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The effects of uncertainty in individual tree volume 
model predictions on large area estimates of forest volume 

Rona/cl£. A/1.:Roher1.1· 

Northern Resean.:h Station, U.S. Forest Savicc, Saint Paul Minnesota 55038 USA. 

Abstract 

Gr<'e11ho11s£• gas im•enturies .for the Ji1rest1y sector rely on large area eslimule.~ of free 
biomass. These estimates are ca/c11/ated hy prediding vo/11me., of indivicl11al trees, 
mulliplying hy a biomass com·ersio11_/i1ct01; adding indil'idual tree bio111a.u estimate., at 
tlw plm lt'1·el, and then 01·eragi11g Ol'er plots to obtain the large area estimates. 
/fo,re,·er, /he uncertainty in the model preclictiom is gt'11erally ignored ll'ith the res11/1 
that the predsion of the large area estima/cs is over-estimated The st11dy objeclive was 
to esti111a1e the ej/ec1., <!r 1110,it'l-reluted w1certainties on large urea volL1me.1· estimates 
Jilr st11t~)' areas in !he state of Minnesora, USA. and the su11e o{San/a Catarina. Brazil. 
Afonte Curio si111L1!ation uppmuche.1· 11'ere 1ued because of the comp/exilies associated 
wifh multiple so11rces ofunc·ertuinty and the nonlinear nature of the model.,. Th~ eU~a,· 
of 11ncertai11ty in nwdel predielions on the large area l'Oiumes estimates 11'ere small. 
a/tho11gh the results depend heal'i/y on sample si:e and q11ality ojjit ,ifmodels. 

Keywords: Residual uncertainty, parameter uncertainty, nonlinear model. 

1. Introduction 

Statistical models are routinely used by forest monitoring programs to predict 
volume, biomass, and carbon for individual trees using measurements of species, 
diameter, and height as independent variables. When the individual tree model 
predict ions are aggregated at plot-level, the effects of uncertainty in the model 
predict ions are routine ly ignored. Failure to account for these effects leads to 
erroneously optimistic precision for large area estimates. From a rigorous statistical 
perspective, this practice cannot be justified, although from a practical perspective it 
can perhaps be justified if the effects of model prediction uncertainty are negligible 
relative to the elTects of other sources of uncertainty such as plot-to-plot variability. 

2. Data 

For each of two study areas, one in Minnesota, USA, and one in Santa Catarina, 
Brazil, two datasets were acquired. The calibration datasets consisted of very precise 
estimates of volume and measurements of diameter and height for representative 
species-specific samples of individual trees. The estimation datasets consisted of 
observations of species and measurements of height and diameter for individual trees 
on arrays of forest inventory plots. The Minnesota estimation dataset was acquired 
using a tessellated ra11dom sampling design, and the Santa Catarina estimation dataset 
was acquired using a systematic sampling design. 
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3. Methods 

An allo1rn;1ric model of lhe relationship be1ween individual tree volume (V) as the 
depcndcnl variahk and diameter at-breast-height (dbh) and height (ht) as lhe 
indepemknt variabks was formulal<!d as, 

( I ) 

where the f3 s iu·e parameters 10 be cs1ima1ed, and i: is a random res idual with mean 0. 
Before modd filling, natural logarithmic ( In) transformations of both <lepcndent and 
independent variables were calculated. and the model was reformulated as, 

ln(V) = o.0 + o.1 - ln(dbh)+ o.2 · ln(ht) + e (2) 

where the as arc the parameters to be estimated. The advantages of the 
transformations were that the model coul<l be expressed in linear form which facilitates 
estimation of the parameters, am! hetcroske<lasticity was removed, thereby eliminating 
the necessity of weighted regressions. On the original scale, pre<lic tions for the i'h tree 
were calculated as, 

(3) 

where cr,
0

, is the residual standard deviat ion calculated on the In-In scak, and cr,c, 
2 

compensates for bias that accrues when transforming from the In-In scale back to the 
original scale (Baskerville, 1972). The quality of model fit was assessed using R2 on 
both the In-In and original scales. Models were constructed for individual species or 
species groups and for the non-specific aggregation of a ll species. 

The study focused on the effects on estimates of large area mean volume per unit 

area of model prediction uncerta inty from two sources, model residual uncertainty and 

parameter uncerta inty. The hctcroskedastic residual uncertainty on the original scale 

was assessed using 3-step procedme: (i) the pairs (v;, v;) were ordered with respect to 

the model prediction, Y; ; (ii) the pairs were aggregated into groups of size at least 25; 

and (iii) wit.!:_in each group, g, the mean of the observations Vg, the lllean o f the 

predictions Vg , and the standard deviation "g of the residuals € ; = V, - Y;, were 

calculated. The relationsh ip between the group standard deviations and the group 

prediction means was represented using the model, 

&g =Y1 ·Yg Y2+ i; 

where the y s are parameters to be est imated. 

