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SUMMARY 

The transfer theory is applied to the problem of atmospheric diffu­
sion of momentum and heat induced by line and point sources of heat on the 
surface of the earth. In order that the validity of the approximations 
of the boundary layer theory be realized, the thickness of the layer in 
which the temperatures and velocities differ appreciably from the values 
at infinity must be small compared to the height of the region of influ­
ence. Variations of four dependent variables--inflow rate, inflow veloc­
ities, maximum velocities, and maximum temperature--as a function of 
elevation for reppeeentative heat source strengths are compared for the 
four cases investigated, In addition, the shape of the region of influence 
and the factors affecting the shape are investigated, 

Results indicate that laminar sources tend to become uniform in 
cross-section with large vertical velocities and temperatures, thereby 
indicating a low lateral tendency to diffuse bouyancy and momentum. The 
turbulent sources diverge with a rapid diffusion of bouyancy and momentum 
depending upon the mixing length proportionality constant. 

Application of the turbulent point source results to a finite area 
source has been presented by postulating that the dependent variables of 
indraft velocity, maximum temperature and maximum vertical velocity of the 
finite area source can be produced by a point source of equivalent heat 
strength functioning at a specified distance below the finite source. 
Data concerning the behavior of the aforementioned variables induced by a 
finite area heat source do not exist. Therefore, experimental investigations 
are necessary to provide guidance for further analysis. 
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INTRODUCTION 

A zone of convection is clearly evident when a fire burns in the 
free atmosphere. This convection zone. is of major interest j_n understand­
ing the behavior of forest fires. The transport of mass, heat and momentum 
occurs within the convection column. Knowledge of these transport processes 
will provide some explanation of fire behavior. QJJ.ant�tative measures of 
fire behavior must stem from basic explanations of behavior which .are con­
sistent with the theories of heat and mass transfer, fluid flowe

., 
and the 

chemistry of combustion of solid fuels. The combustion and convection 
zones are inter-related. The oxygen required for combustion must be sup­
plied by the convective velocities. In turn the convection zone is induced 
by the heat liberated by the combustion process. Despite this interaction, 
the convection zone may be studied by utilizing heat transfer and fluid 
flow theories. If a quasi-steady state process is postulatede

., 
the mechan­

ism governing convective flow is amenable to analysis. The present 
investigation explains the free convective mechanism. 

Density differences which are associated with temperature differ­
ences due to thermal expansion cause motion of a fluid which is called 
natural flow. The natural flow is termed free convection if it is not 
supJected to constraining boundaries. Such a phenomena exists when a fire 
occurs in the atmosphere under the influence of negligible wind velocities. 
In free convection the velocity and temperature distributions are inter­
dependent, necessitating the simultaneous solution of the momentum and 
energy equations. The cases investigated here are for the condition of 
zero velocity and uniform potential temperature in the ambient region. 
The effect of variable potential temperature on the basic system of equa­
tions is presented for the laminar line source by an approximate method. 

The earliest study concerning the effect of a heated source was 
undertaken by Schmidt (4,5)�1 in 1940. He presented theoretical investi­
gations for the turbulent-line and point sources. In addition, he obtained 
experimental velocity and temperature profiles for a finite electrfcally 
heated source :55 nnn in diameter by use of a hot wire and thermocouple 
traversing probe, Correlation of the theoretical and experimental results 
was obtained. 

Rouse et al (J) conducted experiments to determine velocity and 
temperature profiles for line and point sources. The two dimensional 

]/ Underlined numbers in parentheses -refer to Literature Cited, 
page 45, 
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in order to effect the comparison. 

investigation was confined between parallel walls 4 feet high, 8 feet 
long and 4 feet apart with the source across the midsection of a low 
platform extending the length of the walls. The axisymmetrical case was 
conducted in a room 25 feet in diameter with an over-all height of 11 feet, 
wherein the source was located at the center of a platform 8 feet in diam­
eter. Measurements for temperature and velocity were obtained by means of 
a copper-constantan thermocouple and a vane anemometer. Recessed gas 
burners provided rather low heat source output. 

Yih (7
1 8) presented theoretical investigations for laminar free 

convection due to line and point sources of heat for small variations of 
pressure and temperature. 

The present investigation presents a detailed review of the theo'c 
retical analysis of laminar and turbulent heat sources as effecting:'afree 

,-­convective flow. The final objective is to establish a working model, for 
the convection-column behavior induced by a fire on the surface of the.:'''· 
earth. The basic analysis presented in Appendix A has been· formulated-'· 
with micrometeorology in mind and with heat source strengths representa­
tive'of moderate forest fires. Appendix B presents the investigation of 
the horizontal pressure gradient since this gradient is taken as zero 
according to the boundary layer theory. 

