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ABSTRACT. A number of different estimators can be used when forest inventory plots cover two or
more distinctly different condition classes. In this article the properties of two approximate Horvitz-
Thompson (HT) estimators, a ratio of means (RM), and a mean of ratios (MR) estimator are explored
in the framework of double sampling for stratification. Relevant theoretical properties are given, and
a simulation study is used to compare the properties of these estimators. It is concluded that the
variance of the RM estimator is smaller than that of the approximate HT for the populations studied,
butthat of the MR estimator is larger. While ratio estimators are known to be biased for small sample
sizes, an additional bias also occurs when the population of interest has an edge-effect. The RM
classical variance estimator underestimated the true variance in the simulation study. The approxi-
mate HT estimators exhibited biases that were generally smaller than those of the RM and MR
estimators for populations with an edge-effect. Its classical variance estimator was essentially

unbiased. For. Sci. 47(4):563-576.
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ANY OF THE LARGE-SCALE FOREST INVENTORIES CON-

ductedinthe United Statesand other countriesuse

some form of double sampling. One example is
the Forest Inventory and Analysis (FIA) program in the
United States, which has monitored the condition of forest
resources of the nation for the last 70 yr. This program has
taken measurements on approximately 2,500,000 photo-
interpreted points and over 120,000 fixed-area cluster plots
across all forested land. These data are used to periodically
generate estimates of forest resources for attributes such as
area, volume, and number of trees. Changesintheforest since
the previous inventory are also estimated (e.g., growth,
mortality, removals, and area converted to other uses). The
estimates of all attributesare generated for all forested areas.
However, of equal importance are estimates for various
subpopulations, which can be based on either individual tree
or land characteristics. Theterm domain will be used to refer
to subpopul ations determined by individual tree characteris-
tics(e.g., treesize, presenceof diseaseor conks, species). The

term condition classwill refer to area-based subpopul ations
and are classesthat can be mapped on the ground (e.g., stand
size, productivity class, forest type, ownership).

Scott and Bechtold (1995) and Williams and Schreuder
(1995) present aratio of means (RM) and aHorvitz-Thomp-
son (HT) estimator, respectively, but these estimators and
their rel ativemeritshavenot been adequately compared. This
articleoutlinessomeprotocol sfor double sampling for strati-
fication, highlights some of the assumptions that are used,
introducesamean of ratios (MR) estimator, and comparesall
three estimators. Properties addressed in the comparison are:

O relevant theoretical properties,

0 biasand variance of the estimators, and

O effects of choice of estimator on sampling protocol and
inventory compilation.

Results of a simulation study on a small mapped popul a-
tion are used to illustrate the bias and efficiency of each
estimator.
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Description of the Sampling Design

Two common approaches exist for areal sampling de-
signs, which will be referred to as the tessellated and
continuous population approaches. The former approach
assumes that an area frame (Sarndal et al. 1992, p. 12) is
constructed by tessellating the land area into N
nonoverlapping plots of equal area, from which a prob-
ability sample of plotsis selected. Given this area frame,
estimates can be derived using finite population cluster
sampling theory (cf. Cochran 1977, Chap. 9 and 10,
Sarndal et al. 1992, Chap. 3). One problem with this
approachisthat circular plots, which are used in virtually
all forest inventories, cannot be used to divideaforest into
nonoverlapping plots.1 The consequence of thisfact isthat
a positive probability of inclusion cannot be assigned to
every element of the population. Despiteitslack of statis-
tical rigor, this approach is still quite popular.

That continuous population sampling differs from fi-
nite population cluster sampling is a concept that dates
back to at least the 1950s. Pielou (1977, p. 115) describes
three different relationships that can exist between the
area sampled and the organisms within that area. For the
first relationship, the land area is divided into sampling
units by some mechanism, such as roads that define city
blocks or individual forest stands, and each organism
belongs to one of the sampling units. This relationship
describes the tessellated population approach for which
finite population cluster sampling is appropriate. The
second situation describes most forest populations where
organisms (trees) inhabit a continuous areawhere thereis
no natural division into sampling units. Thus, to study
individuals on a per unit area basis, the unit must be
arbitrarily defined by a randomly located plot. The third
situation differs from the second by allowing for the
movement of organismswithinthearea. Theterm continu-
ous population sampling, as suggested by Bartlett (1986),
is used to refer to the second situation where randomly
located plots are used.

The notion that the theory behind continuous popula-
tionforest sampling designsdiffersfromthat of traditional
finite population cluster sampling, coveredintextssuch as
Cochran (1977, Chap. 9 and 10) and Thompson (1992,
Chap. 12 and 13), is not a new concept. Pielou (1977),
Ripley (1981, Chap. 3 and 6), Bartlett (1986), Campbell
(1993), Eriksson (1995), Stevens (1997), and Gregoire
(1998) discuss numeroustopicsrelating to the sampling of
a continuous space. For our comparison, a continuous
population sampling approach is used. Relevant refer-
ences to both finite and continuous population sampling
results are given. Differences in sampling protocol and
areaestimationfor thetwo approacheswill be discussed as
necessary.

1 It isoften thought that triangles, rectangles, or hexagons must be used to
performtheregular division of aforest. However, asystem of transforma-
tionswasdevel oped by M.C. Escher (cf. Bool and Locher 1982) to perform
such divisions with other shapes.
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First Phase

The first phase of a continuous population sampling
designisusedtostratify theland areaintoforest and nonforest
strata. Thetotal areaof the population isassumed known and
is denoted by At. Given A, and assuming no classification
errors of the sample points, the total forested areais deter-
mined by cal culating the proportion of the sample paints, |5F ,
that fall onland that isclassified asforest. The sample points
for this proportion may be generated from agrid samplewith
arandom start. However, the estimator of forested area, ,&F ,
and itsvariance are generated assuming pointsare uniformly
distributed over the population. Estimates derived from sys-
tematic sampling can be problematic when thereis periodic-
ity in the spatial pattern of the population. Milne (1959)
studied such concerns in forest populations and concluded
that “the danger to centric systematic sampling from unsus-
pecting periodicity is so small as to be scarcely worth a
thought.”

