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Conditioning a Segmented Stem Profile Model for Two
Diameter Measurements
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ABSTRACT. The stem profile model of Max and Burkhart (1976) is conditioned for dbh
and a second upper stem measurement. This model was applied to a loblolly pine data
set using diameter outside bark at 5.3m (i.e., height of 17.3 foot Girard form class) as the
second upper stem measurement, and then compared to the original, unconditioned
model. Variance of residuals was reduced; however, bias was approximately the same
for both the conditioned and unconditioned models. Benchmark prediction problems,
which reflect common multiproduct utilization criteria for southern pines, were used to
judge the practical importance of these reductions. Square root of the average squared
residuals from the conditioned model were 10 to 25% less than those from the uncondi-
tioned model for most benchmark evaluations. These reductions might be of practical
importance, depending on the particular objectives and the relative cost of an upper
stem measurement compared to the cost of measuring more trees. FOR. Scl. 34(2):
512-522.

ADDITIONAL KEY WORDS. Multiproduct utilization, Pinus taeda, taper equation.

CAo0, ET AL. (1980) evaluated six stem profile models for loblolly pine (Pinus taeda).
The segmented model of Max and Burkhart (1976), which has six parameters and
complex geometry, was best for predicting diameters inside bark. The Ormerod
(1973) model was the second best; it has three parameters and is geometrically much
simpler. One difference between these two models is predicted diameter at breast
height (dbh). The Ormerod model for diameter outside bark is mathematically for-
mulated (conditioned) to exactly predict observed dbh. Even though the Max and
Burkhart model contains dbh, the predicted dbh does not necessarily equal the mea-
sured dbh outside bark. This is not necessarily disconcerting for outside bark models
because dbh measurements can have a positive bias if a diameter tape is used (Avery
and Burkhart 1983). However, Cao, et al. (1980) further conditioned the Omerod
model for inside bark predictions by introducing an explicit submodel for bark thick-
ness at breast height. Based on our interpretation of these results, conditioning an
inside bark stem profile model for dbh using a bark submodel might improve model
predictions. Measurement of a second diameter farther up the stem might further
improve estimates, at least near this second measurement (Bruce, et al. 1968,
Matney and Sullivan 1979). Therefore, different versions of the Max and Burkhart
stem profile model where conditioned for dbh and an upper stem measurement using
explicit bark submodels, and performance was compared to the original, uncondi-
tioned formulation.

DATA

Data used in this study have been gathered by the USDA Forest Service, South-
eastern Forest Experiment Station, Forest Inventory and Analysis Project (SE FIA),
at Asheville, NC, over the past 20 years from Florida, Georgia, North Carolina,
South Carolina, and Virginia. Methods are fully described by Cost (1978) and USDA
Forest Service (1986). Diameters were measured at ground, stump (0.3m), breast

The authors are, respectively, Mathematical Statistician, Multiresource Inventory Tech-
niques, USDA Forest Service, Rocky Mountain Forest and Range Experiment Station, Fort
Collins, CO 80526; and Project Leader, Forest Inventory and Analysis, USDA Forest Service,
Southeastern Forest Experiment Station, Asheville, NC 28804. Original Forest Science manu-
script number 3909. Manuscript received May 5, 1986.

512/ FOREST SCIENCE



height (1.37m), height of Girard form class (5.3m), 1.2m intervals above the stump to
a 17.5cm diameter outside bark (dob), and 1.5m intervals to a 10cm dob. Forty-two
percent of the trees were felled during commercial logging; diameters were measured
with calipers, and heights were measured with steel tapes. Bark thickness was mea-
sured twice with a Swedish bark gauge, and was used to estimate diameter inside
bark (dib). The remaining data are from standing trees; diameters were measured
using a steel tape or optical dendrometer, and heights measured with sectional alu-
minum poles. Only loblolly pine trees within a 17.5 to 50cm dbh range were used.
Smaller trees have limited potential for multiproduct utilization. Larger trees are rare
and often unavailable for commercial harvest. A few trees with major defects,
broken tops, or excessive limbing also were excluded because of their unmerchant-
able or atypical characteristics. To more rigorously isolate the effect of alternative
model formulations, rather than variability in stem taper, only those trees with a 40
to 49% crown ratio (Cost 1978) were used because of the evidence for a relationship
between crown ratio and changes in stem form within the live crown (Larson 1963,
Dell 1979, Kilkki and Varmola 1981). Measurements at ground level were not used
because they were suspected of degrading model performance in the lower main-
stem (McClure and Czaplewski 1986), and dimensions below stump level are less
important than the lower bole for commercial utilization standards. The distribution
of dbh and tree heights are in Table 1. All measurement plots were randomly divided
into two data sets: (1) a single, developmental data set used to estimate parameters in
all formulations of the taper models; and (2) an independent test sample used to
compare performance among models. The former contains 1,887 tree sections from
144 trees; the latter contains 3,641 tree sections from 276 trees. The test data con-
tains more trees so that variance of prediction errors can be better estimated.