The mathematical investigations are essentially of a simple and 
idealized nature which by no means solves the complex problems of the 
behavior of fire-convection columns. 

RESULTS 

Since the solutions obtained here do not account for variable 
properties, the magnitudes involved in the results were taken at an average 
ambient condition for air at atmospheric pressure. Thus by choosing the 
properties for the equations and selecting reasonable heat rates, a com­
parative study of the variables was undertaken. The property values taken 
were 

Voo = 1.80 X 10-4 sq.ft./sec. 

poo = 2.34 X 10-3 lb. sec. 2/ft •. 4-

c� = 0.24 BTU/lb. OR 

800 = 530 OR 

The dependent variables obtained from the theory are presented in 
table 1. The mixing length proportionality constant was taken as 0.0417, 
which was experimentally determined by Schmidt (5). This value was taken-

8 
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turbulent line and point sources 

Line Source Point Source 

Laminar (T= 0.66 Laminar (T == 1.0 

fVo'/L :: 1.12 "lloo¢'5 Z ,5
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(/j = 6.00 Voo Z 
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'I'urbule:it Turbulent 
I/¢c1/L = 0.97 Yoo (J 3 Z = 0.51 Voo¢!/V 3 z%;

B 

u:m = 7.401.100 

24 4 Voo8oo ,1,2A4.4 -
9
-11' ,3 z-

2 

g ,.,-,m-�cio = 

o'· = 0.30 Z ,J = 0.36Z 

Comparison of the variables is presented in figures 1 to 5 for two 
values of heat-source strength. These rates of 1.74 and 1740 BTU/sec.-ft. 
for the line sources, and 1. 74 and 1740 BTU/sec. for the point sources 
were taken a.s representative values of energy release as experienced by 
actual fires. Only one heat output has been indicated in some of the c.urves 
since the omitted heat output yields either too large or small a magnitude 
of t,he quantity concerned. 
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DISCUSSION 

Although these investigations of the laminar hypothesis and the 
Prandtl mixing-length hypothesis are idealized, they are readily amenable 
to mathematical solution. The approach has been to initially retain math­
ematical simplicity, thereby avoiding complex differential equations. 
After the idealized investigations provide a feeling for the problem, 
modification of the system is necessary to conform with the physfoal sys­
tem, provided that data are available. Application of the results to 
actual fires must be done by keeping in mind that the theoretical 
development has been formulated according to the following conditions: 

1.s Steady states

2.s Constant propertiess

J. Omission of combustion zones

4. Omission of radiation heat transfers

5.s Dry air (perfect gas)s

6.s Zero velocity and uniform potential temperature ins
amsbient regions

Certain of these conditions present serious limitations when con­
sidering application of the theory to the real problem of fire behavior. 
The combustion process and the transient nature of the actual problem are 
important. Combustion of a forest fuel may occur over a range of combus­
tion efficiency which is believed to be controlled by chemical reactivity 
and the diffusion of oxygen. The slower process will determine the combus­
tion rate. A change in the combustion process gives rise to the transient 
problem. As a consequence the rate of combustion attains a new equilibrium 
level. 

The analysis has considered the vertical pressure gradient in terms 
of the density of the exterior region. For the energy equation the verti­
cal pressure gradient has been accounted for by the potential temperature. 
The potential temperature is then utilized to eliminate the density dif­
ference in the momentum equation. This potential temperature difference 
generates the velocities. What is implied by variable properties is the 
influence of the variation of the absolute viscosity and density from the 
exterior region to the center of the convection column. The analysis of 
this condition, that is, one considering compressibility, remains mathemat­
ically intractable at the present time. 

In actual combustion of a solid fuel, water vapor arises from: 
the moisture driven from the fuel, the moisture resulting from the oxida­
tion of the fuel, and the moisture existing in the ambient air. The con­
centration of water vapor in the convection column could be determined if 

15 
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the oxidation reaction for the sol:!'d fuel is known, In the conveotion 
oolumn the water vapor provides a region of nonuniformly distributed heat 
sources which induce a velocity field similar to a thunderstorm cell in 
the cumulus stage of development, 

Considering conseervation of mass for constant properties, the rate 
of change of velocity into the column with elevation is--

2Ln fJ' JL. d( Y)] d(umt)
••Lo U'm tf dz 

= 2Ln v line source, 

point source, 

Considering conservation of energy which is produced by the heat 
source for constant properties yields--

