;), and Cov,(pg, —p;) and Cov,(p;) - P.;)
are accurate estimates. A one-tail test is used ijecause
practical interest is confined to testing whether the ob-
served conditional probabilities are greater than those
expected by chance. An example of these tests is given
in table 6. Tests on conditional probabilities might be
more powerful than tests with the conditional kappa
statistics because the covariance matrix for conditional
probabilities use fewer estimates. This will be tested
with Monte Carlo simulations in the future.

Examples given by Green et al. (1993) were used to par- .
tially validate the variance approximations in Egs. 93 and
97. This validation is limited by its empirical nature and
use of the multinomial distribution for stratified sampling.

COVARIANCE MATRICES FOR Ele,e,] AND vecP

Estimated variances of accuracy assessment statistics
require estimates of the covariances of random errors
between estimated gells in the contingency table (p).
These are denoted E|[g,e,] for the covariance between
cells {i,jl and {r,s} in p, or Cov (vecP) for the k*xk? covar-
iance matrix of all covariances associated with the vec-
tor version of the estimated contingency table (vecP).
Key examples of the need for these covariance estimates
are in Egs. 25 and 43 for the weighted kappa statistic
(x,,); Eq. 33 for the unweighted kappa statistic (x ); Egs.
67, 70, 75, and 80 for the conditional kappa statistics
(£, and «,); Eqgs. 85, 87, 88, 89, 93, and 97 for condi-
tional probabilities (p;; and p;;); and Egs. 101, 102,
and 103 for differences between diagonal conditional
probabilities and their expected values under the inde-
pendence assumption.



Table 6. — Examples of tests with conditional probabilities’ and intermediate matrices using contingency table in table 2
and conditional probabilities in table 5.

Conditional probabilities, conditioned on columns p;,

diag[Cov (B - P;.)]
P(iliy (Eqs. 101 and 102)

i Py P Piiviy pi -p; Variance? Std. Dev. z-value® p-value?®
1 0.2361 0.4444 0.5313 0.4028 0.1285 0.0045 0.0668 - 1.9231 0.0272
2 0.1667 0.2639 0.6316 0.2361 0.3955 0.0130 0.1142 3.4622 0.0003
3 0.1806 0.2917 0.6190 0.3611 0.2579 0.0100 0.1001 2.5760 0.0050
D = [D(n-Q ID;.] Djtiy~j. =D _[LI -1}

(Egs. 92, 99, 100) (Egs. 100, 101, 102)
J= . j=2 =3 j=4 j=5 j=6 =1 j=2 j=3
1.0547 0 0 1 0 0 0.0547 0 0
-1.1953 0 0 .0 1 0 -1.1953 -1 0
-1.1953 0 0 0 0 1 -1.1953 0 -1
0 -2.3934 0 1 0 0 -1 -2.3934 0
0 1.3961 0 0 1 0 0 0.3961 0
0 ~2.3934 0 0 0 1 0 —2.3934 -1
0 0 -2.1224 1 0 0 -1 0 -2.1224
0 0 -2.1224 -0 1 0 0 -1 -2.1224
0 0 1.3061 0 0 1 0 0 0.3061

[I-II' (Eq. 101)

1= =2 =3
1 0 0
0 1 0
0 0 1
-1 0 0
0 -1 0
0 0 -1 )
Conditional probabilities, conditioned on rows ( fgji;)
diag[Cov Py~ p.)l
P(iti) (Eq. 103)
i Py ;. Py p; ~-p,. Variance' Std. Dev. z-value p-value
1 0.2361 0.4028 0.5862 0.4444 0.1418 0.0055 0.0742 1.9117 0.0280
2 0.1667 : 0.2361 0.7059 0.2639 0.4420 0.0175 0.1323 3.3405 0.0004
3 0.1806 0.3611 0.5000 0.2917 0.2083 0.0061 0.0784 2.6580 0.0039
D;-= [Dgiv- ID;] Dijtiy—i =0 (111}
(Eq. 103) (Eq. 103)
= =2 =3 =4 =5 j=6 =1 =2 j=3
1.0273 - 0 0 “1 0 0 0.0273 0 9]
(V] —-2.9896 0 1 0 0 -1 —2.9896 0
0 0 -1.3846 1 0 0 -1 0 —-1.3846
—1.4554 0 0 0 1 0 ~1.4554 -1 o]
o .. 1.2457 0 0 1 0 0 0.2457 0
0 0 -1.3846 0 1 0 0 -1 ‘ —-1.3846
-1.4554 0 0 0 0 1 -14554 - - 0 -1
0 : -2.9896 0 0 0 1 0 -2.9896 bl
0 0 1.3846 0 0 1 0 0 0.3846

’dThe covariance matrix for the estimated joint probabilities ( ;3,., ) is estimated assuming the muitinomial distribution (see Eqs. 46, 47, 128, 130, 131,
and 132). -

2The variance of (P, P, ) equals the diagonal elements of Cov[(py,—Pi)l-

% The z—value is the difference (p;,,.B, ) divided by its standard deviation.

