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Estimates of growing stock volume are reported by the national forest inventories (NFI) of most countries
and may serve as the basis for aboveground biomass and carbon estimates as required by an increasing num-
ber of international agreements. The probability-based (design-based) statistical estimators traditionally
used by NFIs to calculate estimates are generally unbiased and entail only limited computational complexity.
However, these estimators often do not produce sufficiently precise estimates for areas with small sample
sizes. Model-based estimators may overcome this disadvantage, but they also may be biased and estimation
of variances may be computationally intensive. For a minor region within Hedmark County, Norway, the
study objective was to compare estimates of mean forest growing stock volume per unit area obtained
using probability- and model-based estimators. Three of the estimators rely to varying degrees on maps
that were constructed using a nonlinear logistic regression model, forest inventory data, and lidar data. For
model-based estimators, methods for evaluating quality of fit of the models and reducing the computational
intensity were also investigated. Three conclusions were drawn: the logistic regression model exhibited no
serious lack of fit to the data; estimators enhanced using maps produced greater precision than estimates
based on only the plot observations; and third, model-based synthetic estimators benefit from sample
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sizes for larger areas when applied to smaller subsets of the larger areas.
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1. Introduction

Forest growing stock volume is one of the two variables most
commonly assessed by national forest inventories (NFI), the other
being forest area. Estimators of growing stock volume also may
serve as the basis for estimates of aboveground biomass and carbon
which are increasingly required for reporting for international agree-
ments. NFIs traditionally calculate estimates of growing stock volume
using probability-based (design-based) simple random sampling,
stratified, or model-assisted estimators. However, estimates are gen-
erally reported only for large areas such as countries, regions within
countries, states, and provinces because of sample size constraints.
Model-based or model-dependent approaches (Hansen et al., 1983)
rely more heavily on models and auxiliary variables to produce esti-
mates and may produce more precise estimates for small areas for
which probability-based estimates are not feasible. In addition,
model-based estimators produce estimates are consistent with
maps in the sense that they represent the aggregation of map unit
predictions. Their primary disadvantages are that they are not neces-
sarily unbiased and they are often computationally intensive.

McRoberts (2010) reported comparisons of approaches to infer-
ence for estimates of forest area using models, inventory observations
of the categorical forest/non-forest variable, and Landsat imagery. The
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basic results were that the greater the degree to which the models
and their predictions were used, the greater the increase in the preci-
sion of estimates. The results of similar comparative studies are not
known to have been reported for continuous response variables
such as forest growing stock volume and biomass, possibly because
auxiliary data useful for predicting below-canopy forest attributes
have not generally been available. However, the recent literature in-
cludes multiple reports of strong relationships between these attri-
butes and lidar metrics. For example, Nesset (2002) reported that
80-93% of the variability in field measured forest stem volume
could be explained by models that use lidar metrics, and Nasset
and Gobakken (2008) reported that 88% of the variability in above-
ground biomass could be explained by models using lidar metrics.
Similar results have also been reported for multiple other studies in-
cluding Frazer et al. (2011), Li et al. (2008), and Zhao et al. (2009).
Thus, a study of different approaches to inference for parameters
related to below-canopy attributes such as growing stock volume
using models based on lidar metrics is now feasible.

Statistical inference requires expression of an estimate in probabilis-
tic terms; for this study the expressions took the form of approximate
95% confidence intervals calculated as ﬁiZ'\/\Er@). Thus, the
study focused on estimation of means and their variances for purposes
of facilitating construction of confidence intervals. The objective of the
study was to compare estimates of means and their variances for forest
growing stock volume per unit area (VOL) (m>/ha) obtained using four
statistical estimators: (1) a simple random sampling estimator, (2) a
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stratified estimator, (3) a model-assisted regression estimator, and (4) a
model-based estimator. The latter three estimators relied on a map of
growing stock volume constructed using a nonlinear logistic regression
model, NFI plot data, and lidar metrics.

