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Nearest neighbors techniques calculate predictions as linear combinations of observations for a selected number
of population units in a sample that aremost similar, or nearest, in a space of auxiliary variables to the population
unit requiring the prediction. Nearest neighbors techniques have been shown to be particularly effective when
used with forest inventory and remotely sensed data. Recent attention has focused on developing an underlying
foundation consisting of diagnostic tools, inferential extensions, and techniques for optimization.
For a study area in Norway, forest inventory and airborne laser scanning data were used with the k-Nearest
Neighbors technique to estimate mean aboveground biomass per unit area. Optimization entailed reduction of
the dimension of feature space, deletion of influential outliers, and selection of optimal weights for theweighted
Euclidean distance metric. These optimization steps increased the proportion of variability explained in the
reference set by as much as 20%, reduced confidence interval widths by as much as 35%, and produced standard
errors that were as small as 3% of the estimate of the mean.
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1. Introduction

Nearest neighbors techniques are multivariate, non-parametric
approaches to estimation. Population unit predictions are calculated as
linear combinations of sample observations for units that are nearest
or most similar in a space of auxiliary variables to units for which
predictions are desired. Nearest neighbors techniques have received
considerable attention for areal estimation and mapping of forest attri-
butes, particularly when used with forest inventory and remotely
sensed data. Eskelson et al. (2009) reviewed applications that impute
missing values in forestry databases, and McRoberts (2012) reviewed
the variety of scientific applications and the current state of the art for
continuous response variables, and provided a catalog of international
forestry applications.

Implementation of nearest neighbors techniques requires choices
for three parameters: (1) a value for k, the number of nearest neighbors,
(2) a scheme forweighting neighborswhen calculating predictions, and
(3) a distance or similarity metric. The choices are often guided by
assessments of results obtained for various combinations of parameters
which, in turn, rely on diagnostics related to the quality of predictions,
analysis of residuals, extrapolations, inferences, and ease of implemen-
tation. The term k-Nearest Neighbors (k-NN) is generic and is used to
refer to nearest neighbors techniques regardless of the number of
U.S. Forest Service, 1992 Folwell
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neighbors, weighting scheme, or distance metric. Variations such as
Most Similar Neighbor (MSN) (Moeur & Stage, 1995) and Gradient
Nearest Neighbor (GNN) (Ohmann & Gregory, 2002) are simply k-NN
using different distance metrics.

The popularity of k-NN for use with forest inventory and remotely
sensed data motivated a workshop on k-NN applications under the
auspices of COST Action FP1001. COST (European Cooperation on Science
and Technology) is a European framework for promoting and facilitating
scientific cooperation among European scientists and researchers (COST,
2014). COST Action FP1001 focused on European approaches for using
multi-source national forest inventory (NFI) data to improve information
on the potential supply of wood resources (COST FP1001, 2014). Within
the Action, Working Group 1 focused on harmonizing NFI estimates
obtained using different sampling designs and estimation techniques;
Working Group 2 focused on improving estimates of wood resources by
combining NFI and remotely sensed data; and Working Group 3
focused on inventory volume and consumption information. Working
Group 2 conducted a comprehensive review of the k-NN literature and
summarized the results with respect to multiple features including
response variables, auxiliary variables, distance metrics, accuracy
measures, and most cited publications. In addition, a tutorial in the form
of a series of lectures on theuse andoptimization of nearest neighbors tech-
niques for forest inventoryapplicationswaspresentedat aTask Forcemeet-
ing of Working Group 2 in Dublin, Ireland, 17–19 September 2013.

The overall objectives of the study were to document and articulate
further the principles and techniques presented in the Task Force
lectures using an empirical example. The context for the example was
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estimation of mean aboveground biomass (AGB) per unit area as the
response variable using the k-NN technique with forest inventory and
airborne laser scanning (ALS) data. The specific technical objectives fo-
cused on techniques for optimizing the k-NN technique for the purpose
of increasing the accuracy and precision of the estimate of mean AGB
per unit area.

2. Data

The study area was in the municipalities of Åmot and Stor-Elvdal in
Hedmark County, Norway (Fig. 1), and was defined as the geographic
area represented by the 1259-km2 portion of the Latin Square sampling
design used by the Norwegian NFI that was inventoried between 2005
and 2007 (Tomter, Hylen & Nilsen, 2010). The dominant tree species in
the study area are Norway spruce (Picea abies (L.) Karst.) and Scots
pine (Pinus sylvestris L.). Field measurements were acquired for 145
circular, 250-m2, Norwegian NFI field plots measured between 2005
and 2007. On each plot, all trees with a diameter at-breast-height (dbh,
1.3 m) of at least 5 cm were callipered. The biomass of each sample
tree was estimated using species-specific statistical models with species,
dbh, and height as independent variables (Braastad, 1966; Brantseg,
1967; Vestjordet, 1967). Plot-level AGBwas estimated as the sum of bio-
mass estimates for individual trees on the plot, scaled to a per unit area
basis, and considered to be an observation without error (McRoberts &
Westfall, 2014). A variogram analysis indicated no meaningful spatial
correlation amongAGBobservations for different plots. Differential Glob-
al Navigation Satellite Systems (GPS andRussianGLONASS)were used to
determine the locations of plot centers to sub-meter accuracy.

