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Post-stratification is commonly used to improve the precision of survey estimates. In traditional post-
stratification methods, the stratification variable must be known at the population level. When suitable covari-
ates are available at the population level, an alternative approach consists of fitting a model on the covariates,
making predictions for the population and then stratifying on these predicted values. This method is called En-
dogenous Post-Stratification Estimation (EPSE) and it is well suited for applications using remote sensing data.
In this article, we investigate the performance of EPSE in a realistic setting using data from the United States For-
est Service Forest Inventory Analysis and Landsat Enhanced Thematic Mapper Plus. This article has three specific
objectives: first, to evaluate the statistical properties of EPSE when using linear regression, spline regression, and
the machine learning tool Random Forest to predict tree canopy cover using remote sensing and Geographic In-
formation System data; second, to investigate the effect on the EPSE variance estimator using estimated stratum
boundaries instead of fixed stratum boundaries; and third, to investigate the effect on the EPSE variance estima-
tor when optimizing the stratum boundaries to minimize the variance estimate. The main findings of this article
are that the EPSE variance estimator performs well using Random Forests, but can underestimate the true vari-
ance if an optimization is performed on the stratum boundaries in an attempt tominimize the variance estimate.
This result supports the use of the EPSE estimator using remote sensing data in cases where there is no optimi-
zation on the variance estimator.

© 2013 Elsevier Inc. All rights reserved.
1. Introduction

Post-stratification is used in survey estimation as a method to im-
prove the precision of estimates by calibrating to known population
quantities (Särndal, Swensson, & Wretman, 2003, Ch. 7.6). The calibra-
tion is done by classifying survey observations into two ormore catego-
ries called post-strata,where the population countswithin each of these
categories are known at the population level from some source, census
or other register outside the survey. The stratum membership counts
from the sample are then adjusted to the known population stratum
counts to account for oversampling or undersampling of specific strata,
thus calibrating the sample to the knownpopulation information. Tradi-
tional post-stratification requires that the variable onwhich the data are
being stratified be known at the population level.

Post-stratum categories can be any category of interest, but are often
demographic variables for surveys of human populations or land cover
somer@stat.colostate.edu
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classes in natural resource surveys. In the United States Forest Service
Forest Inventory and Analysis Program (FIA) the stratum categories
are often landcover or other classes where the population counts are
obtained by using remote sensing data (see Bechtold and Patterson
(2005) for details). In the FIA survey, field data are collected annually
and used to produce estimates for a wide variety of forest attributes.
The estimates are calculated using post-stratified estimators based on
strata defined by landcover and other forest related categories deter-
mined frommapsmaintained in a geographic information system (GIS).

Themaps of forest variables are often estimated frommodels that
use reflectance values from sensors such as the Landsat Enhanced
Thematic Mapper Plus (ETM+) or the Moderate Resolution Image
Spectroradiometer (MODIS), as well as bioclimatic and other auxilia-
ry GIS layers to map vegetation over a large geographic area. Each
pixel of the map corresponds to a useable class, such as forest type,
stand height, or crown cover. This classification is obtained by train-
ing a classification algorithm on satellite and auxiliary data and then
predicting the category membership for each pixel in the study area.
The relationships between the variables are often highly complex
and non-linear, therefore motivating the common use of classifica-
tion algorithms such as neural networks and Random Forests
(Moisen & Frescino, 2002; Gislason, Benediktsson, & Sveinsson,
2006). The end product is a digital map representing category
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membership for each pixel in the study area. These maps are often
used by scientists and land managers for a variety of purposes, in-
cluding management decisions and estimation.

In many cases it is not realistically possible to know post-stratum
counts at the population level, but it is possible to use amodel to predict
post-stratum membership using covariates and then stratify on these
predicted values over fixed stratumboundaries. Thismethod of approx-
imating post-stratification using model predictions is called Endoge-
nous Post-Stratification Estimation (EPSE). The theoretical properties
of the EPSE approximation to traditional post-stratification have been
discussed in Breidt and Opsomer (2008) for a monotone parametric es-
timator and in Dahlke, Breidt, Opsomer, and Van Keilegom (2012) for a
monotone nonparametric estimator. In traditional post-stratification it
is assumed that the category membership counts over which post-
stratification is performed are known without error, and the stratum
membership counts are ancillary to the survey sample used for estima-
tion. In the EPSE framework, both of these assumptions are relaxed.
First, the category membership counts over which post-stratification
is performed are estimated using a classification algorithm. This algo-
rithm classifies the data, but this is donewith errors that result in an un-
known amount of misclassification. This violates the assumption for
post-stratification that the categories are known without error, and
the consequences are in need of investigation. In constructing the clas-
sification algorithm, the data from the survey sample are used to train
the classifier, and this classification is then used to post-stratify the sam-
ple. This violates the second assumption of post-stratification that the
categories over which post-stratification is performed are ancillary to
the survey sample.