2. Data

The study area was mostly in the municipalities of Amot and
Stor-Elvdal in Hedmark County, Norway (Fig. 1). Airborne lidar data
were acquired between 15 July 2006 and 12 September 2006 from a
height of approximately 1700 m with average aircraft speed of
75 ms™ . The pulse repetition frequency was 50 kHz, the scan frequen-
cy was 31 Hz, the maximum scan angle was 16°, which corresponded to
an average swath width of approximately 975 m, the mean footprint di-
ameter was approximately 50 cm, and the average point density was
0.7 pulses m~2. Data for only single echoes or the first of multiple ech-
oes were used. For each plot and population unit, height distributions
were estimated for first echoes from tree canopies, i.e., heights greater
than 2 m. Echoes with heights less than 2 m were considered to have
been reflected from non-tree objects such as shrubs, grass, or the
ground. For each plot and population unit, heights corresponding to
the 10th, 20th, ..., and 100th percentiles of the distributions were calcu-
lated and denoted h;y, hy, ..., and hyg, respectively. Canopy densities
were calculated as the proportions of echoes with heights greater
than 0%, 10%, ..., and 90% of the range between 2 m above ground
and the 95th height percentile and were denoted do, dy, ..., and dg, re-
spectively (Gobakken & Nasset, 2008).

Field measurements were obtained from 250-m?, circular Norwe-
gian NFI field plots located at the intersections of a 3-kmx 3-km grid
(Tomter et al., 2010). On each plot, all trees with diameters at-breast-
height (dbh, 1.3 m) of at least 5 cm were callipered. Tree heights
were measured on an average of 10 sample trees per plot selected
with probability proportional to stem basal area, and heights for the
remaining trees were predicted using height-dbh models (Fitje &

Vestjordet, 1977; Vestjordet, 1968). The volume of each sample tree
was estimated using species-specific volume models with dbh and ei-
ther measured height or predicted height as independent variables
(Braastad, 1966; Brantseg, 1967; Vestjordet, 1967). The ratio of the
mean volume estimate for trees with predicted heights and the mean
volume estimate for trees with measured heights was used to adjust
the former volume estimates. The estimate of total plot volume, VOL,
was calculated as the sum of volume estimates for individual trees. Al-
though the plot-level values of VOL were estimates, the uncertainty of
the estimates was considered negligible relative to plot-to-plot variabil-
ity and was ignored. A variogram analysis indicated no meaningful spa-
tial correlation among plot VOL observations. Differential Global
Navigation Satellite Systems (GPS and the Russian GLONASS) were
used to determine the position of the center of each plot.

To minimize the effects of forest change between the plot observa-
tion dates and the 2006 date of the lidar acquisition, only the 145
plots measured between 2005 and 2007 were used for this study.
Thus, the study area was defined as the geographic area represented
by the portion of the Latin Square sampling design used by the Norwe-
gian NFI inventoried between 2005 and 2007 (Fig. 1). The study area in-
cludes 1259 km? and features altitudinal variations ranging from
204 mto 1134 m above sea level (asl) with a mean of 570 m asl. For an-
alytical purposes, the study area was tessellated into square 250-m?
cells that served as population units. To assess the effects on estimates
of study areas of different sizes, a second study area with the same cen-
ter but of approximately half the size and including only 69 NFI plots
was also selected. The dominant tree species are Norway spruce
(Picea abies (L.) Karst.) and Scots pine (Pinus sylvestris L.). Mean and
maximum plot volumes were 0.117 m> and 1.985 m?, respectively.

3. Methods

All analyses were based on three underlying assumptions: (1) a fi-
nite population consisting of N units in the form of the square,
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Fig. 1. Study area and sampling design.
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250-m? cells, (2) an equal probability sample of n population units in
the form of the NFI plots, and (3) availability of auxiliary data in the
form of lidar metrics for all plots and population units. In the follow-
ing sections, the terms cell and population unit are considered
synonymous.