METHODS

The Max and Burkhart (1976) regression model for stem profile is:
(d/ID)?* = by(W/H—1) + by(h¥H?—1) + by(a,—h/HYI,

+ by(ay—HHYL, m
where

d = estimated diameter at height A;

D = diameter at breast height (dob);

b; = regression coefficients estimated from sample data

i ={1,2,3,4};

h = height above ground to estimated top diameter d;
H = total tree height;

a; = join point parameters estimated from sample data i = {1,2};

I = 1, for W/H < a; i = {1,2}
70, for h/H = a,.

Equations for estimating diameter, height, and cubic volume using this model were
derived by Cao (1978).

CONDITIONING THE MODEL

Three of the six parameters in (1) were considered for conditioning the model to
exactly predict observed dbh: b,, b,, b;. (The value of the conditioned parameter is
recomputed for each tree so that predicted and observed dbh are identical.) The join
points (a,,a,) were not conditioned because they would introduce difficult nonlinear
problems, and b, was not used because breast height may be above the lower join
point, where b, has no effect on predicted diameters. Therefore, three models condi-
tioned for dbh were studied.
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TABLE 1. Number of trees in the data set by dbh and height classes. Merchant-
able height is height to a 10cm top dob.

Number of trees by

total height (m) classes Average height (m)
dbh (cm) 10 to 15 15to 20 20+ Total Total Merchantable

17.5t0 22.5 76 37 0 113 14.3 9.6
22.5t027.5 19 58 18 95 17.1 12.9
27.5 to 32.5 4 43 25 72 19.1 15.3
32.5t037.5 2 32 41 75 20.3 16.4
37.5t042.5 0 6 30 36 22.1 18.4
42.5to 50.0 0 5 24 29 22.0 18.6
Total 101 181 138 420 18.0 13.9

When an additional upper-stem measurement is available, it is possible to further
condition the stem profile model to exactly predict this second measurement. The
same three parameters (b,, b;, b;) were considered for simultaneous conditioning to
two stem measurements. However, b, was not conditioned for upper-stem measure-
ments because it might not affect model predictions in such areas of the bole. There-
fore, an additional four models were investigated: (1) b, conditioned for dbh and b,
conditioned for the upper-stem measurement; (2) b, for the upper-stem and b, for
dbh; (3) b, for the upper-stem and b, for dbh; and (4) b, for the upper-stem and b, for
dbh.

INSIDE BARK MODELS

Inside bark predictions are usually made with outside bark measurements at breast
height (and perhaps a measured dob from the upper stem). An estimate of bark
thickness is required to condition an inside bark model for outside bark measure-
ments. This can be done with a bark gauge and used directly with the models in the
Appendix. However, bark gauges are not used in many inventories, and attention
was focused on models that predict dib using observed dob.

The following models were used to estimate dib at breast height (dp,) and dib at
form class height (d,) using measurements of dbh (D) and dob at an upper bole
position (D,):

dp/D)? = by D=2 + bgD~1 + by ; ¥))
(d/D)* = by D% + by (D, D™ + byy (DZD7Y). 3)

These are simple models for dib, where dib is a linear function of dob (see Ap-
pendix). In addition, more complex linear models for (d,/D)? and (d,/D)* were also
evaluated that included the following independent variables: H, 1/H, D/H, D*H?,
D¥YD?, D J(D*H).