1:1.ne souree, 

point source, 

The foregoing relations are valid for finite sources provided that 
veloo:!.ty and te1111Peratures profiles are universal in oharaoter, I:f' the 
equations for the l:Lne and point source!! are ut:ll:Lmed :Ln the oon.rervat:1.on 
of mase relations, the integrals are constants, For the oonservat:l.on of 
energy relations, substitution of the line and point source equations for 
the turbulent oase;i y:leld;i oon.itant;i whioh are depimdent on the mix:l.n!:f 
length proportionality faotor, 

Oo111Parison of these oa;ies of llllllinar and turbulent flow :l.nd:l.oate;i 
diverse charaoterietic behavior, Figure l shows the v@rtioal variation 
of the .itre!llll function from which th& indrai't rat® m111y 1:a, ol:ltdned, If 
the ve1oo:Lty ll.ml t@lllPe:ini.ture distributions ll.r\\l unive:ri:11,i.l, the mll.H l!.nd 
ener�y bll.ll!.l'loe :relll.tions indicate thll.t the rate of chl!.n�e of' the inve:ree 
of th!! mll.ximum t@lllPerll.ture di!'i'erenoe with elevation @cmtrol.i the ind:r1tft 
velooity, For inatll.nce, in the line source oaae, :Li' the mll.ximum te111P@ra­
ture diffe:renoe deoaya aa the inver®e of the el@Vll.tione1 then the 1nd:rll.ft 
veloo:l.ty is oonmtll.nt, From the!\!® r�lll.tion® @everal combination® of' thee
dependent vwill.blH are po1,1a:l.ble, Only experimentlil.l ev:Ld@noe gonoern:I.U!:f 
the uniVl\!:!'lllll.l nature of the veloo:Lty tmd tem:p@ratu:r@ proi'ilM and the 
b@hlil.vior of the indepimd@nt var:Lll.ble® can provide th@ final arn;1wer, 
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Comparison of the entraining velocities is presented in figureo2, 
which shows a decrease in velocity with an increase in elevation, except 
for the turbulent line source, which is constant. Laminar velocities are 
smaller in magnitude than the turbulent velocities for the same source 
strength. Turbulent velocities are more sensitive toothe source strength 
than laminar velocities, 

Maximum vertical velocities whichooccur at the perpendicular axis 
of the sources are presented in figure J. The higher heat output forothe 
laminar case has not been shown since the magnitudes are above the veloc­
ity of sound. These results indicate greater velocities for theolaminar 
case than the turbulent for a constant source strength. In addition, the 
laminar source velocities are more sensitive to source strength. 

Axis potential temperature variations are presented in figure 4, 
Results for the larger source output for the laminar cases have been 
omitted since the temperatures are, excessive, In contrast, the smallero
heat output forothe turbulent cases has been omitted due to the small 
resulting temperatures. In all cases the potential temperatures decrease 
with height which is in agreement with t�e physical system. 

Figure 5 shows the shape of the zone of influence due to theosources 
investigated. The laminar sources indicate a very narrow spread becoming 
moreoconcentrated as theosource output is increased. In direct contrast 
the turbulent cases expand very rapidly inoa linear behavior, and areo in­
dependent ofosource strength on the basisothat the mixing length propor­
tionality factor c is a true constant. Since this factor does appear in 
the majority of the variables of the turbulent cases, there remains theo
possibility that this proportionality factor may depend on other parameters. 
Only further investigation of the atmospheric diffusive mechanism can 
determine thisobehavior. 

Recent inquiries have been directed to the effect of lapseorate on 
the convection column which would thereby affect the heat source. In Ap­
pendix Can approximate investigation has beenoundertaken for the effect 
of nonuniform potential temperature for the laminar line source, This 
analysis indicates that the gradients of potential temperature must be very 
large to be contributing factors foroheat source outputs considered in thiso
report. This conclusion was alsooobtained by Byram ( 1)o inohis thermody­
namic analysis. For small heat source strengths the lapse rate is undoubt­
edly ofoimportanceoas, for instance, in whirlwinds or cumulus cloud develop­
ment. The foregoing does not imply that the lapse rate is unimportant in 
the problem of atmospheric fire behavior since the eddy viscosity and 
conductivity are greatly affected atoleast near the surface. 
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CONCLUSIONS 

The present investigation shows that the laminar sources yield' 
narrow convection colwnns which consequently require large vert:i;cal veloc­
ities and temperatures, extending the column to higher elevations. _Since 
the turbulerit sources spread in a horizontal direction, the vertical 
velocities and temp_eratures are smaller in magnitude, and the colunm does 
not attain comparable heights. 

From the results which indicate the magnitudes of the variables, 
it may be concluded that the laminar process is not compatible with the 
physical system. Therefore, the results of the turbulent invest:i,.gation · 
should be used for practical application. 