The use of FIA data to construct maps, and then the subsequent use
of these maps as a basis for constructing post-stratified estimates, has
raised questions about the appropriateness of their use based on the re-
laxation of the assumptions of post-stratification (Scott et al., 2005). The
FIA maps are created from sample observations that are used for esti-
mation, and the categories from the map are not without errors, violat-
ing the two assumptions of traditional post-stratification described
previously. Despite the fact EPSE violates the assumptions of post-
stratification, it is very attractive in practice because the EPSE method
makes it possible to take advantage of the considerable work that has
been applied in creating good classifiers for satellite imagery and in
land-use mapping. When applied properly, EPSE results in significant
improvements in precision for the survey estimators, so it is of interest
to continue to investigate the validity of the approach in realistic
settings.

The EPSE estimator is an approximation to traditional post-
stratification. In the EPSE approximation to post-stratification, the
stratification variable is used to build a model based on a sample,
the model is used to predict the values of the stratification variable
for the entire population, and then the sample is post-stratified
based on these predictions. For the entirety of this article, we focus
on this approximation using model predictions of the stratification
variable to approximate the true values of the stratification variable.
A note of caution is that using the true values of the stratification var-
iable for post-stratification of the sample is incorrect and violates the
validity of this method. From this post-stratification approximation
we can apply the post-stratification to other variables of interest. If
there is a correlation between the stratification variable and the
new variable of interest, the post-stratification (using the weights
from the stratification variable) will increase the precision of the es-
timate for the new variable of interest.

Currently, the properties of the EPSE variance estimator have
been investigated using fixed stratum boundaries. An example of
this is defining strata by taking a continuous tree canopy cover
layer and dividing the canopy cover values into 10 percent incre-
ments. However, it is conceptually attractive to be able to use adap-
tive stratum boundaries, e.g. sample quantiles in EPSE. This would
ensure a better spread of the sample across the categories and in
particular, avoid empty strata. In this article, we will therefore inves-
tigate the use of estimated stratum boundaries set as the quantiles of
the model predictions in addition to the fixed boundary case. Other
stratification methods are of interest but were not considered in
this article.

Since the publication of Breidt and Opsomer (2008), there have been
a number of articles that have applied an EPSE estimator explicitly
stating that the assumptions of traditional post-stratification are violat-
ed. For instance, McRoberts, Holden, Nelson, Liknes, and Gormanson
(2005) used a logistic model based on sample and ancillary information
to create strata, and then used those strata for post-stratification. A sim-
ilar processwas performed inMcRoberts (2010) andMcRoberts, Næsset,
and Gobakken (2013). A logistic model meets the assumptions in Breidt
and Opsomer (2008) of a monotone parametric model, but many com-
monly used models do not, including spline models, Random Forests,
and k-nearest neighbors, a technique used in McRoberts, Gobakken,
andNæsset (2012). Since the EPSE estimator has been shown to be effec-
tive in reducing variance estimates, a simulation study is needed to show
the conditions underwhich the EPSE variance estimator is accurately es-
timating the true variance. For example, McRoberts et al. (2012) used a
complex optimization scheme and stratum boundaries not set a priori.
The empirical and theoretical properties of the EPSE variance estimator
under these conditions have not been previously explored. As will be
shown in simulation, the EPSE variance estimator with an optimization
step can result in underestimation of the variance. Due to this potential
for underestimation of the variance, verification that the variance esti-
mator is reliable is important in applying an EPSE estimator.

This article has three objectives: first, to investigate the EPSE vari-
ance estimator properties using linear regression, two variants of spline
regression with different penalties, and Random Forest; second, to in-
vestigate the effects on the EPSE variance estimator of using estimated
stratum boundaries instead of fixed stratum boundaries; and third, to
investigate the effects on the EPSE variance estimator due to optimizing
the stratum boundaries to minimize the variance estimate. The linear
regression and the spline regressions are chosen because the theoretical
properties for the EPSE estimator using thesemethods have been inves-
tigated under simple conditions and their performance in a complex
data set is of interest. Random Forest is chosen for two reasons. First,
the Forest Service FIA is currently using Random Forest to create a na-
tionwide map of percent tree canopy cover for the whole United
States at a resolution of 30 m × 30 m pixels (Coulston et al., 2012).
Since this map will likely be used as a basis for constructing post-
stratified estimates, the properties of estimates constructed using this
map are directly relevant to forestry scientists. Second, Random Forest
is a powerful and flexible tool and can easily be applied to different
problems and data sets with little input from the user, making Random
Forest attractive for a wide variety of applications (Liaw & Wiener,
2002).