Parameter estimates for these bark models could have been made, and then pa-
rameters for the stem profile model estimated in a second step. However, the Max
and Burkhart model was conditioned so that parameters in the stem profile model
and the bark thickness submodels could be estimated simultaneously (see Ap-
pendix). This was expected to minimize residual error of the inside bark stem profile
model.

ESTIMATING PARAMETERS

The regression models for stem profile are linear relative to parameters b;; however,
they are nonlinear relative to the join points (a,, a,). Preliminary estimates of the join
points were made by incrementally exploring a wide range of reasonable values (0 <
a, < a, < 1), and using multiple linear regression to estimate the remaining param-
eters. The residual mean square error (s2,) from these regressions was used to select
the best initial estimate of a, and a,. This initial step assured that a global minimum
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was achieved. (No local minima were encountered.) These estimates of join points
were further refined using the ZXMIN algorithm, which is a nonlinear minimization
routine (IMSL 1972). The join points were simultaneously varied by ZXMIN to min-
imize the 52, from the multiple linear regression.

EVALUATING MODELS

The three models conditioned for dbh, and the four models conditioned for both dbh
and dob at 5.3m, were initially compared using the mean squared residual for relative
diameter estimates (observed minus predicted d/D) in Table 2. Also, medians and
quartiles of the residual error of relative diameter estimates were plotted as a func-

tion of relative height. The plots were visually evaluated using minimum deviation of -

the median from zero as criterion to select the best models conditioned for dbh, and
dbh plus dob at 5.3m. Emphasis was placed on performance in the lower-stem be-
cause it is more commercially important. Both evaluations used independent test
data.

Inside-bark models were further evaluated using performance in 12 benchmark
prediction problems. The benchmarks relate to common merchantability standards
for peeler and saw logs from southern pines, and were used to judge the practical
importance of differences between models. These benchmarks are: diameter at 5.3,
10.3, and 15.3m above ground; height to 20, 15, and 10cm dib; 1.2m section volumes
above the 0.3, 5.3, and 10.3m heights; volume between stump height (0.3m) and a
20-cm dib; and volume between 20 to 15, and 15 to 10cm dib.

The mean and standard deviation of independent prediction errors for these
benchmarks were calculated for each 2.5cm dbh class, and were used to compare
performance of models as a function of tree size. Methods described by Reynolds
(1984) were used to test hypotheses (a = 0.05) that residuals in the benchmark pre-
dictions were normally distributed within each dbh class. For those dbh classes in
which the normality hypothesis was not rejected, the hypothesis of unbiased re-
siduals (mean error = 0) was also tested (@« = 0.05). All benchmark tests of hy-
pothesis were performed using the independent test sample that included 20 to 40
trees in each dbh class.

RESULTS AND DISCUSSION

Compared to the original Max and Burkhart model, the standard deviation of re-
siduals for the models conditioned for dbh, but not for dob at 5.3m, were 2 to 8% less
for predictions of relative dib, and 3 to 5% less for predictions of relative dob (Table
2). Choice of conditioned parameter (b,, b,, or b;) made little difference. However,
the model that was conditioned using b, had slightly less mean residual error in the
lower stem. The simple bark models produced more precise estimates of relative dib
over the entire main stem than the more complex models (Table 2); this was true for
the independent test data, but not for the data used in parameter estimation.

For inside bark models, the standard deviation of residual error in relative diam-
eter estimates, conditioned for both dbh and dob at 5.3m, were 5 to 11% less than
those for the unconditioned model (Table 2); however, they were 0.94 to 2.3 times as
large for estimates of relative dob. Most of the differences in residual error occurred
in the upper half of the main stem, which is less valuable for multiproduct utilization
than the lower sections. Mean residual error in the lower stem was smallest for the
model in which b, and b, were conditioned for dbh and dob at 5.3m. The complex
bark submodels had standard deviations of residual errors (Table 2) that were 0.94 to
1.03 times as large as those of the simple bark submodels, as evaluated using inde-
pendent test data. Most of the differences in performance between bark submodels
occurred in the upper stem.

BENCHMARK DIAMETER ESTIMATES

Twelve benchmark prediction problems were used to judge the practical importance
of differences between the original model and a conditioned model (conditioned for
dbh and dob at 5.3m using b, and b, and the simple bark submodels). The first set of
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TABLE 2. Comparison of square root of the mean squared residuals (units = d/D),
using independent test data, for alternate methods to condition the Max and Burk-
hart model.