A source of heat induces a velocity field wherein momentum and 
heat must be diffused. For the condition of negligible free wind speeds, 
the mode of diffusion plays- an important role in the behavior of the 
variables. This may be understood in that the region of influence of the 
heat source controls the velocity and temperature profiles and., by virtue 
of conservation of mass and energy� controls the indraft requirement. 
Characteristics of the heat and momentwn diffusion must be determined to 
ultimately understand the problem. 

For large heat outputs the potential temperature gradients do not 
influence the results of the basic theory for an established transfer 
p_rocess, but are important in effecting the diffusion mechanism. 

RECOMMENDATION 

An experimental investigation to·determine the effect of 'radius 
and heat rate on the indraft velocities and velocity and temperature 
distributions in the convection zone is recommended._g/ 

This·experiment should be conducted in the laboratory so that the 
eddy viscosity and eddy conductivity would not be affected by the lapse 
conditions. Then the condition of linear mixing length with height could 
be fulfilled so that the mixing length proportionality constant· c would 
be·a true constant. The system should be designed for actual flame sources 
whereby the heat pr9.duction rate could be controlled for a specific range 

2/ Application of the turbulent point source to the case of a 
finite area source of heat is presented in Appendix D. 
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of values. The sizes of the flame front would be determined by the maxi­
mum energy release which is feasible such that heat rates of sufficient 
magnitude produce measurable velocities. 

Also the system should be flexible so that electrical heaters could 
replace the flame sources in order to find the effect of sources with and 
without combustion. Shielded thermocouples would be designed for tempera­
ture traverses, and the heated-thermocouple type anemometer and hot wire 
anemometer for velocity measurements. A traversing mechanism would allow 
the two measuring circuits to be located in the vertical and radial 
directions. 

Damping screens located at ample distances surrounding the source 
would provide the necessary damping so that any exterior disturbances would 
decay there.by not influencing the convection column. This would also allow 
the indraft makeup to feed the convection column, The height of the damp­
ing section would be determined by the growth of the convection zone, 

19 
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pgJCpU OZ +pgJcpV oy -u OZ = Jk oy 2n

(l) 

(2) 

oT OT � 6'2T 

APPENDIX A 

BASIC ANALYSIS 

La:mina:r Line Sou.roe! 

The continuity, momentum, and energy equations for the two� 
dimensional flow due to a line source for a fluid of constant Prandtl 
Number, specific heat, and viscosity are 

ou+ ov =O 
oz oy 

2OU OU op o upu-+pv-=--+µ---pg 
oz ay az oy2 

(3) 

wherein the condition that O 
op 

y is of order zero has been obtained from an
non-dimensional order of magnitude investigation of the Navier-Stokes 
equations. Applying equation (2) in the region exterior to the region 
of inf'luenoe there results; 

opOp00 
--=P,, g=--oz OD oz 

sinoe p = p
00 

• The foregoing equations beoome 
au + ov = O 

(4)az oy 

du au i:luPu-_+pv-=g(n -p) +µ­ (5)t'oooz oy oy2 

(6) 

From the perfect gas law at constant pressure 

.Ba - .I_ 
P - T"" 
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y-!. 00 u=O 

(10) 

which gives 

(T-T..
P..-p = P, T .. ) 

Using the definition of potential temperature 

and 

the foregoing equations are 

ciu + civ = 0 (7)c/z ciy 

(8) 

o(e-e00l ci(e -e""l v..=- (9)U OZ + V c/y 
(T 

with the boundary conditions 

d(e-eooly = 0 v = O ciu
ciy = 0 =O

ci y 

The equations have been derived on the basis that the density difference 
is the important factor compared to the magnitude of .the density itself. 
Thus the variation of the density and absolute viscosity with temperature 
has not been considered. 

Solution of equations (8) and (9) proceeds as follows 



Q r+oo 
L::; J_OOPoo g Cp u (e-eOQ) dy 

d77 

(11) 

d f )71-

so that 

(12) 

d!/1 ' Q ) 1/
5 21, (3 

v=---=Voo �----- 5 -f--
02 p.,v� 5 

2 
(13)z·

Lc 000 
5 

p 

v.20. ( Q )'% 
=0-0., °'9"" L 3 z-%h(77) (14)

C 000 p V00.,p 

where u and v as so chosen satisfy the continuity equation (7). 