* The p—vaiue is the approximate probability that the null hypothesis is true. The null hypothesis is that the observed conditional probability is not
greater than the conditional probability expected if the two classifiers are independent. This is a one-tail test that assumes the estimation errors are
normally distributed.
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The multinomial distribution pertains to the special
case of simple random sampling, in which each sample
unit is independently classified into one and only one
mutually exclusive category using each of two classifi-
ers. Up until recently, variance estimators for accuracy
assessment statistics have been developed only for this
special case.

Covariances for the multinomial distribution are given
in Eqgs. 46 and 47, where they were used to verify that
 Var (x,) in Eq. 25 agrees with the results of Everitt
(1968) and Fleiss et al. (1969). These can also be ex-
pressed in matrix form as:

éov(vecf’) =(1-F) [diag (vecf’) - vecf’(vecf’]’] /n, [104]

where n is the sample size of units that are classified
into one and only one category by each of the twp
classifiers; and diag (vecP) is the k*xk? matrix with vecP
on its main diagonal, with all other elements equal to zero
(i.e., diag(vecP), =vecP, for all r, and diag(vecP), =
for all rs). (1-F) in Eq. 104 is the finite population correc-
tion factor, which represents the proportional difference
- between the multinominal and multivariate hypergeo-
metric distributions. F equals zero if sampling is with
replacement or really zero if the population size is large
relative to the sample size, which is the usual case in
remote sensing (e.g., the number of randomly selected
pixels for reference data is an insignificant proportion
of all classified pixels). An example of this type of co-
variance matrix is Cov {vecP) in table 2.

However, there are many other types of reference data
that do not fit the multinomial or hypergeometric mod-
els. Cov(vecP) might be the following sample covari-
ance matrix for a simple random sample of cluster-plots:

Z[VGCP - VecP)(VecP —-VecP)

Cov (vecP) = £=L ,
n [105]

where n is the sample size of cluster-plots and vecP, is
the k%x1 vector version of the kxk contingency table or
“error matrix” for the rth cluster plot. Czaplewski (1992)
gives another example of Cov (vecP), in which the mul-
tivariate composite estimator is used with a two-phase
sample of plots (i.e., the first-phase plots are classified
with less-expensive aerial photography, and a
subsample of second-phase plots is classified by more-
expensive field crews).

Covariances Under Independence Hypothesis

Under the hypothesis that the two classifiers are in-
dependent and any agreement between the two classi-
fiers is a chance event, Elp,l=p, p This effects
E,lee.] and Coy, (VecP for \/ar ) in Eqs 28 and
45, E, (e, for Var, () in Eq. 34; Var (£,), Var, (£,),

Cov,(x;), and Cov(x,) for certain tests with Eqgs. 67,
70, 71 72, 74, 75, and 80; Cov (VeCP) for Cov o(pL) in
Egq. 100, Cov oDy — Pi) inEq. 101, and Cov (p(”) P.)
in Eq. 103. The frue p; and p.are unknown, ut the
following estimates are avaﬂabl’e E 1= DD,

.In the spec1al case of the multmomml distribution,

E,le £,£,.] is readily estimated as follows, using Egs. 46
and 47:

R D. 0. )[1—(D. p

E, [SijEij]= (P,.PA,)[ (P,.P./]]’ (106]

n

[107]

Ea [Eijgrs] -

SR NBRD g,
n

In matrix form, this is equivalent to:
éov [VeclS) =[d1’ag(vecf’ )—Vecf' [Vecl3 ]’]/ n, [1081
where P, =p, p,, is the expected contmgency table un-

der the null hypothesm For example, Eqs. 106 and 107
are used with Eq. 55 to show that Var, (x,) in Eq. 28

‘agrees with the results of Fleiss et al. (1969, Eq. 9).