3.1. Nonlinear logistic regression model
A nonlinear logistic regression model was used to describe the re-

lationship between VOL for NFI plots and associated lidar metrics. The
model has the mathematical form,

BJ +2
) J
T+ exp| By + Y By

yi = f(Xi;B) =

+ g, (1)

j=1

where i indexes plots or population units, x;; is the jth lidar metric, the 3s
are parameters to be estimated, and &; is a residual error term. An advan-
tage of the logistic model expressed by Eq. (1) over a linear model is that
all predictions are non-negative and are constrained by the lower hori-
zontal asymptote of y = 0 and the upper horizontal asymptote of y =
[3>J .2 which is estimated from the sample data. This logistic regression
model should not be confused with the binomial or multinomial logistic
regression models that are often used with categorical data (Agresti,
2007).

3.2. Probability-based estimators

Properties of probability-based estimators derive from the proba-
bilities of selection of population units into the sample, thus these es-
timators are characterized as probability-based (Hansen et al., 1983),
although they are also characterized as design-based. Probability-
based inference is based on three assumptions: (1) population units
are selected for the sample using a probability-based randomization
scheme; (2) the probability of selection for each population unit is
positive and known; and (3) the observation of the response variable
for each population unit is a fixed value. Estimators are derived to
correspond to sampling designs and typically are unbiased or nearly
unbiased, meaning that the expectation of estimates obtained with
the estimators over all samples that could be obtained with the sam-
pling design is the true value of the population parameter.

3.2.1. Simple random sampling estimator

The simplest approach to probability-based inference is to use the
familiar simple random sampling (SRS) estimators for means and
their variances,

. 1&
Hsgs = szi 2)
i1
and
) (Sﬁ*ﬁSRs)z
var(fises ) = 1:]n(nf n ®

where i indexes the n sample observations and y; is the observation
for the ith population unit selected for the sample. The primary ad-
vantages of the SRS estimators are that they are intuitive, simple,
and unbiased when used with an SRS design. However, even though
the estimator is unbiased, the estimate obtained with any particular
sample may still deviate substantially from the true value. Neverthe-
less, estimates obtained with the SRS estimator with large samples
are often used as a standard for comparison for estimates obtained

with other estimators. The disadvantage of the SRS estimators is
that variances are frequently large, particularly for small sample
sizes. Although Var(fiszs) from Eq. (3) may be biased when used
with systematic sampling, it is usually conservative in the sense that
it over-estimates the true variance (Sdarndal et al., 1992, p. 83). For
this study, finite population correction factors were ignored because
of the small sampling intensity of one 250-m? plot per 9 km? of
land area.

3.2.2. Stratified estimator

For areal estimation, the stratified (STR) estimator can use a map
to decrease the variances of estimates and thereby enhance the in-
ference by shortening the confidence interval. However, because
the validity of the inference is still based on probabilities of selec-
tion of population units into the sample, the stratified estimator is
characterized as probability-based. The essence of stratified estima-
tion is to assign population units to groups or strata, calculate with-
in stratum sample plot means and variances, and then calculate the
population estimate as a weighted average of the within stratum
estimates where the weights are proportional to the stratum sizes.
Stratified estimation requires accomplishment of two tasks: (1) cal-
culation of the strata weights as the relative proportions of the pop-
ulation area corresponding to strata and (2) assignment of each
sample unit to a single stratum. The first task is accomplished by
calculating the strata weights as proportions of population units
in strata. The second task is accomplished for this study by
assigning the NFI plots to strata on the basis of the stratum assign-
ments of the population units containing the plot centers. The For-
est Inventory and Analysis program of the U.S. Forest Service, which
conducts the NFI of the United States of America, has devoted con-
siderable effort to investigating stratified estimation using remote-
ly sensed data (Hansen & Wendt, 2000; Liknes et al., 2004, 2009;
McRoberts et al., 2002a, 2002b, 2006, 2012; Nelson et al., 2005;
Westfall et al., 2011).

Stratified estimates of means and variances are calculated using
estimators provided by Cochran (1977):

H
figrg = Z Wiy, 4)
h=1
and
A i .62
Vﬁr(lvlsm) = Z WhITh» (5a)
h=1
where
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Uy = n—h 2 Yhi»
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h=1,...H denotes strata; yy,; is the ith sample observation in the hth
stratum; wy, is the weight for the hth stratum; ny, is the number of
plots assigned to the hth stratum; [i;, and Gﬁ are the sample estimates
of the within stratum mean and variance, respectively; and STR de-
notes the stratified estimator.