In addition, the condition that the heat output of the source is 
equal to the heat flow at any cross-section of the region of influence 
yields 

(15) 

With the foregoing transformations, equations (8), (9) and (15) 
are transformed into a system of ordinary differential equations as 

. 23 25L.f +3t3....f.._(df) +5h=O (16)d173 d1]2 \d17 

(17) 

(18) 

with the corresponding boundary conditions 



f(77) "'I tanh 5 -J_f° 7/ 

h (77) = - 3- sech2 5-15 2./5 ~2--T/ 

ou dv 
oz + oy = 0 

f(O) = t"(o) = h'(o) = o 

f'(:1:oo) = h(!oo) = 0 

For a Prandtl Number of 2/3 the functions satisfying the foregoing 
equations and boundary conditions are 

(19) 

(20) 

Turbulent Line Source 

The equations for this case are written by utilization of the 
Prandtl mixing length hypothe£Jis wherein the eddy diffusivity for heat and 
momentum. a-re. considered equivalent and as t ou . thereby yielding 

oy 

(21) 

(tou du) 
00ci'u ci'u •. ci' Ty dy + (e-e

u-+ v--
\ (22)

ci' z ci'y ci'y · g \ 000 I 

( 2 du ci'(e -eool) 
u d(e -eool + v ci'(e ·-eool = _ ci' 1 "rJV ci'Y 

dz (23)
ci'y ci'y

where J = cz 

It should. be pointed out that the dependent variables used herein 
represent mean quantities. 

By use of' 

T/ = y__ (24)z 

(25) 



(lt )2 2 
c2 d d772 - f il - h :: O 

d772 d772 

_____ d(hf) = 0 
d77 

(32) 

so that 

(26) 

(27) 

(28) 

yields the transformed equations and condition as 

(29) 

(if dh)
2 d ci772d7J 

c d'f/ (Jo) 

oo 
+ h_g..f._ d7,1 = IJ d7,1-oo 

(Jj) 

with boundax•y conditions 

h
1

f(O) = f"(O) = (0) = 0 

f'(!oo) = h(!oo) =O 

T/ = ( 2 c2Letting {
3 
7,11

and (JO) become 
and equations (29) 



I/ y (2C2) 3.,., = -. 
' 11 Z 

f/1 - '/J. ( ) z f (-n)n
- · co LCp0co P=VJ 

' ' 1 

H 
2 2-L.. ( 2C )7�-· 

The functiens f and H have been obtained by Schmidt (4) who 

(l3) 

utilized :a serie:s solution a:ppr.oach wherein the first set for r and H 
applied near the r·egion y :, o and the second set near the edge or the
reglon affected by the source. _ 

The set near the central ru:is (y = O) :i,s 

( ) _ 6/2 _ 4 l!t'.
f iJ, - l.1398171-0.37717li +0.06337}1 -0.0051771 2+ ........ . 

04) 

This approach is utilized since the foregoing series do not 
converge adequately for large values -of 71 • 

1 

The variables become 

Q l/3 

(J5) 

-I 
z 

Laminar ?oint Sou."t'a$ 

For this case the equations for the a.xisymm.etrical flow are 

o(yu) + a(yv) = On ('.36) 
oz oy 



du du - Voo u-+v- --
d?, dy y 

( dh )· 
d(hf) I d 7/~ . 

d71 ::-40" d17 

- ~ 
I 

V u 

)l/4 y 

2V2 

Q 

+(4f-l) d ricfii f +77h=O 
3

d 77 
d
d773 

oy 

(37) 

d(e-e..) +
oz 

[ o(e-e..,)]
d y oYo(e -e..)

dy 
= v.,, . (38)

<Ty 

By use of 

3voocp e ,,oot"'oo 

(39)
77 = ( 

t/1 = 411.,, z f (77) (40) 

so that 

(41) 

(42) 

(43) 

yields the transformed equations and c:.onditions as 

( I df) 
(44) 

(45) 



I I 
h(77) = 377 ( I n2)3 

I + _6_.J_27r =.::-. ., 

are 

(46) 

with boundary conditions 

h1f(o) = f"(o) = (0) = o 

f 1 (:!:. co) = h {.! co) :: 0 

For a Prandtl Number of unity the functions satisfying the fore�
goi�g equations and boundary conditions are 

f(7J) = ·� (1- I+ I . 7/2 

I 
) (47) 

sv21r 

(48) 

Turbulent Point Source 

The a:x:isymmetrical equations utiliiiing the Prandtl mixing length 

(49) 

( 2 du du) 
u ou au =--' o 1Y TyTy +gfe-8"°) 

(50)dz 
+v 

oy y dy .\ Bao 

[f du d( e-eco)] 
u d(e-000) + v o(e .-eao) I iJ dY dY (51)dz · dy y dy

= __ 
y 
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I df 

d "17 c2 

h.Qf. d"/l = I 

where � = cz 

By use of 

"17 = ..'L (52)z 

so that 

(53) 

(54) 

(55) 