E,le;e,] is more difficult to estimate in the more

general case. Using the first two terms of the multivari-
ate Taylor series expansion (Eq. 10):

A a ap.p;
PiPj=P.P tE& (a—l) '
|ps=5;

Pij

+
3]
E
5]
ks
o
-~
T
+
+
M
g
VY
3|F
o
N

IPn-Pl

+£u‘( P,‘P.,] + ot Sy aP,.P., J
i i Fpgar;
Pu IPii=ﬁi/ P (i-1)j |Pii=f7.7

9p.P,; DD
+E(m)i( pl.pA] J +oas ‘fEk}- pr']
|py=py

Pi+1)j -

Using Eqs. 58 and 59, the partial derivatives in the first-
order Taylor series approximation are solved as follows:

p.p; =lay; + py)lay; + p;)
=a;,a; + Py (a,ll +ay; )+pu,
[110]
[apip-;'

5 J =(a;; +ay;)+2p; =(p;. + p;),
Py lpy=py



pip;=(ay +p;)p;, 1sssk,s#],

dp.;p,; _ [111]
apis p.’ ’
s#j |Pii=ﬁij
pip;=p;: (a_j|r +pr,.), 1<r<k,r#i,
dp.p;
=p., 112
[ ap ] D;. [112]
‘Pf“Pi/

Substituting Egs. 110, 111, and 112 into Eq. 109:

- Isivi)-j) = &

(p:.p,;

k k
Eolij = &y (pi+p;)+ zeisp-j + zgszi.
Sei i

k k
= p~jzsis "fpi-zexy'

s=1 r=1

i, = [p,zs pz)[

o=l

e, +p,ze,v]

u=1

k k k k
B> e, nip ,[zzgw ,]+228,5 J

r=1 u=1 r=1 v=1 u=1 s=1
k k

2
+p—jzzgis€1v

s=1 v=1

\‘fartfa,f: )=

pIEZE[e es,]+2p,p]22E £:E5]

r=1 s=1 r=1 s=1

+p,}22E[£,, s

r=1 s=1

[113]

Equation 113 provides an estimate of the I;‘o [egw] un-

der the null hypothesis of independence between clas-:

sifiers, which is the diagonal of the k*xk? covariance
matrix Cov,,(vecP). The off-diagonal elements are esti-
mated with the Taylor series approximation as follows:

k k k .
K

eolij €a|rs = (pi-zsuj + p~j Zeiv ][pr-zgxs + p-sZe,y )’
u=1 v=1 x=1 y=t

20

11 rs plpl' ZEE[gu/ vs]+p i Pr. 22 Swsus]
u=1 v=1 u=1 v=1
k Kk R
+p1pszzE u; rv +p psZZE Ezusrv]
u=1 v=1 u=1l v=1
[114]

Matrix Formulation for E le.e. ]

ij%rs

Equations 113 and 114 can be expressed in matrix
algebra. First, define the k?xk? matrix P, as follows:

f,i 0 #wo O

~ 13 e 0

I o [115]
0 0 P

where 0 is a kxk matrix of zeros, and P is the kxk matrix
in which the 7th column vector equals p; as defined in
Egs. 2 or 33. Table 7 includes an example of P, in Eq. 115.
Next, define p ; as the following k?xk? matrix:

Iﬁq Iﬁ’-z it Iﬁ-k

P Ip, Ip, "= Ip,

Py . o Loy [116]
Iﬁ& Ii)-z ree I}A’-k

where I is the kxk identity matrix, and p is the scalar
marginal for the jth column of the error matrlx (Egs. 3,31,
or 120). Table 7 includes an example of P in Eg. 116.

The k*xk? covariance matrix for the estlmated vector
version of the error matrix, Cov_ (vecP), expected un-
der the null hypothesis of independence between clas-
sifiers, equals:

~

Cov, (vecP)= (P, +P,) Cov(vecP) (B, +B ), [117]

where P, and P, are defined in Egs. 115 and 116; and
Cov, (vecP) is the k?xk? covariance matrix for the esti-
mated vector version of the error matrix (vecP), ex-
amples of which are given in Egs. 104 and 105. Table 7
includes an example of Cov,(vecP) in Eq. 117. Equa-
tion 117 is merely a different ¢ expression of E [e;€,]1in
Egs. 113 and 114.