2. Endogenous Post-Stratified Estimation

Following the EPSE framework described by Breidt and Opsomer
(2008), a sample s of size n is taken from a population U = {1,…,i,…,N}
of sizeN according to a probability design p(⋅)where p(s) is the probabil-
ity of drawing the sample s. For each i ∈ U a vector of covariates xi and a
response yi are observed. There is assumed to be a true relationship be-
tween xi and yi denoted bym(⋅) where

E yi xij � ¼ m xið Þ;½ ð1Þ

and m(xi) is estimated by bm xið Þ when fit on the sample data and em xið Þ
when fit on the population data. The EPSE approximation to post-
stratification in this notation is as follows. The predictions for the stratifi-
cation variable em xið Þ; i∈U are an approximation to the true values of the
stratification variablem(xi),i ∈ U. The em xið Þ; i∈U are further approximat-
ed by the values bm xið Þ; i∈U where bm is fit on the sample, and hence is



Fig. 1. Image of the study region in Utah where the 4151 plots are located.
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endogenous to the sample. The relationships bm and em used in this article
will take on four different forms; linear regression, two different penal-
ized spline regressions that we will differentiate as the spline regression
and the thin-plate spline regression, and Random Forest. The linear re-
gression model is of the form

yi ¼ xTi β þ εi ð2Þ

where εi is an iidmean 0 random variable and β is to be estimated by or-
dinary least squares. Model selection for the linear regression is
performed using backwards stepwise model selection based on Akiake's
InformationCriterion (AIC) to choose the correct variables (Akaike, 1974).

The spline regression model is of the form

yi ¼
XP
p¼1

XJp
j¼0

β j;pϕ j;p xpi
� �þ εi ð3Þ

where the ϕj,p's are orthonormal basis functions at the jth knot for
the pth variable, Jp is the number of knots for the pth variable, xip is
the value of the pth variable for the ith element in the sample, and
the βjp's are the associated coefficients to be estimated using penal-
ized iteratively re-weighted least squares subject to a smoothness
penalty (Ruppert, Wand, & Carroll, 2003). For this article the two
spline regressions are fit with the statistical analysis program R
using the package mgcv. The base spline regression is fit with a pen-
alty on the integral of the square of the second derivative of the fit,
thereby limiting the “wiggliness” of the fit. The thin plate spline re-
gression uses a thin plate spline basis to represent the P predictors
with the effective degrees of freedom for the smoothness penalty es-
timated through generalized cross-validation (Wood, 2006). The
thin plate spline regression uses a modified smoothing penalty that
causes small coefficients to be penalized to zero, thereby acting as a
model selection step and reducing the effects of overfitting the data
(Wood, 2003). The two spline regressions are considered to show
the effects on EPSE due to different levels of smoothing used in
constructing the EPSE estimator.

Random Forest is implemented in R using the randomForests pack-
age and fit using four predictors for the number of parameters to choose
at each nodemtry and the default number of trees ntree of 500 (Liaw &
Wiener, 2002). This corresponds to defining a subset of four predictors
for each node in each tree. For details about Random Forests see
Breiman (2001) and Liaw and Wiener (2002).

In EPSEwithfixed stratumboundaries, the predictions bm xið Þ, i = 1,…,
N are sorted into H fixed strata based on the stratum boundaries
τ0,τ1,…,τH where bm xið Þ is in the hth stratum if I τh−1bbm xið Þ≤τh

� � ¼ 1.
The estimated sample counts in stratum h are given by bnh where

bnh ¼
X
i∈s

I
τh−1bbm xið Þ≤τh

� �: ð4Þ

The estimated population counts in stratum h are given by bNh

where

bNh ¼
X
i∈U

I
τh−1bbm xið Þ≤τh

� �: ð5Þ

The stratum mean bμh is calculated for each stratum h by

bμh ¼ 1bnh

X
i∈s

yiI τh−1bbm xið Þ≤τh
� �: ð6Þ

The EPSE estimator bμy for the population mean is calculated by

bμy ¼
1
N

XH
h¼1

bNhbμh; ð7Þ
where h denotes the strata. The estimator bV bμy

� �
for the variance Var

bμy

� �
is calculated using the post-stratified formula in Särndal et al.

(2003, Chapter 7.6),

bV bμy

� �
¼ 1− n

N

� � 1
N2

XH
h¼1

bN2
h
s2hbnh

; ð8Þ

where s2h ¼ 1bnh−1
∑i∈s yi−bμh

� �2I
τh−1bbm xið Þ≤τh

� �� 	
, the sample variance for

stratum h. Other variance estimators like that of equation 5A.42 on page
135 of Cochran (2007) that take into account the uncertainty due to the
number of elements in each strata are possible but are not considered
for this study. In the simulation study, we will first consider fixed stra-
tum values τh following Breidt and Opsomer (2008). Also, estimated
stratum values bτh based on quantiles of the predictions will be
considered.