(56) 

yield the transformed equations and condition as ]d77d"17 2

c2 d

l
"17 

( 
d

I 

77 

df J _.!.....L(.f!.f.)
3 "17 d77 

_2.. f d(7Jdr/) _ h=o
3 d77 (57)d"17 "17 

( Idricfii
d"/l

l df} dh 1 
dif _ 2.. d(fh) = 0 (58)d"J7 3 d77 

(59)
f
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with the boundary conditions 
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) Letting 7]={3c 2 � 3 
17i 

f{o) = f'{o) = h'{o) = o 

f'(�m) = g{!m) = Q 

(:3c2l
2 

i3
are the same .as those derived by Schmidt (5). 

and h= equations (57) and (58) 
Again using the series 

development as performed by Schmidt there Obtains for the axis ·region 

f(71i) =o.5405771
2 -o.21so77i1'2 + o.os4271i

5 -o.ooss71i 1312 + .... . 

H{77 ) = 1-1.2480 llo/2 + 0.6802173 - 0.2220�% + 0.0500 '16 ..... . 
(60) 

1. I 1 1

yielding 

(61)
I df 
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17, d7li 
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.APPENDIX B 

INVESTIGATION OF HORIZONTAL PRESSURE GRADIENT 

Sinc,e the analysis presented herein is based upon the approxima�
tions of the boundary layer theory wherein the pressure gradient in the 
y dire0tion is taken of z:ero order, an investigation of the validity of 
the approximation is presented for the line sources. 

Taking the momentum equation in the y direction as 

u ov +vov -v. 0(1/i) = ..!...2£. (Laminar) (62)
i)z oy "' oz p.. oy 

Transforming the equations from z,y to 7/ there results 

2 5.../5 5.../5sec h r; tan h-2-
r;\119{585 2 

Poo V,; 10'( 21../5 tanh 5../5 r;- .Q... T/ sech2 5../5 11) dr; + 

22 0 \ 125 2 2 2 

Using the l&rgest value .of the .heat output funetion used in the 
previous results as ¢ = 1o l5 and the property values as previously used of 
p

00 
= 2. 34 x 10 •3 and v = I. 80 x 10·4 

.., there results 

7.6 X 10"5 J + 7,6X 10"11 
z o/5 I z2 

l.
2 (64) 

order., 
Thus even for small values of z the pressure drop is of zero 

For the turbulent line source the result given by Schmidt (j) is 

P -p 
21:

=039{2C2 ) 3n 11.2¢
2/3 



Using the previous values of the quantities and taking c • 0.0417 
there results 

• 0. 00675 lb./sq. ft.~ zero order P& - Pm 
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APPENQIX 0 

EFFEOT OF NONUNIFORM POTENTIAL TEMPERATURE 

To obtain an idea as to the effeet of vertical potential temper ....
ature. gradients in the atmosphere u:pon .a heat souroe, an approximate 
approach was undertaken� The a.na�sis shall be presented £or the laminar.
line souree. ., 

T"a.king the continuity, momentum, and .energy equations as previously.
derived 

o(pu) + o(pv) ::= O 
t}z oy (66) 

�OUJ 
pu ou +pi., du = d oyj +pg(8-8a,J

oz ay ay eod 1 

pu oe +pv oe =- _I 
�ae)

d oy 
(68} 

oz ay tr ay 

and use- of the Mises transformati-0n,. 

Pu=n � pv=--P,. _gJ_
t'CO 0y oo dz 

which .satisfies the eontinuity equation (66) - if p = oonstant. Equations
00

(67) and (68) ,beeo.me with the condition thatµp=Jlc.A» J/ 

I. au\ 
OU = o\0 

aj} + _!L[e(z, 1/1) -I]
dz 

ZI.
00 a; u e(z, m) (69) 

(70) 

y This relation adequately desoribes the variation of viscosity
of air with temperature ·as outlined by Chapman and Rubesin (2) � 

. 
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D=~ 
2/Q) 

(71)d

By assuming velocity and temperature profiles which satisfy the
boundary conditions of the problem asd

_I!!_ 

u(z,(V) = Um(z) e dd

where u(z,oo) =Od and u'(z,O) =Od

andd
_i_ 

2e{z,$)-e(z,oo) =de d (72)elz,o)-e(z,oo)d

where 0 lz,oo} = e(z, oo)d e'(z,o)= od

Upon substitution of these distributions into equations (69) andd
(70} at the Condition IP = 0 by reason that the central axis is the region
wherein the greatest variations in velocity and temperature occur, the
final equations ared