STRATIFIED SAMPLE OF REFERENCE DATA

Stratified random sampling can be more efficient than
simple random sampling when some classes are sub-
stantially less prevalent or important than others



(Campbell 1987, p. 358; Congalton 1991). This section
considers strata that are defined by remotely sensed clas-
sifications, and reference data that are a separate ran-
dom sample of pixels (with replacement) within each
stratum. This concept includes not only pre-stratifica-
tion (e.g., Green et al. 1993), but also post-stratification
of a simple random sample based on the remotely sensed
classification. Since the stratum size in the total popu-
lation is known without error for each remotely sensed
category (through a computer census of classified pix-
els), pre- and post-stratification could potentially im-
prove estimation precision in accuracy assessments and

estimates of area in each category as defined by the pro-
tocol used for the reference data.

The current section assumes that each sample unit is
classified into only one category by each classifier,
which precludes reference data from cluster plots
(Congalton 1991), such as photo-interpreted maps of
sample areas (e.g., Czaplewski et al. 1987). The covari-
ance matrix for the multinomial distribution, which is
given in Eqs. 46, 47, and 104 is appropriate for simple
random sampling, but must be used differently for strati-
fied random sampling since sampling errors are inde-
pendent among strata.

Table 7. — Example of the covariance matrix assuming the null hypothesis of independence between classifiers and intermediate matrices.
The contingency table in table 2 is used.

Covg (vecP) (Eq. 117)

WN -

i=1 i=2 o i=3 =1 =2 =3 =1 =2 =3
i j j=1 =1 j=1 j=2 =2 =2 =3 =3 /=3
1 1 0.0015 0.0001 0.0002 0.0001 -0.0004 -0.0006 0.0002 -0.0004 -0.0006
2 1 0.0001 0.0006 -0.0001 -0.0000 0.0003 -0.0001 -0.0005 0.0001 -0.0005
3 1 0.0002 -0.0001 0.0010 -0.0005 -0.0004 0.0000 -0.0003 -0.0002 0.0003
1 2 0.0001 -0.0000 -0.0005 0.0005 0.0003 0.0001 00000 -0.0000 -0.0004
2 2 -0.0004 0.0003 -0.0004 0.0003 0.0005 0.0002 -0.0004 0.0002 -0.0003
3 2 -0.0006 -0.0001 0.0000 0.0001 0.0002 0.0004 -0.0003 0.0000 0.0001
1 3 0.0002 -0.0005 -0.0003 -0.0000 -0.0004 -0.0003 0.0007 0.0000 0.0004
2 3 -0.0004 0.0001 -0.0002 -0.0000 0.0002 0.0000- 0.0000 0.0002 0.0001
3 3 -0.0006 -0.0005 0.0003 -0.0004 -0.0003 0.0001 0.0004. 0.0001 0.0009
P. (Eq. 115)
=1 =2 i=3 =1 =2 =3 =1 =2 =3
i i =1 j=1 j=1 J= =2 =2 =3 =3 =3
1 1 0.4028 0.2361 0.3611 0 0 0 0 0 0
2 1 0.4028 0.2361 0.3611 0 0 0 0 0 0
3 1 0.4028 0.2361 0.3611 0 0 0 0 0 0
2 0 0 0 0.4028 0.2361 0.3611 0 ] 0
2 0 0 0 . 0.4028 0.2361 0.3611 0 0 0
2 0 0 0 0.4028 0.2361 0.3611 0 0 0
1 3 0 0 ] 0 0 0 0.4028 0.2361 0.3611
2 3 0 0 0 0 0 0 0.4028 0.2361 0.3611
3 3 0 0 0 0 0 0 0.4028 0.2361 0.3611
P, (Eq. 116)
=1 =2 i=3 i=1 k=2 =3 =1 =2 =3
i j =1 =1 j=1 j=2 j=2 j=2 =3 j=3 j=3
1 1 0.4444 0 0 0.2639 0 0 0.2917 0 0
2 1 0 0.4444 0 0 0.2639 0 0 0.2917 0
3 1 0 0 0.4444 0 0 0.2639 0 0 0.2917
1 2 0.4444 0 0 0.2639 0 0 0.2917 0 0
2 2 0 0.4444 0 0 0.2639 0 0 0.2917 0
3 2 0 0 0.4444 0 0 0.2639 0 0 0.2917
1 3 0.4444 0 0 0.2639 0 0 0.2917 0 0
2 3 0 0.4444 0 0 0.2639 0 0 0.2917 0
3 3 0 0 0.4444 0 0 0.2639 0 0 0.2917




Let the rows (i.e., 1 or r subscripts) of the contingency
table represent the true reference classifications, and
the columns (i.e., j or s subscripts) represent the less-
accurate classifications (e.g., remotely sensed categori-
zations). Assume pre-stratification of reference data is
based on the remotely sensed classifications, which are
available for all members of the population (e.g., all pix-
els in an image) before the sample of reference data is
selected. In stratified random sampling, samphng er-
rors between all pairs of strata (i.e., columns in contin-
gency table) are assumed to be mutually independent:

éov(fyijﬁ,s) =0 for j#s.