3. Empirical properties of the estimator

The data used in this study are from a pilot study for the 2011 Na-
tional Land Cover Data (NLCD) set canopy cover map conducted in
Utah (Coulston et al., 2012). The study areas consisted of 4151 sites in
Utah over an area with highly variable terrain and vegetation as
shown in Fig. 1. At each location an aerial photograph is interpreted to
estimate the values for percent canopy cover. The aerial photographs
are considered highly accurate since there was a very high level of
agreement between independent observers used to create the estimates
(Jackson & Patterson, 2010).We are going to treat this as our variable of
interest and we will call it percent canopy cover. We are not claiming
that these represent truth on the ground, only an approximation to
the truth on the ground.We will be treating this as a population of per-
cent canopy cover variables and ignore any discrepancies between the



133J. Tipton et al. / Remote Sensing of Environment 139 (2013) 130–137
measured value in the pilot study and values measured in the field. This
allows us to evaluate the performance of the EPSE variance estimator in
a population that reasonably approximates a true populationwith com-
plex relationships between variables. The covariates used for this study,
which include a mixture of Landsat TM reflectance values, Tasseled Cap
transformations (Crist & Cicone, 1984), and topographic values, are
summarized in Table 1. Decisions about sampling intensity and variable
selection for these data are described in Tipton, Moisen, Patterson,
Jackson, and Coulston (2010).

This article uses two simulation studies to evaluate the effectiveness
of the EPSE estimator. The first simulation in Section 3.1 addresses the
first two goals of the article: the effectiveness of using Random Forest
in the EPSE framework relative to the other regressions in a realistic set-
ting, and the effects of fixed versus estimated stratum boundaries. The
second simulation in Section 3.2 addresses the final goal of this article
by investigating the effects on the EPSE variance estimator due to min-
imizing the variance estimates obtained by allowing the number of stra-
ta to vary. The minimization is performed by choosing the number of
strata that produces the smallest variance estimate.

3.1. Comparison of fixed vs. estimated stratum boundaries

The first simulation study is designed to address two questions: how
does the variance estimator performance compare with the linear re-
gression EPSE, the two spline regression EPSEs, and the Random Forest
EPSE; and how do the EPSE variance estimators performwhen the stra-
tum boundaries are fixed (this is the case where the theory is well
known) versus when the stratum boundaries are estimated by sample
quantiles? For notation, define the sample level predictions bys as the
vector of all predictions byi ¼ bm xið Þ where i ∈ s, and the population
level predictions byU as the vector of all predictions byi ¼ bm xið Þ where
i ∈ U. For i ∈ s the two predictions are identical; this is important, as
otherwise, the method is not EPSE and is not valid. Also needed
for the simulation is the vector of fitted values eyU where the values eyi ¼em xið Þ; i∈U are fit using the full population data. Unlike byU the values eyU
are not dependent on the sample and are thereforefixed. Hence, splitting
the sample into post-strata based on eyU can be viewed as the reference
post-stratification that we are approximating when applying the EPSE
estimator based on byU . Note that as sample size increases, we assume
that the predictions byU are converging to the predictions eyU . In real
world situations the practitioner would not be able to construct eyU
from the data; nonetheless, eyU is used in this simulation study to obtain
convergence of the sample quantiles and to allow fair comparisons
between the fixed and estimated EPSE estimators.

In this section we will consider two stratification schemes. For both
of these strata definitions the behavior of the variance of the EPSE esti-
matorVar bμy

� �
and its variance estimator bV bμy

� �
are investigated for the

four different estimation methods at different sample sizes n. The first
stratification scheme of fixed stratum boundaries consists of the
Table 1
Study covariates.

Landsat TM Band 1
Landsat TM Band 2
Landsat TM Band 3
Landsat TM Band 4
Landsat TM Band 5
Landsat TM Band 6
First Tasseled Cap Transformation of TM Bands 1–6
Second Tasseled Cap Transformation of TM Bands 1–6
Third Tasseled Cap Transformation of TM Bands 1–6
Normalized Difference Vegetative Index (NDVI) Transformation
Average slope over 90 m × 90 m pixel
Average value of Compound Topographic Index over 90 m × 90 m pixel
Average value of Digital Elevation Map over 90 m × 90 m pixel
Average value of Slope Aspect in degrees over 90 m × 90 m pixel
sin Transformation of Slope Aspect
cos Transformation of Slope Aspect
quartiles Qi eyU� �
of eyU , where Qi(yU) is the 25∗i

100 quartile of fitted values
for em. The strata for the fixed simulation are set as

−∞;Q1 eyU� �� 

; Q1 eyU� �

;Q2 eyU� �
;Q3 eyU� �� 


and Q3 eyU� �
;∞

� �
: ð9Þ

These strata allow for values outside of the range [0,1] since the
methods used to predict percent tree cover are not constrained to pre-
dict values between 0 and 1. Note that these quartiles are not sample
dependent; hence, they are fixed relative to the sample.