Second Phase

The second phase plots are a subsample of pointsthat fell
in the forest stratum during the first phase. Most large-scale
inventories use a cluster of plots or prism points to reduce
costs and estimator variance. The cluster plot used in this
study resembles the FIA ground plot and consists of four
1/60th ha (1/24 ac) fixed-area subplots. On each subplot, all
trees greater than 12.7 cm (5 in.) diameter at breast height
(dbh) aretallied. Each subplot also contains an additional
1/750 ha (1/300 ac) microplot where trees with dbh lessthan
12.7 cm are tallied. In practice, the microplot is offset from
the center to avoid trampling. For simplicity, the microplot
was not offset in our simulation study. To distinguish
between the two plot types, the terms subplot and microplot
areused to denotethe 1/60th and 1/750 haplots, respectively.
The HT estimator requires that plots are included in the
sample only when the center point of the cluster plot fallsin
theforest stratum. For thisstudy, the same sampling protocol
is used for the RM and MR estimators, where inference is
model-based. All subpl otsthat cover morethan onecondition
class are mapped for forest/nonforest and condition class
boundaries. The boundaries are used to determine area of
forest and areas by condition class for each plot.

Estimation Methods

Thefocus of the article is estimating area by condition
class and various attributes derived from the trees within
the forest stratum such as total basal area and number of
trees. First, the estimation of forested area (first phase) is
discussed, and then three estimators are proposed for
deriving total values for the various attributes (second
phase). Tofurther illustrate the differences between meth-
ods, the estimators are given for an arbitrary condition
classcand domain |. Two of the three estimation methods
have been discussed by Scott and Bechtold (1995) and
Williams and Schreuder (1995). The third estimator is
presented, and standardized notation for all methods is
given. The performance of the estimators is compared
using the continuous population approach.



Notation
Thefollowing variables are associated with area estimation:

C = number of condition classes to be estimated
c = index for each conditionclassc=1, ...,C
h = index for each cluster ploth=1, ..., m

[ = index for each subplot

Ar = total land area

,&F = estimated area of forested land

A(c) = estimated areaof forested landin condition classc

FA’F = egtimated proportion of Ay which is forested

ﬁ(c) = estimated proportion of A whichisin condition
classc

aﬂfc = areaof themicroplot covering forestland on sub-

ploti of cluster plot h

aﬁ‘fb = areaof thesubplot covering forestland on subplot
i of cluster plot h

ali®(c) = theportion of g in condition classc
ag®(c) = theportion of g% in condition classc
The notation used to describe tree attributesiis:

L = number of domains to be estimated

j = index for each tree

k = number of subplotsinthecluster withk=4forthis
study

I = index for eachdomainl =1, ..., L

m = number of second phase cluster plotsintheforest
stratum

Kn(F) = theset of subplot indices of cluster plot h whose
center point fallsin the forest

Kp(c) = theset of subplot indices of cluster plot h whose
center point fallsin condition classc

ky(F) = number of subplotsof cluster plot h whose center
point fallsin forest

kp(©) = number of subplotsof cluster plot hwhose center
point fallsin condition class ¢

Yhi J-(c, I) = attributeof interest for treej onsubploti of cluster
plot h in condition class ¢c and domain |

Nhi = number of treestallied on both micro or subplot i
of cluster plot h

n,TC = number of trees tallied on microplot i of cluster
plot h

nﬁ}’b = number of treestallied on subplot i of cluster ploth

Area Estimation by Condition Class
The forested area in condition class c is estimated by

m
h=1

A©) = AcP(0) = A S
h=1

k b
i_1an ()

k sub
i=1ahi

@

with aﬁ}*b(c) being the area of subplot i of clusterplot h
covering condition class ¢ derived by mapping the boundary
of the condition class. The forested area by condition class
can aso be derived from the microplot. This alternative
estimator is

z hmzlz 1 (c)

()= AeP(0) = Ac S .S e
h=1 i=1%%hi

Horvitz-Thompson Estimator

Thisestimator, used in Williamsand Schreuder (1995),
can be formally described in a number of different ways
(Eriksson 1995). In this study, each tree is assigned an
inclusion probability, T (theterm expansion factor isoften
used in forestry and is the inverse of the inclusion prob-
ability), which is used to generate estimates of the popu-
lation total using a Horvitz-Thompson estimator (cf.
Cochran 1977, Sec. 9A.7, Thompson 1992, Sec. 6.2). The
estimator for the total of any attribute in condition class c
and domain | is given by:

i

\?HT(C,|)=%Z PRTTCOIE )

k
h=1i=1 j=
where

Yhj © if Yy isincondition class cand domainl
Ynij (C.1) ; )
0 otherwise

Thij is the inclusion probability for the tree, and n; is the
number of treesthat were sel ected on both micro- and subpl ot
i of cluster plot h.

For cluster plot designs, the true ©t values are too time-
consuming to calculate for each tree and standard boundary
correction technique, such asthemiragetechnique (Gregoire
1982), and areal so difficult toimplement and not likely to be
used. Thus, when the goal isto assess performancein areal
world setting, it would be unfair to use the true tt values for
comparing this estimator to the alternatives. Therefore, two
approximateHorvitz-Thompson estimatorsareproposed that
could be implemented with less trouble. For both of these
estimators, each subplot in the cluster is used to generate an
estimate of the total as if it were a single plot and the
individual estimates are averaged together to generate an
estimate of thetotal for the cluster plot. The most significant
consequence of this action is that trees are not tallied on
subplotswhose center-point falls outside the boundary of the
forest stratum.