NFIs often use permanent plots whose locations are based on sys-
tematic grids or tessellations and use sampling intensities that are
constant over large geographic areas, if not the entire population. In
such cases, even though stratified sampling is not possible, increase
in precision may still be achieved by using stratified estimation sub-
sequent to the sampling, a technique characterized as post-sampling
stratification or simply post-stratification. Cochran (1977, p. 135)
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provides a modified stratified estimator of the variance for use with
post-stratification and the resulting random within-strata sample
sizes,

H H A2

Var(flm) = > w wmdi —Z(l—wﬁ"—} (5b)

=1 h=1

where n is the total sample size over all strata. For large sample sizes,
particularly when the strata weights are nearly equal to the propor-
tions of plots assigned to strata, Eqs. (5a) and (5b) produce similar
estimates.

The utility of a stratification for increasing precision is often eval-
uated using relative efficiency (RE) calculated as,

var <ﬁSRS)

e var <ﬁSTR> )

(6)

where values of RE greater than 1.0 indicate increasing effectiveness
of the stratification.

3.2.3. Model-assisted estimator

Model-assisted estimators use models based on auxiliary data to
enhance inferences but rely on the probability sample for validity.
For this study, the model-assisted regression (MA) estimators of
means and variances are provided by Sdrndal et al. (1992):

X N 1
Hya = Z - ﬁ - Vi), (7)
iz1

where N is the population size, y; is obtained from Eq. (1) using the

model parameter estimates and g=0. The first term in Eq. (7),
N

y is simply the mean of the model predictions, y;, for all popu-

n
lation units, and the second term, 1> " (y;
i=1
calculated over the sample units and compensates for systematic
model prediction errors. The variance can be approximated as,

:n(nl—l)zn:(?'fg)z’ ®)

i=1

—V;), is an estimate of bias

Var (fty,)

where g=y; —y;.

The primary advantage of MA estimators is that they capitalize on
the relationship between the sample observations and their model
predictions to reduce the variance of the estimate of the population
mean. In this regard, they are potentially preferable to the STR esti-
mator because they use the model predictions for individual popula-
tion units, whereas the STR estimator aggregates the population units
and their predictions into strata.

3.3. Model-based inference

The assumptions underlying model-based (MOD) inference differ
considerably from the assumptions underlying probability-based
inference. First, the observation for a population unit is a random
variable whose value is considered a realization from a distribution of
possible values, rather than a fixed value as is the case for probability-
based inference. Second, the basis for a MOD inference is the model,
not the sample as is the case for probability-based inference. Randomi-
zation for MOD inference enters through the random realizations from
the distributions for population units, whereas randomization for
probability-based inference enters through the random selection of
population units into the sample.

The mean and standard deviation of the distribution of Y for the
ith population unit are denoted ; and o, respectively. The mean is
estimated as [i;= ¥; from Eq. (1), and o; is estimated as the standard
deviation of residual deviations between observations and [i;. The
MOD estimator of the population mean, pyop, is based on the set of
estimates, {[i;,i=1,2,...,N}, of the means for individual population
units and is expressed as,

N N
nmm:$§jm:§§j%&$) 9)
i=1 i=1

where f gxi;?a is the nonlinear logistic regression model prediction
from Eq. (1) evaluated at the parameter estimates, 3. The correspond-
ing variance estimator is,

VSF(ﬁMOD) = %i
i=1j

™M=

c6v( ) (10)
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_

The covariances required for Eq. (10) may be estimated as,

C()\V(ﬁ“ﬁJ): Z,i\/}(gzy

v—>

o
where z; = (g( 5 ) andV is the estimated parameter covariance ma-
trix (McRoberts 2006). The latter matrix can be approximated as