The second stratification scheme uses estimated stratum boundaries
defined by the quartiles of the predicted tree canopy cover bm fit using
the sample data. These strata are defined by the boundaries below
which bQi eyU� �

is the ith quartile of byU . Note that this is dependent on
the sample s through the fitting of bm on the sample. The estimated stra-
tum boundaries are defined as

−∞; bQ1 byU� �� i
; bQ1 byU� �

; bQ2byU� i
; bQ2 byU� �

; bQ3 byU� �� i
; and bQ3 byU� �

;∞
� �

:

ð10Þ

RandomForest has two differentmethods for calculating predictions
for covariates in the sample: In Bag (IB) and Out of Bag (OOB). For the
simulation using Random Forest, the predictions bys for the sample are
set to equal the OOB predictions. Random Forest is then used to predict
the percent tree cover for the observations not in the sample byU s , de-
fined as the vector of elements byi where i ∈ U\s. These predictions are
combined with the OOB sample predictions bys to create predictions at
the population level byU . This is necessary because the Random Forest
predictions for the population use the IB predictions by default, and,
therefore bys≠byU for the set {i ∈ s}, and this causes the EPSE estimator
to fail. To ensure that the predictions for observations in the sample
agree with population level predictions, predictions are made for the
sample values based on the regression (using OOB predictions for Ran-
dom Forest) and are combined with the predictions for the elements
not in the sample for all of the different EPSE methods.

For each iteration of the simulation, a simple random sample of size
n is taken from the population of 4151 sites, the regression of interest is
fit, andbμy and bV bμy

� �
are calculated using Eqs. (7) and (8). This process is

repeated for 1000 iterations, each with a different simple random sam-
ple of the same size, and the mean of the simulation variance estimates
E bV bμy

� �h i
is compared to the simulation variance of the post-stratified

estimator Var bμy

� �
. The 1000 iterations for the simulation were chosen

to balance quality of the estimates with computation time. In diagnos-
tics not covered in this manuscript it was shown that 1000 iterations
were sufficient to stabilize the variance estimates. The Relative Bias is
computed to allow a comparison between the different sample sizes
and EPSE methods by the formula

Relative bias ¼
E bV bμy

� �h i
−Var bμy

� �
Var bμy

� � : ð11Þ

Relative Bias is a measure of the relative difference between the ex-
pectation of the variance estimator, E bV bμy

� �h i
, and the variance of the

estimator, Var bμy

� �
. The Relative Bias allows comparison between the

average of the target value and its estimator on a scale relative to the
magnitude of the target value. For instance, a Relative Bias value
RB = 0.05 indicates that the estimated value is 0.05 times greater
than the true value on average.

As seen in Table 2, for the smaller sample sizes and both stratification
schemes, the EPSE estimators using the spline regression and Random
Forest generally have the smallest variances among the four EPSE esti-
mators, the linear regression and thin plate spline regression EPSE esti-
mators also have similar variances, but are generally slightly larger. For
larger sample sizes and for both stratification schemes, the EPSE estima-
tor using RandomForest has the smallest variancemost often, the spline



Table 2
Table of variances for the four EPSE estimators for the fixed (Fix) and estimated (Est)
stratification schemes. The linear regression is abbreviated LM, the spline regression SM,
the thin-plate spline regression TPS, and the Random Forest RF. The values of the
variances in the table are scaled by a factor of 10−5. The NA for Random Forest with
fixed stratum boundaries comes from having empty strata when Random Forest was fit
on a sample of size 100 and represents simulations that were not able to be executed.

n LM Fix SM Fix TPS Fix RF Fix LM Est SM Est TPS Est RF Est

100 41.35 50.30 41.77 NA 41.95 47.88 41.37 41.86
200 19.87 18.74 19.66 19.86 19.80 18.73 19.82 19.44
300 13.29 11.63 13.44 11.37 13.15 11.34 13.16 11.27
400 9.470 8.302 9.605 8.419 9.394 8.326 9.297 8.251
500 7.470 6.382 7.480 6.470 7.289 6.386 7.390 6.308
1000 3.095 2.766 3.250 2.589 3.067 2.788 3.232 2.571
1500 1.820 1.576 1.777 1.317 1.823 1.595 1.797 1.321
2000 0.953 0.953 1.191 0.840 0.938 0.965 1.179 0.829
2500 0.663 0.543 0.639 0.572 0.664 0.542 0.643 0.579
3000 0.374 0.340 0.382 0.314 0.373 0.337 0.381 0.321
3500 0.191 0.169 0.192 0.155 0.191 0.168 0.192 0.156
4000 0.037 0.031 0.035 0.029 0.037 0.031 0.035 0.029
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regression EPSE estimator generally has the next smallest variances, and
the linear regression and thin-plate spline EPSE estimators have the
largest variances.