Two approximationstothetruevaluesarereasonable. The
first approximation is
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TE," kh(F)ahn;“C / AF
d>12.7 cm
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depending onwhether or not thetreeistallied onthemicroplot.
For this approximation, the inclusion probabilities are exact
when AF = Ap and for trees that are more than one cluster
radius away from the forest stratum boundary. The second
approximation uses the tree-centered approach described in
Huschetal. (1982. Sec. 14-3). For eachtreein the popul ation
of interest, acircular plot of areaa™¢ or asP, depending on
thedbh, iscentered around thetree. Theinclusion probability
is then approximated by

_ ky(F)a”
A

wherea”istheareaof thecirclethat iswithin the population
boundary. When AF = A, the n” are exact inclusion prob-
abilitiesfor sampling designsthat use only asingle plot (k=
ky(F) = 1), rather than a cluster of plots. These n”’s are al'so
equal tothetrueinclusion probabilitiesfor treesthat aremore
than one cluster radius away from the forest stratum bound-
ary.

The motivation for these estimatorsisasfollows. Then”
approximation is used because if the cluster plots were
broken up and theindividual subplotswere spread uniformly
acrossthe forested area, an unbiased HT estimator based on
the = k,(F)Osubplots is possible. Thus, this approxima-
tion assumesthelocation of plotswithintheforest areado not
need to be completely random. The n” approximation makes
the same assumption but uses aMOandaPto approximate
a”’. Thisadditional approximationisused becauseit wouldbe
very time-consuming for field crewsto measurea” for every
tree.

Thetwo approximateHorvitz-Thompson estimatorsbased
on these tlJapproximations are

”

m

A Ny
Y,QT(C,|)=%2 Z thij(CJ)/ﬂﬂij

h=i ieKy(F) j=1
and
~ 1 m nﬂ\
V=23 Y D yweh/n,
h=i ieK,(F) j=1

Notethat changesin condition classesat thecluster-plot level
influence neither tlnor its approximations. These quantities
are only affected when a plot straddles the forest/nonforest
stratum boundary. Inthissituation, theval ueof ther approxi-
mations represents the reduced likelihood of trees along the
boundary of the forest being selected. The approximations
suggested can cause a bias because ' s are no longer fixed.
The effects of these approximations are discussed later and
are compared to the other estimatorsin the simulation study.
The Horvitz-Thompson estimator also differs from the
other two in how the condition class attributes are estimated.
The Horvitz-Thompson estimator expands the attributes of
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trees on each cluster plot to give an estimate of the total for
the forested area, while the other two methods generate
average per-unit-area estimates directly. As a result, per-
unit-area estimates by condition class can only be generated
for the population using a ratio estimator as described in
Williams and Schreuder (1995). For example, if an estimate
of basal areaper hectarefor thehardwood condition classwas
desired, the estimate of total basal area for the hardwood
condition class [Equation (2) or one of the approximations]
is divided by the estimate of the area in the hardwood
condition class [Equation (1)].

Ratio of Means Estimator

Theratio of means estimator (RM) wasfirst suggested by
Scott and Bechtold (1995) and further devel oped by Bechtold
and Zarnoch (1999) for mapped plots. Itscontinuous popul a-
tion analog issimilar with afew key differences. Whilel am
unaware of specific references in the sample survey litera-
ture, this type of sampling has been discussed in the context
of spatial statisticsand quantitative ecology, whereitisoften
referred to as quadrat sampling. Ripley (1981, Chap. 6)
summarizes quadrat sampling methods for determining the
population total. He defines the intensity of the population,
denoted by A, asthetotal number of unitsdivided by thetotal
area. He states. “ Random positioning of the quadrats allows
us to take averages over the randomization. Then the count
per unit areafrom the samplesisan unbiased estimator of the
population count divided by thetotal areaof theregionwithin
which the samples are taken.” This statement may be mis-
leading because while it may be correct for popul ations that
can be described by a stationary point process (Stoyan et al.
1995, Sec. 4.6) or oneswith no edge (e.g., those spread over
asphere), it may not be applicable to sampling forest popu-
lations because of the spatial properties of thetreesalong the
forest boundary.

For thismethod, the sampling unit isthe plot, and the area
of the plot for a given condition class is tallied with trees
located onthat portion of theplot. Thus, boththetreetally and
plot area within the condition can be viewed as random
variables. For all trees tallied on the subplot, the tree at-
tributes y and subplot areas a®(c) are summed across all
plots in condition class ¢ and domain | to form the ratio

é(c, ), which isthe per-unit-area estimator of y for all trees
with dbh > 12.7 cm. Information for trees with dbh < 12.7
cmCJon the microplotsis summed similarly to obtain theratio

é'(c, ). The additive RM estimator of the total in condition
classc and domain | is given by

Yeur (C.1) = (R(C,1)P’(C) + R(c, 1) P(C)) A

Note that this estimator uses the estimated proportion of the
population in condition class ¢ from both the micro- and
subplot. While it seems illogical to use FA)'(P), because its
variance will certainly belarger than that of p(c), additivity
across condition classes cannot be maintained using only
f)(c) . While additivity is not necessary, it isauseful tool in
maintaining confidence in public databases because it en-
sures that the estimates for all individual condition classes
and domains can be summed to match the estimate of the
overall total.



Expanding this estimator yields:

Yew(C) =
m k npe m k n3®
PIPIRVAC) DD vl
h=1 n~||:1 szl P’(C) + h=1 rT::1 szl P(C) AF
PIPIEEC! PIDIE !
h=1 i=1 h=1 i=1
where
if Yy isin condition classc and
yhie(c 1) = 1 Yhi domain | and tallied on the microplot
0 : otherwise
and
if Yy isin condition classc and
yaP(c1) =1 Yhi domain | and tallied on the subplot

0 : otherwise

Substituting the expressionsfor p’(c) and p(c) fromthe
previous section and canceling like termsyields

5 (y™ () |y
YRM(c,I)—[ T AR 3)
where
Y (c,l) =1/ mEfL,zk =Wy (c D)
and

wb_l/ mzh lzl lahl '

with gmMe(c 1) and zmic similarly defined. This shows that
the additive RM esti mator of the forest total is composed of
theaverage of they attributesin condition classc and domain
| for the micro- and subplots, respectively, divided by their
respectiveaverageareaof theplot covering theforest stratum
and isan application of theresultsin Ripley (1981, Chap. 6).
Thus, the apparent need to map both the micro- and subplot
by condition class is unnecessary for estimating population
totals. Instead, each tree must be assigned to its appropriate
condition classand domain and only theforest and nonforest
boundariesrequiremapping becausethisisall thatisrequired
to compute aM¢ and asP. Of course, ignoring the condition
classboundariesmay compromise other analyses such asper
area estimates by condition class.