Assume the size of each stratum j (i.e., p,) is known
without error (e.g., a proportion based on a complete
enumeration or census of all pixels for each remotely
sensed clasmﬁcatmn] Let n; be the sample size of ref-
erence plots in the jth stratum, and n; be the number
of reference plots classified as Category iin the jth stra-
tum. In this case,

x

n.’.=§ni]. [119]
A Hjl'

Py =P n, . [120]

The multinomial distribution provides the covariance
matrix for sampling errors within each independent stra-
tum j (see Egs. 46 and 47). This distribution with Eq.
120 produces:

ny 1- ny 2
n n. p (nz ni')
Cov(py ;)= p? Blo2)|_ sy —

[121]

Cov(ﬁiji)ﬁ) = "p~:j'

The general variance approximation for £, is given in
Eq. 25. Replacing Egs. 118, 121, and 122 ‘into Eq. 25,
and noting that the fourth summation disappears from
Eq. 25 because of the independence of sampling errors
across strata:

\A/ar(iﬁ )= v
W, +w,)(p, - W, +w,)(p, - 1)
;;[ +W,,(1 D) ]Z’E[ ”n{ "‘er[}l‘f?c) j]
1-p.)

[118]
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i=1 +w; (1-p,) n} &7 +w,;(1-p,)
. (1 - 1’50)4 . .

Accuracy Assessment Statistics Other Than i,

The covariance matrix Cov, (vecP) for the covariances
Cov(p, Dy;) for stratified random sampling (Egs. 121 and
122) can be expressed in matrix algebra for use with the
matrix formulations of accuracy assessment statistics
in this paper (e.g., Egs. 75, 80, 93, 97, 101, 102, and 103).

First, the kxk matrix of estimated joint probabilities
(p) must be estimated from the kxk matrix of estimated
conditional probabilities P, from the stratified sample.
The strata are defined by the classifications on the col-
umns of P, ; therefore, the column marginals all equal 1
(i.e., P’l 1) The strata sizes are assumed known with-
out error (e.g., pixel count, where remotely sensed clas-
sifications are on the column and are used for pre-strati-
fication of sample), and are represented by the kx1 vector
of proportions of the domain that are in each stratum
(n,, where n{1=1). P is estimated from P, by divid-
ing each element in the jth column of P, by the jth ele-
ment of n, and then is used to define the k1 vector
version (VecP] of the kxk matrix (P]



Next, compute the covariance matrlx for this estimate
vecP. Let p; represent the kx1 vector in which the ith
element is the observed proportion of category 1 in stra-
tum j. The kxk covariance matrix for the estimated pro-
portions in the jth stratum, assuming the multinomial
distribution, is:

Cov[ J=0- F)[dzag(p,] ﬁjf);]/n,., [124]
where 1. is the sample size of units that are classified
into one and only one category by each of the two clas-
sifiers in the jth stratum; diag (p } is the kxk matrix with
P, on its main dlagonal and all other elements are equal
to zero. (1-F) in Eq. 124 is the finite population correc-
tion factor for stratum j. F, equals zero if sampling is
with replacement or the population size is large rela-
tive to the sample size, which is the usual case in re-
mote sensing. Equation 124 is closely related to Eq. 104
for simple random sampling. The joint probabilities in
the jth column of the contingency table (p) equal p,
divided by the stratum size p . Since p ; is known with-
out error in the type of stratlﬁed random sampling be-
ing considered here,

(COV [131 ]P 0 e 0
- C 4 2 *b e
Cov, (vecP) = 0 (Cov (132 )Jo . e ,
0 0« (Cov(p,)pi
[125]

where Cov (p,) is defined in Eq. 124 and 0 is the kxk
matrix of zeros.