Inside bark
Outside Simple Complex
bark bark submodel bark submodel

Unconditioned 0.0778 0.07472 0.0747°
Conditioned for dbh

b, conditioned for dbh 0.0754 0.0693 0.0735

b, conditioned for dbh 0.0736 0.0690 0.0714

b, conditioned for dbh 0.0742 0.0691 0.0714
Conditioned for dbh and form class

b, conditioned for dbh,

b, for form class 0.1798 0.0709 0.0666

b, conditioned for dbh,

b, for form class 0.1798 0.0709 0.0666

b, conditioned for dbh,

b, for form class 0.0732 0.0667 0.0690

b, conditioned for dbh,

b, for form class 0.0776 0.0679 0.0686

2 These stem profile models have no explicit bark submodel.

benchmarks used dib at the top of the first three Sm logs. There was little difference
between models in statistically significant bias by dbh class for all three diameter
predictions; however, there were large differences in the standard deviation of re-
siduals (Table 3). The conditioned model was consistently more precise in predicting
dib at the top of the first log. Standard deviation of residual errors ranged from
one-half (for 17.5cm dbh trees) to one-fourth (for 50cm dbh trees). There were fewer
differences in predicting dib at the top of the second 5m log. Precision of both
models was approximately equal for trees with a dbh of 30cm or less; however,
standard deviation of residual error of the conditioned model was one-fourth less for
larger trees. There were no major differences between models in predicting dib at the
top of the third Sm log.

BENCHMARK HEIGHT ESTIMATES

The second set of benchmarks tested predictions of height to three different top
diameters. There were few differences between the two models in statistically signif-
icant bias; however, there were differences in the standard deviation of prediction
error (Table 3). Standard deviation of errors in predicting height to a 20cm dib was
one-fourth less for the conditioned model compared to the unconditioned model.
There were fewer differences between models in predicting height to a 15cm dib.
Standard deviation of residuals in predicting this height were 10% less for the condi-
tioned model for trees with a dbh of 35cm or less; errors for larger trees were very
similar for both models. For trees with a dbh of 35cm or less, there were no major
differences between models in predicting height to a 10cm top dib. For larger trees,
the standard deviation of residuals for this height using the unconditioned model was
25 to 50% less than the conditioned model. This was the only benchmark for which
the unconditioned model was superior to the conditioned model.

BENCHMARK VOLUME ESTIMATES

The third set of benchmark prediction problems used cubic volume in 1.2m sections
at the base of the first three Sm logs. Again, there was virtually no difference be-
tween models in statistically significant mean residual error. Also, there was little
difference between the two models in predicting cubic volume between 0.3m and
1.5m (Table 3). However, the conditioned model was consistently more precise than
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TABLE 3. Approximate decrease in standard deviation of benchmark residual
errors from a stem profile model conditioned for dbh and dob at 5.3m compared to
unconditioned model.

Decrease in standard
deviation of residuals

Benchmark dbh (%)
Estimated dob at
5.3m height 17.5cm 50
50cm 25
10.3m height under 30cm 0
over 30cm 25
15.3m height all trees 0
Estimated height to
20cm dib all trees 25
15cm dib under 35cm 10
over 35cm 0
10cm dib? under 35cm 0
35cm -25
50cm -50
Estimated cubic volume
stump to 1.5m height all trees 0
5.3 to 6.5m height 17.5cm 50
50cm 25
10.3 to 11.5m height under 38cm 10
over 38cm 25
10 to 15cm dib all trees 0
15 to 20cm dib all trees 0
stump to 20cm dib 17.5cm 10
50cm 40

@ This is only benchmark for which the conditioned model was less precise than unconditioned
model.

the unconditioned model when used to predict volume of the other two 1.2m sec-
tions. This was the case for the entire dbh range. The conditioned model had stan-
dard deviations of residuals for volume between 5.3 and 6.5m which ranged from
50% less for the smallest trees (17.5cm dbh) to 25% less for the largest trees (50cm
dbh). For predicting volume between 10.3 and 11.5m, the standard deviation of re-
siduals from the conditioned model were 10 to 25% less than those of the uncondi-
tioned model; the greatest improvements were realized for trees with a dbh of 38 to
50cm.