ALS data acquired between 15 July 2006 and 12 September 2006
from a height of approximately 1700 m and with an average aircraft
speed of 75 m/s produced an average density of 0.7 pulses/m2. The
study area was tessellated into 250-m2 squares that served as popula-
tion units and that were of the same area as the plots. For each plot
Fig. 1. Study area in Hedm
and population unit, height distributionswere estimated for first echoes
with heights greater than 2 m, and two sets of ALS metrics were
calculated (Gobakken & Næsset, 2008). Heights corresponding to the
10th, 20th,…, 100th percentiles of the distributions were denoted h10,
h20, …, h100, respectively. Canopy densities were calculated as the
proportions of echoes with heights greater than 0%, 10%,…, 90% of the
range between 2 m above the ground and the 95th percentile height
and denoted d0, d10, …, d90, respectively.

3. Nearest neighbors techniques

3.1. Terminology and notation

For notational purposes, Y commonly denotes a possibly multivari-
ate vector of response variables, and X denotes a vector of auxiliary
variables with observations for all population units. In the terminology
of nearest neighbors techniques, the auxiliary variables are designated
feature variables; the space defined by the feature variables is designat-
ed the feature space; the set of sample population units for which obser-
vations of both response and feature variables are available is
designated the reference set and is denoted R with size denoted n; and
the set of population units for which predictions of response variables
are desired is designated the target set and is denotedUwith size denot-
ed N. All population units for both the reference and the target set are
assumed to have a complete set of observations for all feature variables.

For continuous response variables such as AGB, the nearest
neighbors prediction, ŷi, for the ith target unit is calculated as,

ŷi ¼
Xk
j¼1

wi jy
i
j ð1Þ

where {y j
i, j = 1, 2,…, k} is the set of response variable observations for

the k reference set units that aremost similar or nearest to the ith target
ark County, Norway.
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unit in feature space with respect to a distance metric, d, and wij is the

weight assigned to the jth nearest neighbor with ∑
k

j¼1
wi j ¼ 1 . For

categorical variables such as forest/non-forest and forest type, the
predicted class of the ith target unit is the most heavily weighted class
among the k nearest neighbors, a weighted median or mode in case of
ordinal scale variables, and a mode in the case of nominal variables.

3.2. Optimization

3.2.1. Leave-one-out analyses
A common approach for optimizing and assessing k-NN results

in the reference set is through use of the leave-one-out technique
(Lachenbruch & Mickey, 1986). With this technique, each reference
set unit is deleted in sequence and predicted using the remaining refer-
ence set units. The leave-one-out technique shares features with the
jackknife technique and is a nearly unbiased error estimator (Elisseef
& Pontil, 2002). Common metrics for assessing results with the leave-
one-out technique are based on the sumof squared differences between
reference set observations and predictions for continuous response
variables or overall accuracy for categorical response variables.

3.2.2. Number of neighbors, k
The value of kmay be selected to optimizemultiple criteria either in-

dividually or in combination. For k-NN variations that permit k N 1,
smaller values of k are generally preferred as a means of reducing com-
plexity and computational intensity. However, caution must be
exercised when selecting small values of k because such values may
yield root mean square errors that are greater than the standard
deviations of the response variable observations, meaning that the
overall mean as a prediction for every target unit would better
maximize accuracy than the k-NN predictions.

The most intuitive approach is to select the value of k that optimizes
a criterion, C (e.g., prediction error, class accuracy), in the reference set
as assessed using the leave-one-out technique. When the relationship
between the response and feature variables is weak and when the
reference sets are large, the value of k that optimizes C is often large.
However, the C versus k curve is often relatively flat in the vicinity of
the optimal value of k so that a smaller value may be selected with no
appreciable adverse impact on C. McRoberts, Nelson and Wendt
(2002) proposed selecting the smallest value of k for which C does not
differ by more than a pre-selected percentage (1% or 5%) from the
optimal value of C.

3.2.3. Neighbor weighting
The most common approach to weighting neighbors in the calcula-

tion of predictions is to weight neighbors inversely proportional to a
power of the distance, dij, between the jth reference unit and the ith
target unit,

wi j ≺ dt
i j;

where t ≤ 0. Commonly, albeit arbitrarily, selected values are often t =
0, t = −1, or t = −2. Other than McRoberts (2012), no reports of
attempts to optimize the selection of t are known.