The ratio estimator has been extensively studied, though
not in the context of double sampling or as the sum of two
ratios, as given in (3). If only trees on the subplot are
considered, and al condition class and domains are consid-
ered, the ratio estimator

X»
<l

bl

would beoptimum under thetessel lated popul ation approach
(Cochran 1977, Sec. 6.7), inthe sense of being the best linear
unbiased estimator, if:

1. The relationship between the sum of the cluster plot

nh\

Z PIDN

i=1 j=1

and the forested plot area

&
I
M-
o

=

i=
isastraight line through the origin.

2. Thevarianceof y:* conditional on a** isproportional to
ash.

Assuming the results hold in the continuous population
setting, resultsfrom spatial statisticsand stochastic processes
can be used to determine when these two conditions will be
met by studying the RM estimator for the total number of
trees. For thisestimator, Yhij == =1, withy,, beingthe number
of trees counted on acl uster plot with forested area aS“b If
theforestisviewed asarealization of apoint process, thefl rst

condition holds when the point process describing the forest
has a constant intensity because

sub — kahsfb +e (4)

where E[e] = OOandVar([e] = 02v(ah.)DandLDisthe expected
number of points per unit area (Ripley 1981, p. 13). The
second condition is satisfied provided the point process
describing the forest is consistent with a stationary Poisson
process because Varly,, | = Var[e]= Xaﬁ’fb O(Ripley1981,
p. 102). The Appendix shows that the RM estimator is
unbiased with respect to this model under the continuous
population approach. A reasonable model for the variance of
other point processmodelsis Varly, 1= x(aﬁ‘ﬂb)r_ If thetrees
areaggregated, thecount per unit areaismorevariable, which
impliesr > 1. Regularity in the spatial patternimpliesr < 1.
When other attributes are estimated, such as basal area, the
two conditions will hold provided the location of trees is
consi stent with aPoi sson process, and the size of theattribute
is spatially uncorrelated. Penttinen et al. (1995) discusses
analytical methods for describing these populations.

There are someimportant implications associated with
the model-based properties of the RM estimator. For
example, therulesfor selectingthemplot locationsare not
as well defined as those of the HT estimator because the
Poi sson process assumption places few restrictions on the
size, shape or location of aS’Jb (Taylor and Karlin 1994,
Sec. 5.2 and 5.5). Therefore, them plot locations could be
purposively selected fromtheinterior of the population, or
at the other extreme, they could be any m random plot
locations such that any portion of the plot samples part of
the forest stratum. The estimators for both of these ex-
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amples are unbiased with respect to Equation (4). How-
ever, the variance of the two ratios will be very different.
To illustrate, rearrange Equation (4) into a ratio. This
yields
sub

I+,
where E[¢] = OOandvar[e’] = )/ aX. Thus, the sampling
designs that minimize the variance of theratio are those that
maximize the area sampled, which are designs where plots
are selected that do not intersect the boundary. Thisresultis
consistent with the finite population ratio estimator results
given by Royall and Cumberland (1981). For our study, the
same m plot locations are used for al three estimators. This
designisnot optimal for theRM estimator, butit doesprovide
a component of randomization that is necessary to avoid
concerns of personal bias in the sample selection. For most
natural populations the model given by (4) will not be
satisfied because of edge-effect, whichisaconsistent differ-
encein forest structure between the interior and boundary of
theforest. Themodel failure occursbecause Alisafunction of
the distance to the forest boundary when edge-effect is
present. Wales (1972) and Chen et al. (1992) studied edge-
effectsfor forest standsand givethefollowing list of signifi-
cant differences between the interior and the edges

O different stocking density, number of stems, and basal
area

different growth rates
elevated rates of mortality
different numbers of seedlings and saplings

o 0o o o

different responses of tolerant and nontolerant species

Theeffectsof departurefromthemodel y = a3 + ¢
on the tessellated population ratio estimator has been
studied extensively by Royall and coauthors (Royall and
Herson 1973a, 1973b, Royall and Cumberland 1981, Royall
1992). They found the ratio estimator extremely vulner-
abletobiasfor even subtle model failures. A review of the
sample survey and spatial statistics literature has been
unable to locate similar results for continuous population
sampling. The simulation study is used to illustrate how
edge-effect influences the continuous population RM es-
timator in a similar manner.

Astute readers may have noticed that Scott and Bechtold
[1995, Equation (19)] use the total area of the micro- and
subplot in their derivations of forest area, rather than the
portion of the plot covered by forest (a™¢ and asP, respec-
tively). This occurs because the equal areatessellated popu-
lation approach divides the areainto strata along the bound-
ary of the sampling units, unlike the continuous popul ation
approach, which uses the forest/nonforest boundary. Some
consequences of this difference are:

0 Strata under the tessellated sampling approach are more
heterogeneous than those of a continuous population
design because some forest and non-forest area are in-
cluded in every stratum.
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0 Thefirst phase sample of atessellated population is not
used to estimate area of forest and nonforest. Instead, it
simply dividesthetotal areainto stratathat are predomi-
nantly forested and nonforested.

[0 Because atessellation of A is amost sure to have some
portion of forestland in every stratum, estimates of forest
attributes must be calculated for every stratum and then
added across all strata.

0 Thesecond phase samplesizeislarger for the tessellated
population approach because every plot that covers a
portion of forestland must be visited. For a continuous
population design, a cluster plot can be installed only
when the center point of the cluster falls in the forest
stratum.

0 Under the tessellated population approach, all tree inclu-
sion probabilities are equal provided the population can
truly be tessellated into plots of equal area.