Equations 124 and 125, when used with Egs. 93 and
97 for conditional probabilities on the diagonal, agree
with the results of Green et al. (1993) after transposi-
tions to change stratification to the column classifier
rather than the row classifier. Equations 124 and 125, when
used with Eq. 43 for unweighted kappa ((<,, W =1)),
agree with the unpublished results of Stephen Stehman
(personal communication) after similar transpositions
to change stratification to the column classifier. Congalton
(1991) suggested testing the effect of stratified sampling
with the variance estimator for simple random sampling,
and Eq. 125 permits this comparison.

SUMMARY

Tests of hypotheses with the estimated accuracy as-
sessment statistics can require a variance estimate. Most
existing variance estimators for accuracy assessment
statistics assume that the multinomial distribution ap-
plies to the sampling design used to gather reference
data. The multinomial distribution implies that this
design is a simple random sample where each sample
unit (e.g., a pixel) is separately classified into a single
category by each classifier. This assumption is overly
restrictive for many, perhaps most, accuracy assessments
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in remote sensing, where more complex sampling de-
signs and different sample units are more practical or
efficient. Unfortunately, variance estimators for simple
random sampling are naively applied when other sam-
pling designs are used (e.g., Stenback and Congalton,
1990; Gong and Howarth, 1990). This improper use of
published variance estimators surely affects tests of
hypotheses although the typical magmtude of the prob-
lem is unknown (Stehman 1992).

The variance estimators for the weighted kappa sta-
tistig [Eqs. 24 and 43 for Var (x,) and Egs. 28 and 45
for Var («,)]; the unweighted kappa statistic [Eq. 33
for Var( ) and Eq. 34 for Var(x)]; the conditional kappa
statigtic [Eqs. 67 and 75 for Var, («;) and Egs. 70 and 80
for Var(zc )]; conditional probab1ht1es [(Eqs 85, 87, 88,
89, 93, and 97 for Var(p,“] and Var(p,l )1; and differ-
ences between diagonal conditional probablhtles and
their expected values under the independence assump-
tion (Egs. 101, 102, and 103) are the first step in cor-
recting this problem. These equations form the basis
for approximate variance estimators for other sampling
situations, such as cluster sampling, systematic sam-
pling (Wolter 1985 in Stehmam 1992), and more com-
plex designs (e.g., Czaplewski 1992). Stratified random
sampling is an important design in accuracy assess-
ments, and the more general variance estimatorsg in this
paper were used to construct the appropriate Var(x, )
in Eq, 123 and other accuracy assessment statistics us-
ing Cov, (vecP) in Eq. 125. Rapid progress in assess-
ments of classification accuracy with more complex
sampling and estimation situations is expected based
on the foundation provided in this paper.
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APPENDIX A: Notation

Variable Definition Equation
Qyy, <2 < T P 58
ayy < < P 59
;i coefficients’containing Pyilipe oo 17,21
Cy coefficients not containing pin p, ... 18
Cov/( Dy Py) estimated variance for p; Var( D) e 46
éov(f)i,. D..) estimated covariance between p; and P, ... 47,118
Cov(pg,) kxk covariance matrix for the kx1 vector of estimated conditional probabilities
(Py;y) on the diagonal of the error matrix (conditioned on the row classification) ... .. 97
Cov(pg,)) kxk covariance matrix for the kx1 vector of estimated conditional probabilities
(i) on the diagonal of the error matrix (conditioned on the column classification) .. 93
Cov (vecP) k?xk? covariance matrix for the estimate Vecf' ............. EERERERRRERS 104, 105, 125
Cov(x;) covariance matrix for the conditional kappa statistics K; - .. ..vvvvevetieinenannn 75
Cov(x;) covariance matrix for the conditional kappa statistics «; . . .. e 80
f}ovo (p,) 2kx2k covariance matrix for P e BT 100

Cov, @u]m -p.)
éova [13(1[-1) -p;)

éova (Vecf’)