3.2.4. Distance metrics
Many familiar distance metrics can be expressed in matrix form as,

di j ¼ Xi−X j

� �
′M Xi−X j

� �h i½
; ð2Þ

where i denotes a target unit for which a prediction is desired, j denotes
a reference unit, Xi and Xj are vectors of observations of feature vari-
ables, andM is a square, positive definitematrix.WhenM is the identity
matrix, Euclidean distance results; when M is a non-identity diagonal
matrix, weighted Euclidean distance results; and whenM is the inverse
of the covariance matrix of the feature variables, Mahalanobis distance
results. Metrics based on canonical correlation and canonical correspon-
dence can also be expressed in matrix form (LeMay & Temesgen, 2005;
Ohmann, Gregory & Roberts, 2014).

When considering nearest neighbors distance metrics, two feature
space properties are particularly relevant. The first property, character-
ized by Bellman (1961) as the curse of dimensionality, is that the
multi-dimensional size of feature space increases exponentially as the
number of feature variables increases linearly. Important detrimental
consequences follow as the dimension of feature space increases:
(i) nearest neighbors are at greater distances from target units
(Schaal, Vijayakumar & Atkeson, 1998); (ii) the distance to the nearest
neighbor approaches the distance to the farthest neighbor (Beyer,
Goldstein, Ramakrishnan & Shaft, 1998) which mitigates the beneficial
effects of distance-based neighbor weighting; and (iii) extrapolations
beyond the ranges of the feature variables in the reference set are
more probable (McRoberts, 2009).

The second property is that inclusion of feature variables that are
unrelated to the response variables has detrimental effects. Langley
and Iba (1993) and Blum and Langley (1997) characterize such feature
variables as irrelevant. Unlike regression analyses for which irrelevant
variables usually have little effect on predictions because their corre-
sponding coefficient estimates are often not statistically significantly
different from zero, irrelevant feature variables introduce randomness
into nearest neighbor distances, thereby introducing randomness into
the selection of nearest neighbors which, in turn, results in selection of
spurious neighbors and less accurate predictions. Langley and Iba
(1993) showed that, on average, the size of the reference set necessary
to obtain a specified level of accuracy grows very fast with increases in
the number of irrelevant feature variables. Thus, optimization of nearest
neighbors distance metrics must consider reducing the number of fea-
ture variables, particularly by eliminating irrelevant feature variables.

The two primary approaches to reducing the adverse effects of the
curse of dimensionality and irrelevant feature variables are reduction
of the number of feature variables and weighting feature variables in
proportion to their relevance in the distance metric. Dimension reduc-
tion techniques, also characterized as feature selection, are of two
kinds: transformations based on techniques such as principal compo-
nents and canonical correlation analysis and selection of a subset of fea-
ture variables that optimizes a selected criterion. Genetic algorithms
(GAs) (Holland, 1975) have been used both to select subsets of feature
variables and to weight them. GAs are adaptive heuristic search
algorithms that simulate evolutionary processes in natural selection
by intelligently exploiting random searches within defined search
spaces. For nearest neighbors applications, GAs start with a randomly
selected set of values for the elements ofM and then use genetic oper-
ators such as inheritance, selection, mutation, and crossover to find
values that optimize a selected criterion. Tomppo and Halme (2004),
McRoberts (2008), Tomppo, Gagliano, De Natale, Katila and McRoberts
(2009), and Holopainen et al. (2010) all illustrate the use of GAs to
determine the optimal elements for weighted Euclidean distance
represented by diagonal matrices, M.

3.3. Inference

Prediction techniques such as k-NN are often used only to describe
relationships among variables and to construct maps. Although maps,
and the prediction techniques on which they depend, may be useful
for depicting an estimate of the spatial distribution of a resource, maps
make no statements regarding parameters related to the resource. Fur-
ther, map accuracy measures convey no direct information regarding
the precision or accuracy of the estimates of parameters obtained by ag-
gregating map predictions (McRoberts, 2011). For inventory purposes,
the ultimate objective is an inference for a population parameter. The
Oxford English Dictionary defines inference as “to accept from evidence
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or premises” (Simpson & Weiner, 1989). In a sampling framework, in-
ference requires expression of the relationship between a population
parameter, μ, and its estimate, μ̂ in probabilistic terms (Dawid, 1983).
For estimation purposes, these expressions take the form of confidence
intervals,

μ̂ � t1−α �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vâr μ̂ð Þ

q
; ð3Þ

where 1 − α denotes the probability that confidence intervals
constructed in this manner include the true value of the parameter.
Two approaches to inference are relevant for k-NN applications,
probability- or design-based inference and model-based inference.