Mean of Ratios Estimator

The mean of ratios (MR) estimator is similar to the HT
estimator except that theexpansionfactorsarerandomvariables
and are dependent on the area of the plot falling in a given
condition class. Thus, rather than expanding each tree by the
total plot sizes(a™¢or aP), theproportion of theplot falingin
condition classcisused. Thus, the estimator for any attribute of
interest in condition class c and domain | is given by;

m i

mk:(c)z DR COIET

h=1 ieky(c) j=1

Yur(C: 1) = Ay

where

al'°(c) : dbh<12.7 cm

() {aﬁ‘fb (c) : dbh>12.7 cm
and \?MR(C, 1) = 0 if k,(c) =0. Thisisoneof many possibleMR
estimators. Others can be derived by averaging the data in
different ways. This one was chosen becauseit is equivalent to
the \?AT estimator when all condition classes are combined to
estimate the population total . Thesetwo estimatorsare substan-
tialy different when estimating specific condition classes.
Optimum propertiesin the tessellated popul ation setting are
discussed by Schreuder et a. (1993) and are similar to those of
the RM estimator with the MR estimator being optimal when:

1. A graph of the relationship between the attribute y;, and the
plot areaa,, formsastraight line through the origin.

2. Thevariance of y;, conditional on &, is proportional to aﬁ.

Assuming the results hold in the continuous population
setting, the first property is satisfied for a point process with
constant intensity AlJas in Equation (4). The second condition
requires an extreme degree of clustering, which is unlikely to
occur in natural populations. If the population has an edge-
effect, neither of these propertieswill besatisfied. Thebiasof the
MR estimator can aso be a concern because



Biag Y] = mBiag Yau |,

implying that the bias does not decrease with sample size as
isthe case for the RM estimator (Tin 1965).

The performance of this MR estimator is known to be
inferior to that of the other two estimators when estimating a
specific condition class c. This occurs because it simulta-
neously estimates both the size of the condition class (e.g.,
A(c) = Ac 1 a¥®(c)) and theaverage number of pointsin the
condition class, which makes the variance of the estimator
very large. This estimator is included only to illustrate the
potential problemswithitsuse. Itisnot devel opedtothesame
extent asthe HT and RM estimators.

Variance Estimators

The Variance Estimator for HT Estimators

Williams and Schreuder (1995) list classical variance
estimators for forest means and totals and for various tree,
area, and boundary attributes. These estimators were based
on the assumption of aknown forested area, A.. Accounting
for the estimation of A. isrelatively easy. Writing Equation
(2) as

R . R 1 m Kk
YHT:AFYHT:AFEZ
h=1 j

j=1 jelny

Yhij | i

where Y,,; = AcY, isaproduct estimator with Y, thetotal
per hectare estimator. Because Y, and A. should be essen-
tially uncorrelated, the variance is

Var['&FVHT] = Aé varYyr]+ Y Var['&F]-

Theestimated variancefor atree-based attribute using the
approximate HT estimatorsis given by

var[Yir] = X, (91 — Yur) 2/ m(m - 1),
h=1

where y, isthetotal per hectare estimate of the hth cluster.
Thisestimator will only be an approximate variance estima-
tor for Y}, and Y, because of the approximated inclusion
probabilities and the variability in m, which is usually not
accountedforinforest surveysthat useasystematicgrid. The
classical variance estimator for ,&F is defined analogously.

Variance Estimates for RM Estimators

Classical variance estimators given by Bechtold and
Zarnoch (1999) and Zarnoch and Bechtold (2000) are briefly
summarized. Applying a Taylor’s series approximation to
Equation (3) yields

var[YRMleFvar[gmm} Yo | vathc]
" ySJb ys.Jb 2
+Az var{ﬂ}+ Wj var[ Ag]

Thisapproximation ignores both the possibility of acorrda
tion existing between ,&F and the per acre estimators and data
collected onthemicro- and subplot, whichisreasonablefor the
simulation study wheretreeswithdbh <12.7 cmweregenerated
independently from the those with dbh > 12.7C0cm. Finite popu-
lation sampling theory suggests this estimator is a reasonable
approximation provided that m > 3000and that the coefficient of
variationfor @, ;. and ag, issmall. Underestimatesinexcessof
30% canoccur for small samplesizes(cf. Cochran 1977, Sec. 6.9
and6.17) andwhenthevar[y,, ]isnot proportional toa,, (Royall
and Eberhardt 1975). Alternative classical variance estimators,
such as those described by Royall and Cumberland (1981),
require information that is not available in large-scale forest
inventories.

Simulation Study

Because few analytical results are available to suggest
which of the estimators would be best in terms of bias and
variance, asimulation study was performed to evaluate their
properties. The data collected from large-scale inventories
are not useful in asimulation study because the true popul a-
tion values are unknown. A small mapped data set was used
to compare the performance of the three estimators.

The data were collected in central New Jersey in 1985
(Gregoire and Scott 1990) on an area of 5.37 ha and com-
prised two adjacent hardwood stands containing 4,744 trees.
Square15.2mx15.20m (5& 500ft) plotswerelaid out and all
treesof dbh>12.700cm (5in.) weremeasured for diameter and
their x and y coordinates were recorded. The data set relates
totwo stands of different structure, one comprised of mature
hardwoods of sawlog size and the other a stand of smaller
hardwoods that were regenerating after an earlier distur-
bance. Thetermshardwood and regeneration will be used to
refer to the two stands. These stands were separated by adirt
road, which divided the population roughly in half and had
grown over at the time of measurement. Conditions within
each stand werefairly heterogeneous, but therewasno visual
indication of an edge-effect at the forest boundary. The
origina data were augmented with additional trees because
no information on trees of dbh < 12.7 cm was collected in
1985. Thusinformation for 5,000 seedlings and saplingswas
added to the data set, their (x,y) coordinates and diameters
being generated from a uniform distribution. Another addi-
tiontothedataset wasastrip of nonforested areasurrounding
theorignal data. Thisstrip added an additional 13.28 hatothe
dataset. Thisstrip wasadded so the process of stratifying the
population into forest and nonforest areas could be mim-
icked. Figure 1 depicts the data set used. The seedling data
were excluded, and the diameter of each circle representsthe
relative size of each tree.