(Alovs (Vecf’)

kxk covariance matrix for differences between the observed conditional
probabilities on the diagonal (Py;,) and their expected values under the
independence hypothesis....... .. ... ..o o 103

koxk covariance. matrix for differences between the observed conditional
probabilities on the diagonal (p;;) and their expected values under the

independence hypothesis.......... .. .. i i 101, 102
k?xk? covariance matrix for the estimate vecP under the null hypothesis of

independence between the row and column classifiers. .............. ... ... ... 45
kixk? covariaﬁce matrix for the estimate vecP for stratified random sampling ....... 125
k?*x1 vector containing the first-order Taylor series approximation of €, or K .. ... 42,43
k?xk matrix of zeros and ones defined inEq. 99. ..... ... it e.. 99

kxk intermediate matrix used to compute {/ar( 13(.11'»])’ where (VGCP)'D(ili,) is the
linear approximation of Py, -« .. ov v 96

kxk intermediate matrix used to compute Var (f)il,,.), where (vecP)Dy,, is the

linear approximation of P(ii) + o v v 92
k?xk intermediate matrix, equal to D ,_

[1-1)’, used to compute Cov, Buijiy =Pr) v 103

k?xk intermediate matrix, equal to D,_
[I| -1, used to compute Cov, (Bupiy =P v v e 102
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APPENDIX A: Notation (Continued)

Variable Definition ' Equation
D, k?x1 vector containing the first-order Taylor series approximation of x,, or x
under the null hypothesis of independence between thg row and column classifiers .. 44
D, k*x2k matrix equal to [Du|.i)|Di»]’ used to compute éovn (Pis) ceee e 100
d,, k?xk matrix used in the matrix computation of Cov(x;) ..........coivuiinnaa.... 74
d,. k?xk matrix used in the matrix computation of Cov(x;) ............ciiiiiunan.... 79
diagA kx1 vector containing the diagonal of the kxk matrix A.
ET] expectation operator.
E, R expected covariance between cells jj and rs in the cpptingeﬂcy table under
the null hypothesis of independence between classifiers ................ 113, 114, 117
F finite population correction factor for covariance matrix under simple random
sampling .................. e e 104
F; finite population correction factor for stratum j in covariance matrix for stratified
random sampling ............ .. . il il I e 124
G, kxk matrix used in the matrix computation of Cov(K;). ... ..., 73
G; kxk matrix used in the matrix computation of Cov(K,)......... ... i, 78
G, kxk intermediate matrix used to compute Var( 2 a1
G, ' kxk intermediate matrix use.d to compute Var( TS PETRT I 95
H; kxk matrix used in the matrix computation of Cov(K; ). ..., 71
Hpm kxk intermediate matrix used to compute Var( ﬁq.;) ............................. 90
H,, kxk intermediate matrix used to compute Var( P e 94
H, - kxk matrix used in the matrix computation of Cov(K,;)........cooviviiiinnnn... 76
I the kxk identity matrix in which ;=1 for i # jandI;=0 othefwise.
i row subscript‘ for contingency table. .................... e e 6
j column subscript for contingency table . .‘ ...................................... 6
k number of categories in the classification system ............. ... ... .. oo 6
M, kxk matrix used in the matrix computation of Cov(K;)..............covviiion... 72
M; ' kxk matrix used in the matrix computation of Cov(K,;)............coiii ... 77
n; sample size of reference plots in the jthstratum .............. ... ... ..ol 119
P matching proportion expected assuming independence between the row and column
ClaSSI I OrS . o o vttt e e e 5



APPENDIX A: Notation (Continued)

Variable Definition Equation
. matching proportion expected assuming independence between the row and column

classifiers (estimated) . ..o it i i e i e e e e 7,30
Py ijth proportion in contingency table .......... ... .. ... ..o ol nal L, 6, 26
Py estimated ijth proportion in Contingenéy table....... ..o i -7
D row marginal of contingency table....... ... ... i i e, 2,32
P. kx1 vector in which thejfthelementis p, ......... ..o it 35,99
p; kx1 vector in which the ith element is the observed proportion of category i in

stratum j (used for stratified random sampling example) ............ C e 125
P 2kx1 vector (f)(’,.lgf),'._)' containing the observed and expected conditional

probabilities on diagonal of error matrix, conditioned on column classification ..... 100
P, proportion matching classifications ........... ... . o oi i iin oo, 4,27
Do estimated proportion matching classifications. ............... .. ..o . oL 7,29
P column marginal of contingencytable ..................... e 3, 31, 120, 125
P, kx1 vector in which the ith element is p; e L 36
Bajs conditional probability that the column classification is category i given that the row

classification is category j. .. ..ot i e 86
P i conditional probability that the row classification is category i given that the column

classification is category j. .. ..o ou it e e 81
P v kx1'vector of diagonal conditional probabilities with its ith element equal

to p(il“‘) ................................................ e e e e et s e s 92
P kxk matrix (i.e., the error matrix in remote sensing jargon) in which the ijth element

of P is the scalar T 35, 36
P, E[P] under null hypothesis of independence between the row and column

classifiers........... ... .. .. e e e e et e e, 37
A,., Kk?xK? intermediate matrix used to compute éovo wecP) oot 115, 117
P, kxk intermediate matrix used to compute éovo (VECP) et 115
13. i kxk intermediate matrix used to compute éovo (Vecf’) ...................... 116, 117
R remainder in Taylor series expansion . ...... ...t iir ittt 10
{(ar(f)i,-) ~ estimated variance for p; éov(ﬁii D) 46
Var( Pii) estimated variance of random errors for estimating conditional probability p;;