In Fig. 2 it is seen that all four EPSEmethods have relative biases that
are reasonably small across all sample sizes and across both stratifica-
tion schemes, except for small sample sizes for the spline regression, in-
dicating that the EPSE framework is relatively robust. The linear
regression EPSE shows evidence of a symmetric distribution of relative
bias about 0. For the spline EPSE we see that the relative bias appears
to be skewed to negative values, especially for small sample sizes,
suggesting that the variance estimate is underestimating the variance
of the estimator. In some of these scenarios, underestimation of the
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Fig. 2. Plot of Relative Bias for EPSE variance estimators. Subgraph (a) is for EPSE estimates con
spline regression with B-spline basis, subgraph (c) is for EPSE estimates constructed using a
constructed using Random Forest. Circles represent the EPSE estimates constructed using 4 fix
by the quartiles of the predictions.
variance by as much as 40% occurs. The plot of relative bias for thin
plate spline EPSE shows some evidence of underestimation of the vari-
ance, as the values seem to be skewed toward negative values. For the
RandomForest EPSEwe see that the relative bias appears to have a sym-
metric distribution of positive and negative values, suggesting that the
variance estimator is unbiased for the variance of the estimator. This un-
derestimation of the variance by the variance estimator for the two
spline regression EPSEs is a problem since underestimation of the vari-
ance can cause reduced coverage of confidence intervals and overly op-
timistic results in hypothesis testing situations.

It can be seen in Table 2 that for a given sample size and EPSE meth-
od, the variance of the EPSE estimator constructedwith thefixed stratum
boundaries is quite similar to the EPSE variance estimator constructed
using estimated stratum boundaries. These similarities in EPSE variances
suggest that the estimated quantiles are accurately estimating the popu-
lation quantiles. The result that the variance of the EPSE estimator using
the estimated quantiles appears to be approximating the variance of the
EPSE estimator using the population quantiles is reasonable since it has
been shown that sample quantiles of a distribution converge to the
true population quantiles under mild assumptions (Bahadur, 1966).

In light of the results fromTable 2 and Fig. 2, we summarize thefind-
ings as follows. The best EPSE estimator in this simulation is the Random
Forest EPSE due to having small variances and having relative biases of
the variance estimator distributed symmetrically around 0. The spline
regression EPSE estimator has small variance, but the variance estimator
appears to be underestimating the variance, thus calling into question
the spline regression EPSE's validity. The linear regression EPSE's vari-
ance estimator appears not to be biased, but the EPSE estimator has
larger variance than either the spline regression or Random Forest
EPSE. The thin plate spline EPSE variance estimator appears to be only
slightly underestimating the variance, but with a variance comparable
to the linear regression EPSE.
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Table 3
Table of variances for the four EPSE estimators for the optimized (Opt) stratification
scheme and the estimated (Est) stratification scheme from the first simulation. The
linear regression is abbreviated LM, the spline regression SM, the thin-plate spline
regression TPS, and the Random Forest RF. The values of the variances in the table are
scaled by a factor of 10−5.

n LM Opt SM Opt TPS Opt RF Opt LM Est SM Est TPS Est RF Est

100 54.26 48.29 52.58 56.25 41.95 47.88 41.37 41.86
200 23.41 19.32 23.61 20.96 19.80 18.73 19.82 19.44
300 12.97 11.06 14.94 11.52 13.15 11.34 13.16 11.27
400 9.596 8.137 8.990 8.110 9.394 8.326 9.297 8.251
500 6.588 6.013 7.226 6.263 7.289 6.386 7.390 6.308
1000 2.893 2.553 2.811 2.432 3.067 2.788 3.232 2.571
1500 1.739 1.255 1.558 1.249 1.823 1.595 1.797 1.321
2000 0.965 0.842 0.929 0.714 0.938 0.965 1.179 0.829
2500 0.588 0.470 0.575 0.456 0.664 0.542 0.643 0.579
3000 0.316 0.275 0.325 0.256 0.373 0.337 0.381 0.321
3500 0.164 0.131 0.175 0.128 0.191 0.168 0.192 0.156
4000 0.034 0.029 0.034 0.026 0.037 0.031 0.035 0.029
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The EPSE estimator appears to be relatively robust for the different
methods and under estimated stratum boundaries as long as care is
taken to ensure that bys and byU agree for all i ∈ s. This simulation sup-
ports that the class of methods used to construct the EPSE estimator
can be extended to include Random Forest. This simulation also
supports the use of the EPSE estimator when the stratum boundaries
are estimated quantiles from the predictions instead of fixed stratum
boundaries. One benefit from using quantiles from the predicted values
is that this construction will guarantee non-empty strata.