3.3.1. Probability-based inference
Probability-based inference, also characterized as design-based

inference, is based on three assumptions: (1) population units are se-
lected for a sample using a probability-based randomization scheme,
(2) the probability of selection for each population unit is positive and
known, and (3) the observation of the response variable for each
population unit is a constant or fixed value. Estimators are derived to
correspond to sampling designs and are typically unbiased, meaning
that the expectation of estimates over all possible samples that could
be obtainedwith the sampling design is the true value of the population
parameter. However, the estimate obtained with any particular sample
could still deviate substantially from the true value.

Hansen, Madow and Tepping (1983) apparently coined the term
probability-based as an alternative to the more familiar term design-
based. Because the basis for inference is not just a design for sampling,
but rather a probability-based design, the term probability-based is
considered by some to better characterize the basis for inference.

Probability-based, model-assisted estimators use models based on
auxiliary data to enhance inferences but rely on probability samples
for validity. Baffetta, Fattorini, Franeschi and Corona (2009) and
Baffetta, Corona and Fattorini (2011) illustrate probability-based,
model-assisted inference using the k-NN technique. For this study, the
model-assisted regression estimators described by Särndal, Swensson,
and Wretman (1992, Section 6.5) were used,

μ̂ ¼ 1
N

X
i∈U

ŷi −
1
n

X
i∈R

ŷi−yið Þ ð4Þ

and

Vâr μ̂ð Þ ¼ 1
n n−1ð Þ

X
i∈R

ŷi−yið Þ2: ð5Þ

The first term of Eq. (4) is simply the mean of k-NN predictions over all
population units, and the second term is an estimate of bias which,
when subtracted, compensates for systematic prediction error.

3.3.2. Model-based inference
With model-based inference, as with probability-based, model-

assisted inference, a model is used to calculate predictions for popula-
tion units. However, model-based inference is based on a different set
of assumptions: (1) for each population unit, the observation of the
response variable is a random realization from a distribution of possible
values, rather than a constant value as is the case for probability-based
inference, and (2) randomization enters through the realization of
observations rather than from selection of population units into a
sample. Validity for model-based inference resides in correct model
specification, not a probability sample. Thus, an important advantage
of model-based inference is that probability samples are not necessary,
although they may be preferable. This advantage makes model-based
inference particularly appealing for small areas and for remote inacces-
sible areas for which sufficiently large probability samples are not
possible. In addition, withmodel-based inference, variances can be esti-
mated for all population unit predictions which is not the case for
probability-based inference. A disadvantage is that no simple compen-
sation for systematicmodel prediction error is included in the estimator.
Thus, careful assessment of correct model-specification is crucial.

With model-based inference, the mean and standard deviation of Y
for the ith population unit are denoted μi and σi, and an observation is
denoted,

yi ¼ μ i þ εi; ð6Þ

where εi is the deviation of the observation from the mean of its
distribution. The estimator of μi is μ̂ i ¼ ŷi fromEq. (1), and the estimator
of the population mean is,

μ̂ ¼ 1
N

X
i∈U

μ̂ i: ð7Þ

McRoberts, Tomppo, Finley and Heikkinen (2007) derived paramet-
ric estimators for σi

2 and Var μ̂ð Þ that accommodate spatial correlation
among reference set observations. In the absence of spatial correlation,
as is the case for this study, and for t = 0,

σ̂ 2
i ¼

Xk
j¼1

yi
j−μ̂ i

� �2

k−1
: ð8Þ

The general form of a model-based estimator of the variance of μ̂ is,

Vâr μ̂ð Þ ¼ 1
N2

X
i∈U

Vâr μ̂ ið Þ þ 2
X
i b

X
j∈U

Côv μ̂ i; μ̂ j

� �2
4

3
5 ð9Þ

(McRoberts, 2006, 2009). The covariance between estimates of the ith
and jth means, μ̂ i and μ̂ j, may be estimated as,

Côv μ̂ i; μ̂ j

� �
≈

mijσ̂ iσ̂ j

k2
; ð10Þ

where

Vâr μ̂ ið Þ ¼ Côv μ̂ i; μ̂ ið Þ;

and mij is the number of nearest neighbors common to the predictions
for both the ith and jth population units. If the ith and jth population

unit predictions share no common nearest neighbors, Côv μ̂ i; μ̂ j

� �
¼ 0.