The final set of benchmark prediction problems tested performance of the two
stem profile models in predicting cubic volume between specified dib’s. There were
few differences between models in statistically significant mean residual error. Also,
both models were equally precise, for all tree sizes, in predicting volume between 10
and 15cm dib, and between 15 and 20cm dib (Table 3). However, the conditioned
model was superior to the unconditioned model in predicting volume between stump
height and 20cm dib. Standard deviation of errors from the conditioned model were
10 to 40% less than those from the unconditioned model, increasing proportional to
tree size. Residuals for volume estimates between stump height and a top diameter
are typically large (e.g., standard deviations of 0.1 to 0.2m? for volume below a 20cm
dib) because it requires estimating height to that top diameter, and a small error in
estimating height can produce a large error in estimating volume below that height.
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APPENDIX

CONDITIONING b; FOR dbh

To condition b; so that predicted dbh (dp) equals measured dbh (D) at breast height
(Hp), let

dp/D = 1
Lo {0, for Hy/H = a,
2D —

1, for Hy/H < a,.

It is assumed that H,/H < a, (i.e., breast height is below the top join-point), which
makes I, , = 1. Solving the unconditioned model (1) for b, produces

by = [(dp/D)?+ by(1 — Hpy/H) + b1 — HY/ H?)

~ by, Hp/HPL, p)(a, — Hp/H) 2 @
Substituting b, in equation (4) into the original model (1) yields
(@D = bX, + bX; + bX; + W )

where
X, = WH -1 + (1-Hpy/H)a,— Hp/H)~*a,— h/H)L;;
X, = h¥H?* —1 + (1- HYH*a,— Hy/H) %a,— h/H)I,;
X; = (a,—h/HYPL, — (a,—~ Hp/H)a,~ Hp/H) *a,~ W H}?LL, p;
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W = (a,—h/HY(a,— Hp/H)™U,;
b; = parameters in the original model (1), i = {1,2,4}.

The above formulation is designed for outside bark models or inside bark models
when bark thickness is directly observed (e.g., dp/D is measured directly using a
diameter tape and a bark gauge). However, dib is usually predicted using observed
dob. In this case, ((3,>/D)2 must be estimated, and substituting equation (4) into the
original model (1) produces

(@D = b X, + b:X, + bX; + W(dp/D)2 ®)

A common estimator for dib at breast height given dbh outside bark is the simple
linear model:

aD = Co + CID. (7)

This relationship was used by Cao (1978) for the stem profile model of Ormerod
(1973). 1t is also used with (6) to complete the formulation of the segmented condi-
tioned model for predicting inside bark dimensions.

A two-step process could have been employed in which parameters for predicting
(dp/D)? are first estimated using a quadratic transformation of model (7):

(dp/DP = bsD~2 + bD"! + b ®)

In the second step, b;, i = {1,2,4} could be estimated using (6) and (8) in the following
regression model:

(dID)? — W(dp/D)? = b,X, + bX, + b,X,. o)

However, it is possible to simultaneously estimate all parameters in (8) and (9) using
the following regression model with a zero intercept:

(dIDYP = b X, + bX, + bXy + bsX, + beXs + b;W (10)
where
X; = transformed independent variables in conditioned taper model (5), i = {1,2,3};
X, = WID%
Xs; = WID;
W = afunction of 4#/H, defined in the conditioned model (5);
b; = estimated regression coefficients in the original model (1) for i = {1,2,4}, and

in the inside-bark model (8) for i = {5,6,7}

Simultaneously estimating all parameters was expected to minimize the residual
error. Also, variance for (d/D)? as a function of relative height (4/H) in (10) was found
to be nearly homogeneous by Bruce, et al. (1968) for red alder, by Demaerschalk and
Kozak (1977) for maple and Douglas fir, and by McClure and Czaplewski (1986) for
loblolly pine.

Using the parameters estimated by (10) to subsequently predict diameters can be
simplified as follows. If the taper model predicts dob, or bark thickness at breast
height is directly measured, then (dp/D)? is a known constant. Otherwise, (dp/D)? is
estimated for each tree using bark model (8). The value of the conditioned parameter
(b,) is then computed for each tree using (4); any diameter, height, and volume pre-
dictions for this one tree may then be made using the original model (1) and formulae
given by Cao (1978).