U2dU I e(O,oo)
--=-2-+-.. o2 e (73)
dz U e(z,oo) 

dB d0 2 U--+-=---e 
2 (74)dz dzd CT o 

andd

e=-1 ..L (75)-,m D 

from the condition thatd

� = J...._ .. pg Cpu [e(z,¢')-e(z,oo)] dyd

whered



g 

d' dD d2D + 202/dD)3 __ 4 __ g _ _J__;; 7ff 04/do'f d(¾) 
dz dz2 \dz . -fir v! B \dz/ dz 

+'ffl o• dD d2~) +-mo• d'o i,j -Grro• dD[d(~)j2 
(76) 

dz dz2 dz2 dz dz dz 

- ,.,- 07 i¾) d'~) +-Irr 77 o•[ i:~ ]3 

dz dz2 dz 

D3 dD d
2 D + 202(dD\

3 

__ ._4_ ¢ = 0_

e(z,o)-e(z,00)8
- = e(O,oo)v! 

B= e(z,00)
e(0,00) v! 

g 

¢ = __ _;Q_::.._ _ _
Lcpe(o,00) p.,. v.; 

By eliminating 8 and B from the three equations there results a 
second order nonlinear differential equation for the unknown function D 

with the boundary conditions 

z = O D= 0 since u(o,¢) = O and e(o,¢) = (O,oo) 

z-oo D-oo since U(oo,¢)= Um(oo) and 8(00,¢) = 8(00,0)_

As a preliminary verification of equation (76) a check for the 
constant potential temperature _case can be obtained, For this case 
B = Const ,.g/v; Thus equation (76) is 

dz dz2 dz) ..Jr, 

which has the solution satisfying the boundary conditions 



T 

thereby yielding 

U = .Q. ( 125 \
%¢% v5210 9-!'irl 

(77)1/5
0=-1_ ( 9,m) ¢% 2 -%-@ \ 125 

These results are in the same form as obtained by the rigorous 
solution for the laminar line source as given in table 1, The constants 
do not compare favorably, 

The nonlinear equation (76), which does not have a formal solution 
available, could be solved by a numerical method or series development of 
D in terms of z for the non-dimensional parameter 8/¢, This approach 
was not deemed nec.essary since an investigation of the order of' magnitude 
of the factor 8/¢ discloses a magnitude of 

I. 73 X 10-3 e(z,00) 
Q 0(0,oo) 

For the heat outputs considered in this report, gradients of poten-
tial temperature would necessarily be very large such that the terms .of the 
right-hand side of equation (76) become comparable to the terms of the 
left-hand side, Thus, this order of magnitude argument indicates that the 
potential temperature gradient is a higher order effect. This does not 
imply that the lapse rate is unimportant in the problem of atmospheric 
fire behavior. 



APPENDIX D 

APPLICATION OF FINITE SOURCES 

Investigation of the finite source dependent variables from an 
exact mathematical approach presents a system of extreme complexity. In 
the point source investigation, the boundary layer assumptions provide a 
single momentum .equation which cannot be realized in the finite source 
ease. To obtain an order of magnitude of the variables of interest, the 
point source analysis has been applied to the finite area source by making 
definite assumptions, 

The postulate is made that the finite heat souPee of total heat 
strength of Q BTU/see, is equivalent to the point source of identical heat 
rate functioning at a fictitious distance below the actual finite sourcez0 
wherein the equations for va, 0 and Ue are applicable. The foregoing

m-e"' m 

statement implies that there exists an equivalent point source which yjelds 
the identical behavior of the dependent variables as the actual finite 
source, The vertical distance is modified to make the equality. Such a 
condition c·ould be reasonable for the region exterior to the immediate 
vicinity of the finite area soUPce, Furthermore, if these results are to 
be applied to actual fire behavior, the reader must realize that the com­
bustion zone and flame front have not been considered in the free convec­
tion investigation. In addition, actual fire behavior is a transient 
phenome�from build-up to decay which must be the subject for final 
consideration. 

Since data on finite sources of heat in free convection are virtu­
ally nonexistent, the determination of the parameters Whic.h influence 20 

must remain simple at this stage, The quantity is obtained from the 
boundary layer growth of the point source which is 

(78)zo 
= 

2.1(:c2)1/3 

thereby indicating that the fictitious distance is a function of the 
radius of the finite source and the mixing length proportionality constant. 
It is fully realized that other parameters do influence this determination. 
Until experimental evidence is obtaineo., no refinements are considered 
warranted, 

By the reasoning outlined the de:pendent variables oecome 

(79) 
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l/3 Rl/3 . q ·. 
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(80) 

I.OBun'= (81)m (3c2//3 

Substitution for z
0 

the condition that Q =7T R2q and using 
the property values.previously indicated there results 

0.87 
(82)Vo' = � ----1

)
"""1/-

( l+ 
Z 3n

y-o 

I. 63 u =----
' m ( z' )1/3

l+­
Zo 

· (83) 

(84) 

The foregoing equations relate the dependent variables to the h-eat 
rate per unit area, sHle of heat source, and mixing length proportionalityn
constant,' At this stage the ind.raft velocity has not been corrected for 
surface shear, Investigation of the mixing length proportionality constant 
has be'en conducted by Sheppard ( 6). This study indicates that the mixing 
length is approximately linear with height only for the neutral case 
(adiabatic lapse rate), F'tu:'ther research c-oncerning the turbulent mixing
in the atmosphere or the .effect of turbulence on controlled fires need ben
undertaken. 