. 1 . . .
Vi = (Z WZ) where, in the absence of spatial correlation among

observations of the response variable, W is a diagonal matrix with

W—(J'2

3.4. Analyses

3.4.1. Nonlinear logistic regression model

The nonlinear logistic regression model was fit to the data for the
entire study area using iterative weighted least squares techniques to
accommodate heteroskedasticity. A subset of the lidar metrics was
selected using an iterative, stepwise approach based on model effi-
ciency (Vanclay & Skovsgaard, 1997) calculated as Q2 =1 — 25“
where

n

SSres = Y (Vi = Vi)’

and

With this approach, the single lidar metric with the greatest value
of Q% was first selected. Next, all combinations of the first metric se-
lected with each of the remaining metrics were evaluated, and the
combination with the greatest value of Q2 was selected. This proce-
dure of selecting the lidar metric that best augmented the previously
selected metrics continued until a Q% value was obtained for each
possible number of metrics. Selection of the optimal subset of metrics
was based on a subjective assessment of the combination of metrics
beyond which only negligible increases in Q? were found.

MOD estimators are not necessarily unbiased, or even nearly unbi-
ased, as is often the case for probability-based estimators. Because
unbiasedness for these estimators is closely linked to correct model
specification, the quality of fit of the model to the data should be
assessed. If the model is correctly specified, graphs of observations
versus model predictions for a continuous response variable should
feature points that lie along the 1:1 line with intercept 0 and slope
1. In addition to graphing observations against predictions, a
three-step approach was used to assess quality of fit: (1) all plot
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observation/model prediction pairs, (y;, ¥;), were ordered with re-
spect to y;; (2) the ordered pairs were grouped into categories of
equal numbers of pairs, and the group means of the plot observations
and the corresponding model predictions were calculated; and (3) a
graph of the observation means versus the model prediction means
was constructed (Hosmer & Lemeshow, 1989). If the model is correct-
ly specified, a graph of means of observations against means of pre-
dictions should again lie along the 1:1 line.

3.4.2. Stratified estimator

For the STR estimator, strata were constructed using the logistic
model predictions, y;, which were standardized and scaled to the
[0,100] interval:

s = 100- YiYmin_ (11)

b
Ymax—Ymin

where ¥, and y,,,, are the minimum and maximum predictions, re-
spectively, over all population units. Each unit was then assigned to
one of the 101 standardized classes [0,0], (0,1], ..., (99,100]. The classes
were aggregated into strata subject to two constraints: (1) classes ag-
gregated together must be contiguous and (2) each stratum must in-
clude at least 10 plots to ensure the accuracy of the within-strata
variance estimates (McRoberts et al., 2012; Westfall et al., 2011). Strat-
ifications featuring two to six strata were constructed by selecting strata
boundaries to minimize Var ({isz) calculated using Eq. (5b) or, equiva-
lently, to maximize RE calculated using Eq. (6). Although the model was
applied in the same manner and with the same parameter estimates,
separate stratifications were constructed for the entire and the half
study areas.

Legitimate concerns may be raised regarding violations of assump-
tions resulting from using stratifications based on the sample observa-
tions to stratify the same sample units from which the observations
are obtained. Breidt and Opsomer (2008) coined the term endogenous
post-stratification to describe this approach and demonstrated that
when strata are constructed by dividing the range of predictions
obtained from a linear model calibrated using the response variable ob-
servations, the detrimental effects of violating the stratification assump-
tions are negligible, even for small sample sizes. Dahlke et al. (2013)
also used similar data to show that when a non-parametric prediction
procedure was used, estimates of standard errors were asymptotically
similar to those obtained using the familiar Horvitz-Thompson estima-
tor (Horvitz & Thompson, 1952). These findings permit the use of
Egs. (5a) and (5b), even when the model does not fit the data as well
as desired.

3.4.3. Model-assisted estimator

The model was applied for the entire and half study areas using
the same model parameter estimates. Models whose parameters are
estimated using data for areas larger than the areas to which they
are applied are characterized as synthetic estimators (Sdrndal et al.,
1992) (Section 4.3). When estimates were calculated using Eqs. (7)
and (8), only data for plots with centers in the two study areas
were used.