3.2. Properties of minimization of EPSE variance estimates

For the second simulation, we answer the third goal of this article. The
question of interest is whether we can use the EPSE variance estimates to
optimize the number of EPSE strata to minimize the variance estimate.
This is done by selecting the number of strata to construct the smallest
variance estimate bV bμy

� �
. The aim is to determine whether it is still ac-

ceptable to use the minimized variance estimate as a valid estimate of
the variance. For computational efficiency, the predictions for the EPSE
method of interest are split into strata of equal number of elements
based on the quantiles of the predictions. The minimization of the vari-
ance estimate is then performed by selecting the number of strata that re-
sults in the smallest estimate bV μy

� �
. Other ways of dividing the

predictions into strata are possible but not considered in this article. For
instance,McRoberts et al. (2012) andMcRoberts et al. (2013) dividedpre-
dictions into 100 equally spaced bins and then collapsed these bins into
between one to six strata requiring at least 10 plots per stratum. The col-
lapsing of the bins into stratawas done tominimize the variance estimate.
A future extension of the work in this article would be to consider the
EPSE variance estimator under this and other optimization schemes.

We start this simulation as before, by taking a random sample of size
n from the population of 4151 sites in theUtah data set. For each sample
wefit a linear regression, the two spline regressions, and RandomForest
using the covariates described previously. These predictions are then
combined with the stratification scheme to construct the classifiers
used in constructing the EPSE estimators. To ensure that the predictions
for observations in the sample agree with population level predictions,
predictions are made for the sample values based on the regression fit
(using OOB predictions for Random Forest) and are combined with
the predictions for the elements not in the sample, as described in
Section 3.1.

After computing the predictions from the methods of interest for the
population, the strata over which optimization is to be performed can
be created. Let k denote the number of strata being considered. For
k = 1, there is one stratum and it is equivalent to simple random sam-
pling. For k = 2, the stratification scheme is equivalent to stratifying
the data based on the median of the predicted values. For arbitrary
k(k = 1,…,10), define the quantiles over which stratification will be
performed as

bQh;k byU� � ¼ h
k

� 	th
percentile of byU for k ¼ 1;2;…;10;h ¼ 1;…; k:ð12Þ

We count the number of population level prediction counts in each
stratum and define

bNh;k ¼
X
i∈U

I i∈stratum h out of k stratað Þ: ð13Þ

By stratifying the sample level predictions bys based on Eq. (12) we
count the number of sample level predictions in each stratum and
define

bnh;k ¼
X
i∈s

I i∈stratum h out of k stratað Þ: ð14Þ
The stratum means for the hth stratum out of a total of k strata are
defined as

bμh;k ¼
1bnh;k

X
i∈s

yiI i∈ stratum h out of the total k stratað Þ: ð15Þ

The estimator bμy;k for the population mean based on k strata is de-
fined as

bμy;k ¼
1
N

Xk
h¼1

bNh;kbμh;k: ð16Þ

The variance estimator for each stratum is similar to Eq. (8), but has
been adapted to reflect the notation that allows for different numbers of
strata. The variance estimator for k strata is defined as

bV μy;k

� �
¼ 1− n

N

� � 1
N2

Xk
h¼1

bN2
h;k

s2h;kbnh;k
; ð17Þ

where

s2h;k ¼
1bnh;k−1

X
i∈s

yi−bμh;k

� �2
I i∈stratum h out of kð Þ ð18Þ

is the sample variance in stratum h out of a total of k strata.
For each iteration in the simulation, record the minimum vari-

ance estimate across the 10 possible strata choices, bV bμy;k∗
� �

, where bV
bμy;k∗

� �
¼ mink

bV bμy;k

� �
, k = 1,…,10. In addition record the EPSE esti-

mator of the mean bμy;k∗ for the optimal number of strata k⁎. After
1000 iterations, we compute the mean of the simulation variance

estimates E bV bμy;k∗
� �h i

and the simulation variance of the EPSE

estimatesVar bμy;k∗
� �

. The relative bias of the variance estimator is de-

fined by

Relative bias ¼
E bV μyk�

� �h i
−Var bμy;k�

� �
Var bμy;k�

� � : ð19Þ

This process is run for each of the four EPSEmethods considered and
for various sample sizes. The results for the varianceVar bμy;k∗

� �
. are sum-

marized in Table 3, and the results for the relative bias are summarized
in Fig. 3.