The relations derived herein were applied for the values of 
q = 20 BTU/secfft.2 and a radius of 100 ft. for value$ of c equal to 0,50n
and 0,30, The heat rate #aken corresponds to a.forest fuel rats> of 
3 tons/acre-min. The results indicate that the indraft velocities are not 
�ery sensitive to the mixing length proportionality constant. The tempera­
ture distrtbution given by the relation is for a convection column not 
accounting for the flame region, Temperatures in the flame region are 
greater in.magnitude than the values given by the relation, Temperature
distributions in flames is another experimental study of considerable 
interest, The vertical velocities are influenced considerably by the mix­
ing length proportionality constant. These results have been plotted in 
figures 6 and 7 respectively. 



A model for the convective column dependent variables generated 
by a finite area steady state heat source has been established by utiliz­
ing a basic theoretical approac.h. In order to obtain the reliability and 
apply refinements to the model advanced herein, an experimental investiga­
tion must be conducted with the mixing length proportionality constant 
invariant but with the variation of the heat rate and size of the flame 
front, Instrumentation is required to obtain the dependent variables, 
In this manner the logical foundation of a complete model for ultimate 
fire behavior may become realized. Continued progress from the theoretical 
approach must be aided and guided .fly controlled experiments with the in­
fluence of the heat rate and size ahd source providing the basic foundation. 
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NOMENCLATURE 

The following n()miln<;ilatu.re is used in the papert 

B = Function of equation (74) 

c "' Mixing length proportion!l.li ty constant . 

Cp "' Specific heat at constant pressweii BT1J/lb, °F 

d � :function of '1!quations (71). and (72), i't.2/sec.i

D "' Non�dimensional function·:or equ.ations {7:l), (74) and (75) 

f(17) "' !!''unction of the independi:mt variable 

g " Gravitational eonstant, rt./see.i2 

h(17) "' Funetic:in or the inil.ependent variable 

H ( 17 )
1 

"' Function or the independent variable 

J "' Meehanical heat equivalent, ft,lb,/:BTU 

k = 'rhermal conduetiv:!.ty, BTU/s.ec,.�sq,ft, OF/ft. 

J = Mixing length, ft, 

L = Line s-ouroe length I ft,i

p = Pressure in source zone I p.sf 

p., = A tj!Jj,spheric pressur$ 1 psf 

Q .. Heat output of souro(;), BTU/see, 

q ,. B;eat output per unit area, B'rU/se<:1,�ft.2i

R = Radius of finite ·-sou.r<l!l;i ft, 

T ,. Tempei;-ature in source 21one; 0R 

Too "' Ambient temperature, OR 

ui -' Velocity component in vertical direction, fpsi

Um ,. Vertieal velocity at sourc<a axis, fps 
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� 

� 

u 
V 

y 

z 

z' 

z0 

olz,�) 

(z,ool 

(o,ool 

0t

µ 

Voo 

p 

p00 

0-

¢ 

1/1 

0 

e.00 

0m 

!Y' 

= Function of equations (73) and (74), 1/ft,t

= Velocity component perpendicular to source axis, fpst

,. Distance normal to source axis, ft, 

= Distance vertical from point source, ft, 

= Distance vertical from finite source, ft. 

"' Fictitious vertical distance for finite sourGe, ft, 

$ Independent variable 

= Turbulent independent variable 

= Potential temperature for approximate method appearing in 
equation (69), OR 

= Atmospheric potential temperature for approximate method; 0R 

= Surface potential temperature for approximate. method, OR 

. = Function of equations (73), (74) and (75) 

= Absolute viscosity, lb.sec,/ft,t2 

= Ambient kj_nematic viscosity, ft,?/sec, 

= Mass density of source 

= Ambient mass density, 

= Prandtl Number,µ Cp /k 

= Heat output function 

= Stream function 

= Potential•v,temperature 

zone, lb.sec,2/ft,t4 

2lb.sec, /ft ... 

non-dimensionalt

in source zone, 0R 

" .Ambient potential temperature, OR 

= Me.ximum potential temperatu.re :in source zone, 0R 

= Action zone, ft. 
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