The parametric approach to model-based variance estimation is
complex, and because Eq. (9) requires double summations over all
population units, it is also computationally intensive. Resampling
estimators such as the bootstrap are well-suited for complex and non-
parametric applications. McRoberts, Magnussen, Tomppo and Chirici
(2011) and McRoberts (2012) described a bootstrapping approach
characterized as bootstrapping pairs that entails randomly drawing sam-
ples with replacement from the reference set using a sampling design
that mimics the original sampling (Efron & Tibshirani, 1994). For
each bootstrap sample, b, the k-NN technique is applied to predict
the response variable for each population unit, and the estimate of

the population mean is calculated as μ̂ Boot
b using Eq. (7). The overall

bootstrap estimator of the population mean, μ, is,

μ̂Boot ¼ 1
B

XB
b¼1

μ̂ Boot
b ; ð11Þ



17R.E. McRoberts et al. / Remote Sensing of Environment 163 (2015) 13–22
with variance estimator,

Vâr μ̂Boot
� �

¼ 1
B−1

XB
b¼1

μ̂ Boot
b −μ̂Boot

� �2
; ð12Þ

where B is the total number of bootstrap samples. Of importance, B

must be large enough that both μ̂Boot and Vâr μ̂Boot
� �

stabilize.

3.4. Diagnostics

McRoberts (2009) reported k-NN diagnostic tools for univariate re-
sponse variables. Unlike prediction techniques such as regression, no
k-NN predictions can be smaller or larger than the smallest or largest
observations in the reference set. One consequence, particularly for
large values of k, is that when using the leave-one-out technique in
the reference set, predictions corresponding to the smallest observa-
tions are too large and predictions corresponding to the largest observa-
tions are too small. The degree to which this lack of fit phenomenon
affects overall estimation should not be ignored. An appropriate
diagnostic is a graph of observations versus predictions.

The lack of fit problem may be exacerbated when predictions must
be extrapolated in the target set beyond the range of the feature
variables in the reference set. McRoberts (2009, Section 6.4) illustrates
several diagnostics to assess the degree to which extrapolations may
be a problem.

Outliers are defined as observations that differ from other observa-
tions to such a degree that they raise questions as to whether they are
from a different population, whether sampling is faulty, or whether
excessive measurement error is involved (Kendall & Buckland, 1982).
For k-NN techniques, the adverse effects of outliersmay bemore serious
than for other prediction methods. For example, with regression, the
prediction for a particular population unit is based on parameter
estimates obtained using observations for the entire sample, whereas
for k-NN, the prediction for a particular population unit is based on
only a small subset of the sample. Thus, the effects of a single outlier
may be substantial, particularly if the outlier is frequently selected as a
neighbor and if k is small.

When spatial data are combined frommultiple sources andmultiple
dates, possibilities for outliers increase substantially. For example,
because of locational errors, ground plots and either image pixels or
ALS echoes may not be correctly matched. In the case of image pixels
for medium resolution imagery such as Landsat, the ground plots are
typically not complete samples of the pixels. Also, ground plots may
have been subject to considerable disturbance between the date the
remotely sensed data were acquired and the plot measurement dates.
In addition, plots with similar AGB observations but different age distri-
butions, different vertical compositions, or different health conditions
may have quite different feature variable signatures.

Reference set observations that cause substantial changes in predic-
tions, regardless of their outlier status, are characterized as influential
observations (Belsley, Kuh & Welsch, 1980). Outliers that are also
influential observations and that are frequently used as neighbors are
of particular concern because of their potential adverse effects. Useful
diagnostics for identifying candidates for influential outliers include
standardized residuals, sums of neighbor weights, and change in the
accuracy criterion resulting from deleting particular reference observa-
tions (Belsley et al., 1980).

The effects of the curse of dimensionality and irrelevant feature
variables can often be assessed using the same diagnostics. One ap-
proach entails calculating the mean over all predictions of distances to
the nearest neighbor and the mean over all predictions of the ratio of
the distance to the nearest neighbor and the distance to the farthest
neighbor. If these diagnostics increase substantially as additional feature
variables are added, the results can be attributed to too many and/or
irrelevant feature variables. A somewhat unique feature of nearest
neighbors techniques resulting from the effects of irrelevant feature
variables is that as the number of feature variables increases, a criterion
such as rootmean square error will often initially decrease, reach an op-
timal level, and then increase. Reducing the dimension of feature space
to the number of feature variables that optimizes a criterion is a form of
feature selection that contributes to reducing the effects of the curse of
dimensionality and irrelevant feature variables.

4. Analyses

4.1. Overview

The analyses as described in the following sections entailedmultiple
steps. First, for each number of feature variables, the particular combi-
nation with the greatest accuracy was selected. Second, potential influ-
ential outliers in the reference set were identified and some were
deleted from the reference set. Third, using the revised reference set,
the GA algorithm was used to select optimal or near-optimal weights
for the diagonal of the weighted Euclidean distance metric. Fourth, the
degree to which optimization of the distance metric in the reference
set could be expected to be realized in the target set was evaluated.
Finally, the population mean and its standard error were estimated
using both model-assisted and model-based estimators. For the
model-based estimators, both parametric and bootstrap approaches to
estimating the standard error were used. Details for the operational
implementation of these steps follow.