Forest area, AF was estimated by simulating an aerial
photography survey which consisted of randomly selecting
100 points from a uniform distribution over the 18.65 ha
block and classifying each point as forest or nonforest. The
proportion of area under forest was then estimated by

b — The number of pointsfalling in forest
£ 100 ’
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Figure 1. Plan of the data set. The size of each circle shows relative size of each tree. The 5,000 artificially generated

trees with dbh < 12.7 cm are not included.

with A_ =18.65P.. A sample of the block of forest was
drawn by selecting the location of every fifth point within
the forested portion of the data set. This approach pro-
vided a sample of m uniformly distributed cluster plot
locations over the forested area and a random second
phase sample size. One advantage of this approach is that
the variability of the second phase sample size would be
more similar to that achieved when sampling from a
systematic grid than from a purely random sample. The
portion of each micro- and subplot falling in the sawlog
and regeneration stands was cal cul ated using the methods
described in Scott and Bechtold (1995), and all trees on
these plots were tallied. Estimates of the total basal area
and its variance were derived from the sample informa-
tion. Estimates were made for the whole population as
well as for the domains defined by tree size (dbh < 12.7,
12.7 < dbh < 43.2, and dbh < 43.2) and the two condition
classes (sawlog and regeneration) and every combination
thereof. The sampling process was repeated M = 4000
times. The average number of clustersover the M samples
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was approximately m=5.3. The mean and variance of the
M samples were calculated and used to determine the
magnitude of the biases in both the estimates of the total
basal area (Y) and its estimate of variance (var[Y]) for
each of the three estimators.

Additional simulationswere performedtoillustratethe
bias of the estimators when the population of interest has
an edge-effect. In each of these, the diameters of all trees
within 5 m of the forest/nonforest boundary were multi-
plied by afixed amount q = 0.25, 0.5, 0.75, 1.0, 1.25, 1.5,
1.75, 2.0. The diameters of 736 treeswere affected, which
represented about 7.5% of the population. To illustrate
that the bias does not significantly decrease with increases
in sample size, another set of simulation studies was
performed where the number of ground plots was nearly
tripled. For these simulations the m value averaged over
the 4,000 sampled was 16.7. The larger m value was
generated by increasing the first phase sample size from
100 to 300 points. While these sample sizes seem small,
they are reasonable for some strata in many large-scale



Table 1. Simulation results for the approximate Horvitz-Thompson (HT) estimator YHT by size class and condition
class. The number of simulations performed was 4,000. Estimates of total basal area are expressed as a percentage
of the true value with 100.0 indicating an unbiased estimate. Simulation standard errors across the 4,000 simulations
are givenin the curved brackets and are expressed as a percentage of the true basal area. The averages of the classical
variance estimates are given in the square brackets and are also expressed as a percentage of the true basal area.
Classical variance estimators are unbiased when the numbers in the square and round brackets are identical.

Condition class All 0<dbh<12.7 12.7 <dbh <43.2 dbh >43.2
All 98.8 99.2 98.3 98.9
(24.6) (33.0) (39.3) (32.3)
[24.4] [32.9] [39.5] [32.1]
Sawlog 98.9 98.1 95.6 98.9
(41.5) (55.1) (56.3) (41.6)
[41.2] [55.9] [56.7] [41.4]
Regeneration 98.6 100.5 98.5 98.7
(44.2) (60.7) (44.9) (45.8)
[44.3] [62.1] [45.2] [45.6]

surveys. For example, they approximate the range of
sample sizes for each county for each panel in the new
annualized FIA inventory (Reamsand VVan Deusen 1999).

Comparison of the Estimators

Thediscussionisdivided into two parts, thefirst address-
ing the performance of the each of the estimators in the
simulation study and then the practical implications of using
the estimators for compiling inventory information.

Biasand Variance

The bias, variance, and average of the classical variance
estimatesfor the dataset with no edge-effect are presented in
Tables1-4. Theapproximate HT estimatorstend to underes-
timatethetotalsby 1to 2%. The RM estimator exhibitslittle
if any bias for most condition classes and domains, the
exception being the estimator of trees in the sawlog stand
whose dbh ranged from 12.7 to 43.2 cm. The MR estimator
produced both under- and overestimates as large as 5%.
Tables1-3illustratethesmaller variance of theRM estimator
when compared to the approximate HT estimator for fixed-
area sampling. The MR estimator exhibits a much larger
variance when used to estimate totals by condition class. In
most condition classes, the percentage increase is small.
However, the standard error of the MR estimator, for treesin

the sawlog stand with 12.7 cm < dbh < 43.2 cm, was about
twiceaslargeasfor the approximate HT and RM estimators.
This occurs because plots that straddle the condition class
boundary can havetreestallied whentheareaof theplotinthe
conditionclass, a,;(c), isvery small. Theresulting estimateis
much larger thanthetruetotal for the condition class, produc-
ing alarge outlier and inflating the variance. In practice, the
variance of the MR estimator may be larger than that indi-
cated in this study because the dirt road separating the
regeneration and sawlog stands acted as a buffer zone that
limited the number of trees tallied on one of these small
sections.

The averages of the classical variance estimates for both
approximate HT estimators (Tables 1 and 2) are nearly
identical to the simulation variance acrossthe 4,000 replica-
tions. This indicates that the approximated inclusion prob-
abilities and the random sample size have little effect on the
performanceof thevarianceestimator. Theclassical variance
estimator for the RM estimator underestimates the simulated
variance (Table 3). An additional simulation study was
preformed to determinethe cause of thebias. Inthe study, the
true A was substituted for the estimated ,&F and the second
phase sample size was fixed. This did not reduce the bias.
Thus, the bias can be attributed to the ratio estimator. This
result isconsistent with thetheory for ratio estimation, andis

Table 2. Simulation results for the approximate Horvitz-Thompson (HT) estimator Y,'.',T by size class and condition
class. The number of simulations performed was 4,000. Estimates of total basal area are expressed as a percentage
of the true value with 100.0 indicating an unbiased estimate. Simulation standard errors across the 4,000 simulations
are given in the curved brackets and are expressed as a percentage of the true basal area. The averages of the classical
variance estimates are given in the square brackets and are also expressed as a percentage of the true basal area.
Classical variance estimators are unbiased when the numbers in the square and round brackets are identical.