3.4.4. Model-based estimator
A disadvantage of MOD estimators is that calculation of VAT ( {104

using Eq. (10) is computationally intensive because of the double
summation and the large number of population units for even rela-
tively small study areas. For example, the current study area consists
of more than 5 x 10° population units, which means that the number
of covariance calculations necessary for Eq. (10) is on the order of
10'3. However, McRoberts (2010) noted that Eq. (10) is just a
two-dimensional mean over all units in the population and that
Var(ftyop) can be approximated by sampling from the population.
Using only population units located at the intersections of an

equally-spaced, two-dimensional, perpendicular grid superimposed
on the study area,

A A 1 ngrid ngnd ,
Var(uMOD>z2— Zviz, (12)
Morid i1 =1

where ngyq is the number of grid lines in each dimension. For a grid
width of n;, defined as the number of population units separating
the grid lines, the computational intensity necessary to calculate
VAr(fiyop ) is reduced by a factor of approximately n2. McRoberts
(2010) also reported that for study areas much smaller than used
for this study, the effects of this approach on VAr({ly,op ) wWere negli-
gible for grid widths as great as n, = 10. For this study, grid widths of
n,=1 to n,=100 were used, and the effects on Vﬁr(ﬁMOD) were
compared.

4. Results and discussion
4.1. Nonlinear logistic regression model

Analyses of combinations of lidar metrics used as independent
variables for predicting VOL with the nonlinear logistic regression
model indicated that little improvement beyond Q?=0.84 was
achieved for more than the four variables: hy, hg, do, and dg. Visual
inspections of the graph of VOL observations versus model predic-
tions (Fig. 2) and the graph of the means of observations versus
means of model predictions for the ordered groups (Fig. 3) indicated
no obvious model lack of fit. A simple linear model was fit to the VOL
observations as the dependent variable and the VOL predictions as
the independent variable, and a second simple linear model was fit
to the means of the VOL observations as the dependent variable and
the means of the VOL predictions as the independent variable. For
both models, an F-test comparing estimates of the intercepts and
slopes jointly to (0,1) indicated no statistically significant differences
at o= 0.05. Although this test does not take into account the uncer-
tainty in the model predictions, doing so would produce an even
less significant result.

4.2. Probability-based estimators

4.2.1. Simple random sampling estimator

The SRS estimators yielded [iszs = 74.26m3/ha with SE({lggs) =
7.45m>/a for the entire study area and [igs = 82.46m>ha with
SE gﬁsm = 11.96m>/ha for the half study area (Table 1). Because the

SRS estimator is unbiased, SRS estimates obtained using large samples
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Fig. 2. Growing stock volume (VOL) observations versus nonlinear logistic model
predictions for sample data used to construct the model.
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are often used as a standard for comparison for estimates obtained with
other estimators.

4.2.2. Stratified estimator

The STR estimates of the mean for the entire study area ranged
from figg = 79.10m>/ha to [igz = 81.16m>/ha, depending on the
number of strata, and estimates for the half study area ranged from
fisrr = 88.58m>/ha to iy = 94.12m3/ha, again depending on the
number of strata (Table 1). For the entire and half study areas, the
stratified estimates were approximately 8% and 11% larger, respec-
tively, than the SRS estimates. These differences are attributed to dif-
ferences between strata weights and the proportions of plots
assigned to strata.

Standard errors ranged approximately from 4.3 m>/ha to 5.1 m>/ha
for the entire study area and approximately from 7.7 m3/ha to 8.8 m>/ha
for the half study area, depending on the number of strata. As proportions
of estimates of the mean, the standard errors were in the range 0.054-
0.63 for the entire study area and in the range 0.084-0.096 for the half
study area. Selection of strata boundaries to minimize Var(ftsz) pro-
duced RE of approximately 3.0 for four or more strata for the entire
study area and approximately 2.4 for the half study area. However, little
additional increase in RE was realized for more than four strata
(Table 1).In this context, RE can be interpreted as the multiplicative factor

Table 1
Estimates of mean growing stock volume per unit area (VOL) (m>/ha).