(conditioned onrtow ) .............. .. e e e e e e e e e 87, 89
Var( Pi) estimated variance of random errors for estimating conditional probability p;;

(conditioned oncolumn J) . ... .ottt e 85, 88



APPENDIX A: Notation (Continued)

Variable Definition Equation
Var(8) estimated variance of random errors for kappa ............ I 33
\A/'ar(rci,) ~ estimated variance of random errors for conditional kappa, conditioned

onrow classifier .. ... e 67
{/'aro (x,) estimated variance of random errors for conditional kappa, conditioned

on row classifier, under the null hypothesis of independence between classifiers . . ... 67
Var(K_j) estimated variance of random errors for conditional kappa, conditioned

on column classifier ... ... e 70
Vma () estimated variance of random errors for conditional kappa, conditioned

on column classifier, under the null hypothesis of independence between classifiers.. 70

Var(x,,) variance of random estimation errors for weighted kappa.......................... 9
Vaf(ﬁw] estimated variance of random errors for weighted kappa ........... ... ... ... ... 25
\A/aro x,) estimated variance of random errors for weighted kappa under the null

hypothesis of independence between the row and column classifiers (i.e., k) ....... 28
Varo ®) estimated variance of random errors for unweighted kappa under the null

hypothesis of independence between the row and column classifiers (i.e., k) ........ 28
vecA the k*x1 vector version of the kxk matrix A. If a. is the kx1 c lumﬂ vector in which

the ith element equals Qs then A [alTazlL ‘ak], and vecA [a{Ta;(L al ... 42,104
wy; weight placed on agreement between category i under the first classification

protocol, and category j under the second protocol ............. ... .. oL 6
w;. weighted average of the weights in the jthrow ............ P 22,31
w; kx1 vector used in the matrix cornputatibn of K o 40
w; weighted ave‘rage‘ of the weightsinthe jthcolumn ............ ... ... ... o . 23,32
W, kx1 vector used in >the matrix computation of € ... ...t 41
w kock matrix in which the jth elementis wy . ... 38, 37
e . squared error in estimated kappa (&, =K, ). .o oot 12
& random error in estimated kappa (K, =K,) -+« veirii e 8, 11
&; (D =Dy) o e 10
K;. conditional kappa forrow category 7........ .. .. 56
K, conditional kappa for column category i............. .. ... ... 68
Ko weighted kappa statistic. .. ..... ..o 6
K, weighted kappa statistic (estimated) . ... ....vvttte et e 7
0 kxk matrix of zeros . ....... ... P B 115



APPENDIX A: Notation (Continued)

Variable Definition Equation
oK . - . . .
e partial derivative of x with respect to p;; evaluated at p; p; forallij........... 20, 83
Pi |pi=bs
® element-by-element multiplication, where the ijth element of (A®B) is a; b and
matrices A and B have the same dimensions .......... ... .. ot irrnnnnn.. 38, 37
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The Rocky Mountain Station is one of eight
regional experiment stations, plus the Forest
Products Laboratory and the Washington Office
Staff, that make up the Forest Service research
organization.

RESEARCH FOCUS

Research programs at the Rocky Mountain
Station are coordinated with area universities and
with other institutions. Many studies are
conducted on a cooperative basis to accelerate
solutions to problems involving range, water,
wildlife and fish habitat, human and community
development, timber, recreation, protection, and
multiresource evaluation.

" RESEARCH LOCATIONS

Research Work Units of the Rocky Mountain
Station are operated in cooperation with
universities in the following cities:

Albuquerque, New Mexico
Flagstaff, Arizona

Fort Collins, Colorado’
Laramie, Wyoming
Lincoln, Nebraska

Rapid City, South Dakota

‘Station Headquarters: 240 W. Prospect Rd., Fort Collins, CO 80526
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