ADDITIONAL UPPER-STEM MEASUREMENT
To simultaneously condition b, for dbh and b, for the upper-stem measurement, let
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0, for Hy/H = a,
1, for Hy/H < a,

1, for Hy/H < a,

0, for H/H = a,
1, for H/H < a,

Ly
Ly
Il,u

{0, for Hy/H = a,

I = 0, for H/H = a,
Zu 1, for H/H < a,

where H, is the height at which the upper-stem measurement is taken. Simulta-
neously solving the unconditioned model (1) for b, and b, results in

b2=

(by(HJH - 1) + bya, — HJHPL,, + bia, — HJH, — @/DRIQ - Hﬁ/lzll?)
(dp/DXHYH? - 1) + (/D1 — HYH?)
b, =\ + b(H¥YH* — W)a, - HJHM,, + 1 - HYH)(a, — Hp/H?, ] (/V
+ bl(HYH?* — 1)a, — H/H}L, + (1 — HJH?a, — Hp/H}L, p)
(12)
where )
V = [(1 - Hp/H)(1 - HY/H*) — (1- HY H(1- H /H)].

Substituting (11) and (12) into the original model (1) yields

(DY = bXs + bX; + Wp(dp/DP + W,(d,/D), 13

where
Xs = (a,—WH, + (WH-1) [0 - H/H»(a, - Hy/HY, p
—(1-HyH*)(a,- H/Hy1, ,)/V + (W/H?-1) [((1- Hp/H)(a,— H/H)1,,
~(1— H,/H)a,— Hp/HP1, p)IV;
X; = (a;- WH),+ (WH-1) [(1- HYH»(a,— Hp/HYL, p
— (1~ Hy/H)a,~ H/HPL, )V + (WH? — 1) [(1 — Hyp/HYa,~ H/H?L,,
—(1 — H/H)a, — H/H)* Iz,D]/V;
Wp = [(1-HH)(1 - H/H) — (1-RH)(1 - H/H)V;
W, = [(1-rH»(1 - Hp/H) ~ (1-h/H)Y(1—-H¥H)IV;
b, = parameters in the original model (1), i = {3,4};
V = constant defined in equation (12).

When dp, and d, are measured directly, d,/D and d,/D are known constants (as-
suming negligible measurement error). However, dib is often predicted using dob
measurements, and dp and d, must be estimated when inside bark dimensions are
being predicted. Bark model (7) was used for 30, while a similar model was em-
ployed for d,. This produced the following regression model for inside bark dimen-
sions:

(dJ/D)* = bg(D™?) + by(D,D™?) + byo(DID™?) (14)

where d, is estimated dib, and D, is measured dob, at the upper stem position.
Regression model (8) was selected for (d,/D)?. However, simultaneous estimation of
parameters in both the inside bark stem profile models and the bark models was
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performed using the following multiple linear regression model with zero intercept
rather than (8), (13), and (14):

(@D = byXg + bX; + bsXy + bXs + b;Wp + beXy + beXy + byoXyo (15)
where,

X; = transformed independent variables in conditioned model (13); i = {6,7};
and breast height bark model (8), i = {4,5};

Xs = Wu/Dz,
X, = W,D/D%
X, = W,DI/D%

Wy, W, = functions of h/H, defined in (13);

b, = parameters in original profile model (1), i = {3,4}; breast height bark
model (8) parameters, i = {5,6,7}; and upper-stem bark model (14) param-
eters, i = {8,9,10}.

When applying the inside bark models with parameters estimated using (15),
(dp/D)? is calculated for each tree using (8), and (d,/D)? using (14). These estimates
are used to compute the values of the conditioned parameters (b, and b,) for each
tree using (12) and (11). These conditioned parameters are used with estimated
values of b, and b, from (15) in the original model (1) to predict diameters, heights,
and volumes using analytically derived geometric formulae (Cao 1978).

Estimated parameters for the original Max and Burkhart taper model, the model
conditioned for dbh, and the model conditioned for both dbh and Girard form class
(measured ob) are given in Table 4.
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