Estimator Entire study area Half study area
(n=145) (n=69)
f SE(f1) i SE(f1)
(m*ha)  (m?*ha)  (m’ha)  (m3/ha)
Simple random sampling (SRS) 74.25 7.45 82.46 11.96
Stratified (STR)
2 strata 80.49 4.99 94.12 8.34
3 strata 81.16 434 91.31 7.40
4 strata 80.04 427 91.09 7.31
5 strata 79.17 4.19 91.17 7.33
6 strata 79.10 4.18 88.58 8.16
Model assisted (MA) 81.87 295 90.71 5.04
Model-based (MOD)?
n,=1 81.85 3.50 88.38 3.95
n,=>5 81.85 3.50 88.38 3.94
n,=10 81.85 3.52 88.38 3.98
n,=25 81.85 3.53 88.38 3.98
n,=>50 81.85 3.57 88.38 3.96
n,=100 81.85 3.60 88.38 4.08

@ ny is the spacing in population units between grid lines used to calculate SE (ﬁMod) H

[poq 1S calculated using all population units.

by which the sample size would have to be increased to achieve the same
reduction in variance using the SRS estimators as was realized with the
STR estimators. For forest inventory applications, the cost of tripling the
sampling size would be prohibitive; thus, RE = 3.0 is of considerable eco-
nomic importance, subject to the cost of the lidar data. Of importance, al-
though no lack of fit of the nonlinear regression model to the data was
indicated, lack of fit does not induce bias into the STR estimator but rather
just limits the degree to which stratifications reduce variance estimates.
Similarly, assignment of plots to incorrect strata does not induce bias as
long the assignment is consistent, but again just inhibits increases in RE.

The stratifications had the desired effect of aggregating plots into
strata whose estimates of means and variances or standard errors
were clearly distinguishable (Table 2). The greater SE for five and
six strata than for four strata for the half study area can be attributed
to two factors. First, the requirement of 10 plots per stratum limited
the possible stratifications. Second, larger numbers of strata result in
smaller within-strata sample sizes and larger variances of within-
strata means.

4.2.3. Model-assisted estimator

The MA estimates of the mean for both the entire and half study
areas were very similar to the STR estimates but larger than the SRS
estimates (Table 1). Bias estimates for the MA estimator were small,
—0.03 m>/ha or less than 0.1% of the mean for the entire study area
and —2.32 m>/ha or less than 2.6% of the mean for half the study
area. Standard errors for estimates of the means were also relatively
small, 2.95 m>/ha for the entire study area and 5.04 m>/ha for the
half study area (Table 1). As percentages of estimates of the means,
the standard errors were 3.6% and 5.6% for the entire and half study
areas, respectively. Small bias estimates, which reflect the means of
differences between VOL observations and model predictions, and
small variance estimates can be attributed to the good quality of fit
of the nonlinear logistic regression model to the data. Values of RE
calculated using Eq. (6) were 6.4 and 5.6 for the entire and half
study areas, respectively. These REs indicate that to achieve the
same precision with the SRS estimator as was achieved with the MA
estimator, the sample size would have to be increased from n= 145
to n=2928 for the entire study area and from n=69 to n=386 for
the half study area, both of which would be prohibitively expensive.

4.3. Model-based estimator

As noted in Section 4.1, neither visual analyses of graphs of VOL
observations versus predictions nor statistical tests of significance
for the estimates of coefficients for linear models fit to these data in-
dicated any lack of fit of the nonlinear logistic regression model
(Table 1). In addition, the estimate of bias for the MA estimator was
negligible relative to the estimate of mean VOL (Section 4.2.3). Final-
1y, fiyop = 81.85m>/ha was within approximately one SRS standard
error of [iggs = 74.25m>/ha. This evidence suggests that any lack of
fit of the nonlinear logistic model to the VOL data was insufficient
to induce serious bias into the MOD estimator of the mean. However,
a degree of caution must be exercised; use of the same data to assess

Table 2
Stratified estimates for the entire study area.