Condition class All 0<dbh<12.7 12.7 <dbh <43.2 dbh >43.2
All 99.5 98.0 98.0 99.9
(23.3) (42.6) (42.7) (334
[23.4] [42.0] [42.8] [33.3]
Sawlog 100.1 98.9 98.8 100.1
(44.5) (71.0) (69.8) (44.8)
[44.6] [71.0] [69.8] [44.9]
Regeneration 98.1 97.1 98.0 98.3
(48.2) (75.3) (49.4) (52.3)
[48.3] [75.4] [49.7] [52.2]
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Table 3. Simulation results for the ratio of means (RM) estimator by size class and condition class. The number of
simulations performed was 4,000. Estimates of total basal area are expressed as a percentage of the true value with
100.0 indicating an unbiased estimate. Simulation standard errors across the 4,000 simulations are given in the
curved brackets and are expressed as a percentage of the true basal area. The averages of the classical variance
estimates are given in the square brackets and are also expressed as a percentage of the true basal area. Classical
variance estimators are unbiased when the numbers in the square and round brackets are identical.

Size class
Condition class All 0<dbh<12.7 12.7 <dbh <43.2 dbh >43.2
All 100.2 994 98.5 100.6
(21.7) (31.6) (37.7) (32.6)
[18.2] [27.9] [36.2] [27.5]
Sawlog 100.6 98.9 94.3 100.7
(40.0) (54.7) (49.4) (41.1)
[37.3] [52.1] [47.3] [37.8]
Regeneration 99.2 99.8 98.9 99.6
(41.8) (58.9) (43.3) (43.6)
[40.3] [58.6] [42.0] [42.3]

not surprising because, on average, only 5.3 points were
sampled and the variance approximation requires at least 30
points (Cochran 1977, p. 162). Other possibilities include:

0 The existence of two completely different stand typesin
thissmall popul ation createsthe potential for thenumera-
tor of the RM estimator to follow a bimodal distribution
when, in estimating the bias of the RM estimator, it is
assumed that the numerator and denominator are distrib-
uted as bivariate normal random variables (see Cochran
1977, Eq. 6.43).

0 Thedistribution of plot area(denominator) could alsoplay
arole in the underestimation problem. Plot areas (a™°¢
and aP) are constant provided the plots do not intersect
the boundary of the forest stratum, where plot area is
decreased to represent the reduced area of the forest
sampled. Theresult isthat the distribution of plot areais
highly skewedto theleft. Toillustrate, the areas of 2,000
sample plots were generated from the simulation study.
Thefirst four momentsof thedistributionwerecal culated
and adjusted so that they could be compared to those of
a standard Normal distribution. The sample moments
(=0,6=1 fi=-45and (i, = 23.7 werecompared
tothosefor astandard normal whicharep =0, 62=1, and
15 = 0. Now, combining the facts that {1, and 11, are
substantially larger than those for astandard Normal and
theTaylor’ sseriesapproximation for thevarianceisonly
of order 1/ /m, suggeststhat the contribution of higher

order termsin the Taylor’ s series approximation may no
longer be trivial. Thus, very large sample sizes may be
required to satisfactorily reduce the bias. Additional
testing has shown m = 100 to be adequate for this
population and a number of others.

These observations suggest that forest surveys using RM
estimators may represent adifficult situationfor the Taylor’s
series classical variance estimator. The jackknife estimator,
suggested by Royall and Cumberland (1981) and other au-
thors, would likely be a better choice.

When the diameters along the boundary of the popula-
tion were changed, both the approximate HT and RM
estimators produced biases in estimates of all condition
and size classes (Figures 2 and 3). The RM estimator
produced biases of the population total ranging from 3.4%
when q = 0.25, to —7.6% when q = 2.0. Estimates for the
domain with dbh > 43.2 cm in the sawlog stand showed
biasesaslargeas—17.6 %, whereasthosein other domains
showed less. The first approximate HT estimator (YAI-’|T)
exhibited a smaller bias in almost every situation, with
values ranging for 0.1 to —4.3% for the whole popul ation.
For the domain consisting of trees with dbh >43.2 cmOin
the sawlog stand, the maximum bias was —11.4 %. The
second estimator (YAI-,('I') Oexhibited a maximum bias of less
than 2% when estimating basal areafor the whole popula-
tion. When the domain consisting of treeswith dbh >43.2
cmin the sawlog stand was considered, the maximum bias

Table 4. Simulation results for the mean of ratios (MR) estimator by size class and condition class. The number of
simulations performed was 4,000. Estimates of total basal area are expressed as a percentage of the true value with
100.0 indicating an unbiased estimate. Iterated standard errors are given in the curved brackets and are expressed

as a percentage of the true basal area.

Size class
Condition class All 0<dbh<12.7 12.7 <dbh <43.2 dbh >43.2
All 98.8 99.2 98.3 98.9
(24.6) (33.0) (39.3) (32.3)
Sawlog 102.1 99.8 105.2 102.0
(42.4) (57.9) (96.5) (42.5)
Regeneration 103.5 103.1 101.8 105.5
(46.2) (65.9) (45.8) (53.2)
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Figure 2. Bias of the HT and RM estimators for all trees. Average sample size is 5.3.
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Figure 3. Bias of the HT and RM estimators for the trees in the sawlog stand with dbh > 43.2 cm. Average sample
size is 5.3.
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was —7.6%. The approximate HT estimators exhibit this
bias because of the approximation of the probabilities of
selection along the boundary.