4.2. Initial analyses

The criterion used to assess the relationship between reference
observations and their k-NN prediction was root mean square error
(RMSE) calculated using the leave-one-out technique as,

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SSres

n−nvar

s
; ð13Þ

where

SSres ¼
X
i∈R

yi−ŷið Þ2

and nvar is the number of feature variables. The first step in the analyses
was to determine values of k and t with the unweighted Euclidean dis-
tance that minimized RMSE in the reference set using a leave-one-out
analysis for all combinations of all numbers of feature variables.
For each number of feature variables with nvar ≤ 10, the particular
combination with the smallest RMSE was selected for further analysis.
A pseudo-R2 was expressed as,

R2� ¼ SSmean − SSres
SSmean

; ð14Þ

where

SSmean ¼
X
i∈R

yi − yð Þ2

and

y ¼ 1
n

X
i∈R

yi:

The term pseudo-R2 is used because the formal definition of R2

requires a linear model with an intercept (Anderson-Sprecher, 1994).
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4.3. Identifying influential outliers

Three diagnosticswere used to identify influential outliers in the ref-
erence set. First, following the analyses using the unweighted Euclidean
distance metric described in Section 4.2, residuals were calculated as
εi = yi − ŷi; the triples (yi, ŷi, εi) were ordered with respect to ŷi; and
the triples were aggregated into ordered groups of sizes 10–15. For

each group, g, the mean observation, yg; the mean prediction ŷg; the
mean residual,εg, and standard deviation of the residuals sg, were calcu-
lated. A model of the relationship between sg and the corresponding

mean prediction ŷg was formulated as,

sg ¼ β1 1− exp β2 � ŷg
� �h i

þ εg; ð15Þ

and fit to the data (Fig. 2). Standardized residuals were then calculated
by dividing each residual by the prediction of its standard deviation cal-
culated using the model of Eq. (15).

Second, for each number of feature variables, nvar ≤ 10, the selected
combination of feature variables that minimized RMSE with corre-
sponding k and t was applied to the target set using the unweighted
Euclidean distance metric. For purposes of comparing sums of weights
for different values of k, the weights for each prediction were rescaled
to sum to k. The sum of weights, Wi, for each reference unit over
all target predictions was calculated and divided by τ ¼ k�N

nre f
which is

the mean weight expected for each reference unit. Reference units
with Wi

τ ≥1 are used more frequently than expected, whereas reference

set units with Wi
τ ≤1 are used less frequently than expected.

Third, the effect on RMSE of sequentially deleting each reference set
unitwas calculated for each number of feature variables, nvar≤ 10, using
the selected combination of feature variables and corresponding k and t.
For each reference unit, the ratio of the residual sum of squares, SSres,
following deletion and the SSres with no deletions was calculated;
reference set units with ratios less than 1 were potential influential
units. Finally, primary candidates for influential outliers were reference
observations for which the SSres ratio was small, the standardized
residual was large, and Wi

τ was large.

4.4. Distance diagnostics

For the selected combinations of each number of feature variables,
the mean distance to the nearest neighbor and the mean of the ratio
Fig. 2. For three feature variables, group standard deviations versus means of group
predictions obtained using Eq. (15).
of the distance to nearest neighbor and the distance to the farthest
neighbor were calculated using both unweighted and weighted
Euclidean distances.

4.5. Optimizing the distance metric

AGA approachwas used to select optimal values of k, t, and diagonal
values for the distancematrix corresponding to the weighted Euclidean
distance metric. Optimization of a full matrix in the reference set, as
opposed to a diagonal matrix, would optimize a selected criterion to a
greater degree than any other matrix-based distance metric including
the canonical correlation analysis, canonical correspondence analysis,
and Mahalanobis metrics. However, when more than a small number
of feature variables is used, optimization of a full matrix is computation-
ally very intensive. Thus, optimization of a weighted Euclidean distance
metric represents a partial step toward full optimization.

However, optimization in the reference set does not guarantee
optimization in the target set. In fact, if optimization in the reference
set results in the equivalent of regression overfitting, the result may
be detrimental to target unit predictions. The degree towhich optimiza-
tion in the reference set produced optimization in the target set was
assessed using amodified cross validation approach. First, the reference
setwas randomly divided into test reference and test target sets of equal
size. The values of k and t that produced the smallest RMSE for the un-
weighted Euclidean distancemetric in the test reference setwere deter-
mined and then applied to the test target set. Residual sums of squares
for both the test reference and the target sets were calculated. The GA
was then applied to the test reference set to select optimal values of k,
t, and diagonal values for the distance metric which were then applied
to the test target set. SSres corresponding to the weighted Euclidean
distance metric was then calculated for both the test reference and test
target sets. For each replication, differences between the unweighted
and weighted R2⁎ in the test reference set and between the unweighted
andweighted R2⁎ in the test target setwere calculated, and then the ratio
of the two differences was calculated. This diagnostic characterizes the
proportional gain in R2⁎ realized in the target set as a result of optimizing
the weighted Euclidean distance metric in the reference set.