Stratum Stratum Number Proportion Growing stock
weight of plots of plots volume (VOL)
Mean SE
(m?/ha) (m?/ha)
1 0.34 51 0.35 5.05 1.30
2 0.23 29 0.20 51.79 7.38
3 0.26 45 0.31 96.45 9.98
4 0.17 20 0.14 233.40 18.23
Total 1.00 145 1.00 77.34 4.37
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lack of fit as was used to estimate model parameters may lead to
optimistic results.

The MOD estimates of the mean for the entire and half study areas
were similar to the STR and MA estimates but larger than the SRS es-
timates. For n, = 1, the standard errors for the estimates of the means
were approximately 3.50 m3/ha for the entire study area and
3.95 m3/ha for the half study area. As percentages of estimates of
the means, the standard errors were less than 4.5% for both the entire
and the half study areas. Any detrimental effects of using two-
dimensional, equally-spaced, perpendicular grids to calculate
Var ﬁMOD were negligible for grid widths of up to n,= 100 popula-
tion units (Table 1).

In contrast to the probability-based estimators whose standard er-
rors are largely dependent on sample size and increased substantially
for the half study area (n=69) compared to the entire study area
(n=145), the MOD standard error for the half study area increased
only slightly relative to that for the entire study area. MOD standard
errors depend on the mathematical form of the model, the model
parameter estimates, the covariance matrix for the model parameter
estimates, and values of the independent variables. The elements of
the model parameter covariance matrix, in turn, depend on the
same factors plus residual variability and sample size. If the relation-
ship between the response variable and the independent variables is
stationary for the entire study area, then the model parameter esti-
mates and the parameter covariance matrix obtained for the entire
study area may be applied to any subset of the entire study area with-
out adjustment. In such cases, the estimator is characterized as
synthetic (Sdrndal et al., 1992) with the desirable feature that the pos-
itive effects of the larger sample size for the entire study area accrue
to standard errors for any subset of that study area.

Because of the effects on variance estimators of different assump-
tions underlying probability-based and model-based inference, for-
mal and rigorous comparisons of variance estimates obtained with
the two kinds of estimators are generally not considered possible.

4.4. Summary

The STR, MA, and MOD estimates were all greater than the SRS
estimates. The differences are attributed to differences between the
distribution of VOL observations in the sample and the distribution
of VOL predictions for the population. Differences of the magnitudes
observed can be attributed to model lack of fit, for which there is no
evidence for this study, or to the effects of random sampling. Because
differences among the estimates for the probability-based estimators
were either not statistically significant or only marginally statistically
significant, and because differences between the MOD and SRS esti-
mates were also small, the differences for this study are attributed
to the effects of random sampling.

For the probability-based estimators, the benefits of greater use of
the model predictions are reflected in standard errors for the MA esti-
mator being smaller than for the STR estimator, which, in turn, were
smaller than for the SRS estimator. For the entire study area, an informal
comparison indicated that the standard error for the MA estimator was
smaller than the SE for the MOD estimator, but for the half study area,
the relationship was reversed. This result illustrates an important differ-
ence between the two estimators. Whereas probability-based estima-
tors suffer from the detrimental effects of smaller sample sizes for
smaller areas, synthetic MOD estimators may capitalize on the larger
sample sizes for the larger study areas for which the model is correctly
specified, even when applied to smaller subsets of the larger study
areas. Thus, whereas variances for probability-based estimators in-
crease for smaller study areas with smaller sample sizes, variances for
synthetic MOD estimators may remain nearly constant. However, the
price to be paid for this advantage is that the relationship between re-
sponse and independent variables must be stationary, and the model
must be correctly specified.

5. Conclusions

Three conclusions were drawn from this study. First, the nonlinear
logistic regression model adequately described the relationship be-
tween the plot-level growing stock volume observations and the
lidar metrics. Second, the three estimators that used the map in the
form of the nonlinear logistic model predictions produced smaller
variance estimates than the simple random sampling estimator.
Thus, use of the auxiliary lidar data enhanced inferences with greater
use resulting in smaller variance estimates. Third, unlike probability-
based estimators, synthetic model-based estimators can capitalize on
the beneficial effects of larger samples sizes for larger study areas
when the model is applied to smaller subsets of the study areas.
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