Toillustratetheeffect of samplesizeontheRM estimator,
the simulations were run again using a sample three times
larger. Figure 4 is a comparison of sample sizes. Interest-
ingly, the bias of the RM estimators actually increased for
small q values when the sample size wasincreased. Because
the bias is nearly identical for both sample sizes, it is con-
cludedthat itisalmost solely theresult of theedgeeffect. The
small size of the data set and the extreme edge-effect used in
these populations contribute to the magnitude of the biasin
the estimators. For real populations, the bias of most at-
tributesisexpected to be smaller. However, the estimator for
any attribute that is almost exclusively associated with the
forest boundary [e.g., number of trees affected by Kudzu
(Pueraria lobata Willd.) infestation] is likely to be have a
large bias.

Additivity

Anadditiveestimator isonewhoseindividual domainand
condition class estimates, regardl ess of the number of classi-
fiers, sum to the estimate for any or combination of domains
and condition classes, and to the estimate of thepopulation as
a whole. For public databases, such as FIA, additivity is
important for maintaining public confidence and for high-
lighting possible errors in compiling the data.

Additivity for the MR estimator requires a common de-
nominator, which can not be achieved for condition classes.
Any HT estimator and the RM estimator given by Equation
(3) are additive.

Sampling Protocols

The approximate HT estimators use a slightly different
sampling protocol along the boundary of the population. For
all methods, the cluster plot isinstalled only when the center
point of the cluster falls in the forest stratum. For the RM
estimator, all subplots that cover a portion of the forest are
installed, and all treesare measured. For the approximate HT
estimators, each subplot is installed only when the center
point of thesubplot fallsintheforest stratum. Thisconstitutes
asmall saving in time and effort at each cluster plot. How-
ever, this savings could be offset by the information needed
to approximate inclusion probabilities along the forest/
nonforest boundary for the \?;,’T estimator. This would re-
quire mapping the boundary past the edge of the subplot.

Data Storage and Compilation

The traditional method of storing forest survey data has
been to use ASCI files where the attributes of each tree are
stored in asingle record, with one of the attributes being the
expansion factor. For the MR method, the expansion factor
changes for every condition class. Thus, the area of each
condition class must be available for every tree record and
collapsed whenever estimatesfor acombination of condition
classes are desired.

The choice of finiteor continuous popul ation approach,
regardless of the estimator, also has an effect on the
structure of the database. Only plotsin the forest stratum
need to appear in the database when the continuous popu-
lation approach is used. For the tessellated approach,
every cluster plot, regardless of stratum, must be repre-
sented in the database. Thisisnecessary because a portion
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Figure 4. Comparison of the bias of the RM estimators using two different sample sizes. The bias of the estimators
for all trees and trees in the sawlog stand with dbh > 43.2 cm is given.
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of forestland will likely occur in every stratum and esti-
mates of forest attributes must be calculated for every
stratum and added across al strata.

TheHT estimator has been used to derive the majority of
resultsdescribedintheliterature(e.g., Gregoire 1993). A key
exampleisthe estimatorsfor components of change between
two periodsintime. Resultsfor the RM estimator arelimited
to topics covered in the papers of Scott and Bechtold (1995)
and Bechtold and Zarnoch (1999) and Zarnoch and Bechtold
(2000). Theauthor isunaware of any suchresultsfor the MR
estimator. The results of the HT estimator could be adapted
to both estimators with minimal effort.

Summary and Conclusions

The analytical properties for all three estimators and
the simulation study show that the MR estimator isclearly
the least attractive. The simulation study also shows that
the efficiency of the RM estimator is greater than that of
the approximate HT estimators for the populations stud-
ied. The efficiency of these two estimators may differ the
most i n extremely fragmented popul ationsbecausealarger
proportion of the subplots could fall outside the boundary
of the forest stratum, which would reduce the amount of
information collected for the HT estimator. In such cases,
the RM estimator would likely produce estimates with a
smaller variance. However, an extremely fragmented popu-
lation is also more likely to have a large degree of edge-
effect (Chen et al. 1992). The primary drawback for the
RM estimator is its potential to incur a bias due to edge-
effect and the poor performance of the classical variance
estimator. Thejackknifevarianceestimator hasbeen shown
to perform significantly better in many situations and
should be considered as an alternative. Of the three esti-
mators, only atrue HT estimator [Equation (2)] can pro-
ducereliable estimates of both the population total and its
variance in all situations. However, it is probably unreal -
isticto assumethat boundary correction techniques can be
practically implemented for a cluster plot design. The
approximate HT estimatorstested exhibited asmaller bias
in the presence of edge-effect and the classical variance
estimator performed well. However, they exhibited alarger
variance than the RM estimators.

A final conclusion is that it is imperative that methods
appropriate for either the tessellated or continuous popul a-
tion sampling not be combined.
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APPENDIX

Show the ratio of means estimator is model unbiased for
ahomogeneous Poisson processes. For simplicity, consider
only the subplot portion of (3) and let Yg,, estimate the
number of trees.

Assume a homogeneous Poisson process of intensity | =Y/
A, theré( is the total number of trees in the forested area
Define i ® he the number of trees within arandomly located
plot of area a™. Then i has a Poisson distribution with
mean and variance equal to | as*°. Thus, the model describing
the relationship between the number of trees and plot areais

yar =1 ShSUD te,
where E[g ] =0, Var[g] = | & b and Covie,, e,J=0. For
simplicity let the number of cl uster plotsbe m=1 and assume
that the area of forest is known (A = A.).
Taking the expected value of the Taylor’s series expan-
sionyields
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E Yo ] 2
EE[y:l,b] 1 sub _ sub [Yh ] sub:
AFEE[ahsub] E[aﬁ’b]z COV[yh“ =N ]+ E[ahSUb]a ar[ . ]_
Substituting y3U0, =/ a% + eyields
EI E[ah ] I [ah ] .
M BEa) T Ear Varla] + E[ah. P Vet T

—AFI =Y

Thus, regardless of sample size, the ratio of means
estimator is unbiased with respect to the model describing
a homogeneous Poisson process. This results also holds
for any point process with constant intensity | (Stoyan et
al. 1995, p. 102-103).