(4) 

Uncertainty in the model parameter estimates was assessed on the In-In scale using a 
4-step Monte Carlo approach: (i) the transformed dataset was aggregated into dbh size 
classes; (ii) each dbh size class was resampled with replacement until the original class 
sample size was achieved; (iii) the model was fit to the resampled data a nd the 
parameters were estimated, and (iv) the procedure was replicated 5,000 times. The 
resulting distribution of parameter estimates represented the uncertainty in estimates of 
the parameters on the ln-ln scale. 
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A 5-stcp Monte Carlo simulation procedure was used lo estimate the effects of 
model res idual uncertainty and parameter uncertainty on the uncertainty of large area 
estimates of mean volume per unit area. 

Sree I. For the k'11 replication a sci or model parameter estimates, &. k, was randomly 
selected from the distribution previously rnnslructed. 

Ste// 1. For the i'11 tree on the j 1
1, plot in the estimation dataset, a volume observation was 

simulate-ti using the parnmt!ter estimates from -Stq1 (I) as. 

V k [ • k • k l ( ) • k ( ) CT re< ] ,j =exp o.11 +a.1 • n dbhij + a.~ -In h;1 + -
2
- +c;i (5) 

where 6-.-cs is as described following Equation (3) and i::ij 1s a residual randomly 

,? 
selected from a Gaussian (0, crf) distribution for which ai is calculated using 

Equation (4) with exp[ ci~ + ci~ -!n(<lbh;J+ a~ • ln(h;J+ \"] as the predictor variable. 

Step 3. T he total volume for the k'h replication for the jth plot in the estimation dataset 
nJ 

was calculatt!d as v{ = I v,t where nJ is the number of trees on the plot. 
;~1 

Step -I. The mean and variance of the mean over all plots for the k'h repl ication were 
cal cu lated as, 

I 0 ptu1 

yk =-- I vr 
nplol j=I 

(6) 

and 

Yar(Vk )= I "f' (vr -yk [ 
n plot (n plot - 1) j=I 

(7) 

where nplot is the number of plots. 

Step 5. Steps (I)-( 4) were replicated and the mean and variance over replications were 
calculated as per Rubin (1987), 

I 
11rcp , " -k ~I=-- '-V 

n rep k=I 
(8) 

and 

Var(µ)=(I +-'-)-W1 + \½ 
n,ep 

(9) 

I "rep( ) I "rcr ( ) 
where W1 = --- I y k - µ 2 and W2 = -- I Var yk are the among- and 

11 rcp - l k=I 11,op k=I 

within-replications variances, respectively, and n,sp is the number of replications. The 
replications continued until µ and Var(f1) stabilized. 

3. Results and discussion 
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For the Minnesota calibration dataset, the mean number of observations per 
species/ species group was 66. an<l the total over all species was 2102. Fits or mudeb 
produced 0.95::::R1::::0.99 for the speti..:s/spccies groups and R2=0.97 for the non-specific 
aggregation or the data. For the Sant;i Catarina calibration dataset, the mean number of 
observations pa spccics/spccics group was 11 1, and the total over al l species was 2119. 
T he largcr numbcr of observations per spccics/spccies group for Santa Catarina than for 
Minnesota is bccausc many more species were aggregatcd into species groups for Santa 
Catarina than fur Minnesota. Fits of models produced 0.89::::R2::::0.98 for the 
spcci.::s/spccics groups and R~=0.92 for the non-specific aggregation of the data. 

For both study areas, the combined efTects of model resid ual and parameter 
uncertainties on large area estimates were negligib le (Table I). However, for fewer 
observations per species/species group and/or poorer qualit ies of fit, the effects might 
not be negligible. For both study areas, the advantages of using species/species group 
models rather than the non-specific models were minimal with respect to estimates of 
both means and standard errors (SE). For the Minnesota study area, the smaller SEs for 
the 11011-spcci tic model arc attributed to the much larger cal ibration dataset sizes. The 
larger SEs for Santa Catarina than for Minnesota arc attributed to the smaller Santa 
Catarina R2 values and greater forest diversity. 

Table 1. Estimates of mean volume per unit area (ml/ha) and standard errors (SE). 

Source 01· uncertainty Minnesota Santa Catarina 

Parameter Residual Species Non-specific Species Non-specific 
' 

Mean SE Mean SE Mean SE Mean SE 

No 
' No 92.60 ' 1.75 90.40 ' 1.70 101.15 2.91 102.02 ' 

2.94 

No Yes 92.60 1.75 90.40 ' 1.70 IO 1.15 ' 2.91 102.02 2.95 

Yes i No 92.61 i 1.77 90.41 i 1.71 101.36 i 2.95 I 02.00 i 2.97 

Yes i Yes 92.61 i 1.78 90.41 i 1.71 101.36 i 2.96 102.01 
i 

2.97 

4. Conclusions 

Two primary conclusions may be drawn. First, the negligible effects of residual and 
parameter uncertainties on the large area volume estimates provide practical 
justification for the practice of ignoring the effects. Second, if species-specific 
estimates are not required. the non-specific models produce sim ilar estimates of both 
means and precision as species/species group models. Additional details for the 
Minnesota study arc reported in MeRoberts and Westfall (2014) a nd for the Santa 
Catarina study in Mc Roberts el al. (in review). 
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