If the ratio is negative, the effects of optimization are actually
detrimental in the target set; such a result can be attributed to
overfitting in the reference set and is most likely to occur when the re-
lationship between the response and feature variables is weak and/or
when the effects of irrelevant feature variables are severe. If the ratio
is positive, at least some gain resulting from optimization in the
reference set is realized in the target set, and if the ratio is close to 1.0,
then gain realized in the target set is comparable to the gain achieved
in the reference set. For this study, the 10th, 50th, and 90th percentiles
of the distribution of this ratio over 250 replications were calculated.

4.6. Inference

For combinations of selected numbers of feature variables, the
model-assisted and the model-based estimators were used to estimate
the population mean and its standard error. For the model-based
approach, both parametric and bootstrap approaches to estimating
standard errors were used.

5. Results and discussion

5.1. Analyses using the unweighted Euclidean distance metric

When using the unweighted Euclidean distancemetric, the smallest
values of RMSE corresponded to the largest values of R2⁎ which were in
the range 0.72 to 0.75 for 3 ≤ nvar ≤ 10 (Table 1). These R2⁎ values are
comparable to or greater than those reported by Kankare et al. (2013)
and those derived from statistics reported by Holopainen et al. (2010)
and Breidenbach, Næsset and Gobakken (2012).



Table 1
Optimization results for variable combination with smallest RMSE for each number of feature variables.

No. of feature variables
(nvar)

Unweighted
Complete reference set

Unweighted
2 reference observations deleted

Weighted
2 reference observations deleted

k t RMSE R2 ⁎ k t RMSE R2 ⁎ k t RMSE R2 ⁎

1 11 −0.19 48.6297 0.706 8 −0.42 42.7567 0.776 – – – –

2 6 0.00 47.3556 0.723 6 −0.50 37.7536 0.826 4 0.00 30.0681 0.890
3 6 0.00 46.1881 0.739 4 −0.30 36.2797 0.841 5 −0.04 29.5586 0.894
4 6 0.00 46.2970 0.739 4 −0.31 36.2915 0.842 5 0.00 29.3615 0.896
5 6 0.00 45.8659 0.746 4 −0.24 36.1075 0.844 5 0.00 29.4977 0.896
6 6 0.00 45.9960 0.746 5 −0.49 35.7004 0.849 5 0.00 29.8828 0.894
7 6 0.00 45.7941 0.750 5 −0.50 35.8449 0.849 5 0.00 29.5793 0.897
8 6 0.00 45.9492 0.751 4 −0.31 35.9485 0.849 5 0.00 30.0481 0.895
9 6 0.00 46.1179 0.751 4 −0.28 36.0727 0.849 5 0.00 30.1505 0.895
10 6 0.00 46.2883 0.751 4 −0.29 36.2320 0.849 5 0.00 30.2668 0.895
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For each number of feature variables, 2 ≤ nvar ≤ 10, reference units
were ranked with respect to the SSres ratio as described in Section 4.3,
and both the standardized residual and Wi

τ , also described in
Section 4.3, were noted. Reference units with SSres ratios less than 0.9,
standardized residuals greater than 2, and Wi

τ N1 were of particular
interest. The 0.9 threshold for the SSres ratio is arbitrary, but the 2.0
threshold for the standardized residuals is approximately the 95th
percentile of the assumed Gaussian residual distribution, and as previ-
ously noted, Wi

τ N1 indicates a reference unit that is used as a neighbor
more frequently than the average.

The resultswere similar for all numbers of feature variableswith ref-
erence units 69, 55, and 34 all identified as influential outliers (Table 2).
Reference units 69 and 34 were initially deleted from the reference set,
but reference unit 55 was initially retained because it was one of only a
few reference units with large AGB observations and because its
frequency of use as a neighbor was relatively small. The three metrics
Table 2
Candidates for influential outliers.