From Table 3 we can rank the EPSE estimator methods based on
their variances. For sample sizes less than 500, the spline regression
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Fig. 3. Plot of Relative Bias for optimized EPSE estimates. Subgraph (a) is for EPSE estimates constructed using a linear regression, subgraph (b) is for EPSE estimates constructed using a
spline regression with B-spline basis, subgraph (c) is for EPSE estimates constructed using a spline regression with a thin-plate spline basis, and subgraph (d) is for EPSE estimates
constructed using Random Forest. Crosses represent the EPSE estimates constructed optimizing up to 10 strata, and triangles represent the EPSE estimates constructed using exactly 4
strata estimated by the quartiles of the predictions.
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EPSE has the smallest variance, the Random Forest EPSE has the next
smallest variance, the linear regression EPSE has the next smallest var-
iance, and the thin-plate spline EPSE has the largest variance. For sample
sizes over 500, the Random Forest EPSE has the smallest variance,
followed by the spine regression EPSE with the next smallest variance,
and then both the thin-plate spline regression EPSE and the linear re-
gression EPSE appear to have similar variances.

For comparison, the variances for the four EPSE methods using the
estimated boundary stratification scheme from the first simulation are
also listed in Table 3. For sample sizes less than 500, the optimized
EPSE methods have variances larger or about the same as the EPSE var-
iances using the estimated strata boundaries. This suggests that opti-
mizing the EPSE stratum boundaries for small sample sizes can
increase the variance of the estimates, but this is not accounted for in
our formula for the variance estimator as seen in the negative skew of
relative biases in Fig. 3. This helps explain why our optimized EPSE var-
iance estimators are underestimating the true variance for small sample
sizes. For sample sizes greater than 500, the optimized EPSE variances
are smaller than the EPSE estimators using four strata, but it is question-
able if this gain in precision is large enough to offset the concerns over
the potential for negative bias in the variance estimator.

From Fig. 3 we see that the optimization step introduces a negative
bias into the four EPSE variance estimators for small sample sizes that
is not seen when using a fixed number of strata. This suggests that opti-
mizing the EPSE estimator has the consequence of underestimation of
the variance for small sample sizes. For sample sizes greater than 500,
Fig. 3 suggests that the optimized linear regression, the optimized
thin-plate spline regression, and the optimized Random Forest EPSE
variance estimators appear to be symmetrically distributed around a
relative bias of 0. The spline regression EPSE variance estimator appears
to be negatively biased across all sample sizes.

This second simulation study considers the use of Random Forest,
two spline regressions, and a linear regression in constructing an
optimized EPSE variance estimator and suggests that the EPSE variance
estimator has potential to underestimate the variance when optimiza-
tion is performed. From the results discussed above, we can rank the
methods used for constructing our EPSE estimates. If the goal is to
have the best trade-off between bias of the optimized EPSE variance es-
timator and a minimum variance for the optimized EPSE estimator, the
Random Forest EPSE variance estimator performs the best overall,
followed by the linear regression EPSE variance estimator, the thin-
plate spline EPSE variance estimator, and then the spline regression
EPSE variance estimator.

4. Conclusion

This study has shown that the use of complex multivariate paramet-
ric, semiparametric, andnonparametric classifiers in the EPSE framework
appears to be relatively robust in constructing variance estimates, but
some cautions are raised to avoid underestimating the variance. This
study lends strength to the idea that EPSE can be applied to stratum
boundaries that are estimated quantiles of the predictions rather than
fixed stratum boundaries, although only the latter case of fixed stratum
boundaries has been supported by theory. The theory exploring the ef-
fects on the EPSE estimator using estimated stratum boundaries is an
area for further research, as in practice it is often attractive to use estimat-
ed stratum boundaries not fixed a priori. Investigation into this in a the-
oretical context would provide more justification of the use of estimated
quantiles as post-stratum boundaries.

The best performing, most robustmethod throughout the article has
been the Random Forest EPSE variance estimator with the strata bound-
aries set as the quantiles of the predictions. The next best performing
EPSE method has been the linear regression EPSE variance estimator
with the strata boundaries set as the quantiles of the predictions. From
the results in simulation two we see that optimization of the EPSE vari-
ance estimates can have the unintended consequence of introducing
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negative bias into the EPSE variance estimator, especially for smaller
sample sizes.

The EPSE variance estimator using Random Forest performedwell in
each simulation and across all sample sizes, except for the optimized
EPSEwith small sample sizes. This is an exciting result in that there is al-
most no tuning needed by the user tofit Random Forest. This result sup-
ports the FIA's use of maps of landcover and percent tree cover created
by Random Forest as a basis for using Endogenous Post-Stratification as
a way to increase precision of FIA estimates.
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