No. feature
variables

Reference
unit

SSres
ratioa

Standardized
residual

Weight
ratiob

AGB
observation

2 69 0.8327 2.1256 1.0385 32.68
55 0.8486 2.4672 0.5356 406.68
34 0.8904 1.8863 1.9604 45.24
13 0.9553 1.9581 1.1359 238.80

3 69 0.8229 2.2667 1.0356 32.68
55 0.8397 2.5287 0.5356 406.68
34 0.8903 1.9644 1.8686 45.24

108 0.9422 1.6727 0.8877 38.60
4 69 0.8224 2.3444 1.0338 32.68

55 0.8393 2.5593 0.5353 406.68
34 0.8961 2.0058 1.8472 45.24

108 0.9450 1.5904 0.9242 38.60
5 69 0.8150 2.3509 1.0319 32.68

55 0.8351 2.5956 0.5369 406.68
34 0.8934 2.0249 1.7915 45.24
13 0.9351 2.1324 1.4526 238.80

6 69 0.8147 2.3810 1.0294 32.68
55 0.8349 2.5957 0.5382 406.68
34 0.8932 2.0354 1.7723 45.24
13 0.9388 2.0959 1.4611 238.80

7 69 0.8117 2.1911 1.0285 32.68
55 0.8332 2.5561 0.5386 406.68
34 0.8915 1.9504 1.7684 45.24
13 0.9500 2.2577 1.4687 238.80

8 69 0.8116 2.1528 1.0269 32.68
55 0.8321 2.5365 0.5388 406.68
34 0.8914 1.9278 1.7235 45.24
13 0.9548 2.2690 1.4979 238.80

a Ratio of SSres when observation is deleted from reference set to SSres when reference
observation is included in reference set.

b Ratio of sum of weights over all predictions to mean sum of weights over entire ref-
erence set (Wi

τ from Section 4.2).
were then recalculated, including refitting the model of Eq. (15), and
the assessment was repeated. The result was that the candidacy of
reference unit 55 as an influential outlier was greatly diminished.
Therefore, for further analyses, only reference units 69 and 34 were
permanently deleted from the reference set.

The selection of combinations of feature variables and values of k
and t with the unweighted Euclidean distance metric that minimized
RMSE for each number of feature variables, 2≤ nvar≤ 10, was repeated
using the reference set with the two units deleted. Deletion of the two
reference units produced substantially greater values of R2⁎ and corre-
sponding smaller RMSEs (Table 1). In addition, values of k were slightly
smaller and values of t were slightly larger in absolute value, both
indicating that the selected neighbors were more similar to reference
observations.

5.2. Analyses using the weighted Euclidean distance metric

For each number of feature variables, 2 ≤ nvar ≤ 10, and using the
combinations of feature variables selected following deletion of the
influential outliers, the GA was used to select optimal or near optimal
weights and corresponding values of k and t for use with the weighted
Euclidean distancemetric tominimize RMSE in the revised reference set
(Table 2). The positive effects of using the weighted rather than
unweighted Euclidean distance metric were to decrease RMSE by
34–36% and to increase R2⁎ by 19–23% (Table 1). Values of k were sim-
ilar to those for the unweighted metric with outliers removed, but the
values of t were uniformly 0. Large absolute values of t indicate that
closer neighbors are weighted more heavily when calculating predic-
tions and often suggest more accurate predictions. In this case, the
smaller absolute values of t are attributed to compensating beneficial ef-
fects of values of t and the weighted Euclidean distance metric.

The feature variable weights for the weighted Euclidean distance
metric are shown in Table 3. For small nvar, d0 was consistently the
most heavily weighted feature variable. Of interest, the optimization
procedure selected only one height feature variable, and despite its
quite small weight, it was selected for all numbers of feature variables.

The distance diagnostics confirmed that as the number of feature
variables increased, distance to the nearest neighbor increased as did
the ratio of the distance to the nearest neighbor and the distance to
the farthest neighbor (Table 4). These diagnostics confirm the assertions
of Schaal et al. (1998) and Beyer et al. (1998) as described in
Section 3.2.4. However, the very small values of these diagnostics indi-
cate that any adverse effects of the curse of dimensionality or
irrelevant feature variables were negligible for nvar ≤ 10.

Themodified cross validation approach indicated that gains achieved
in R2⁎ in the reference set as a result of using optimized Euclidean dis-
tance were also largely realized in the target set (Table 5). R2⁎ values
for the test reference sets were comparable, albeit slightly smaller, than
R2⁎ in the original reference set (Table 5, columns 2–4). Median gains
achieved in R2⁎ in the test reference sets as a result of using theweighted



Table 3
Feature variable weights for weighted Euclidean distance metric.

Feature variablea Number of feature variables

1 2 3 4 5 6 7 8 9 10

10 1.0000 0.0047 0.0021 0.0028 0.0028 0.0024 0.0022 0.0034 0.0024 0.0025
11 – 0.9953 0.7899 0.4341 0.4152 0.1184 0.2302 0.3634 0.2994 0.2343
12 – – 0.2080 0.1324 0.1566 0.5203 0.1969 0.3020 0.2380 0.2459
13 – – – – 0.0067 0.0325 0.0059 0.0339 0.0272 0.0100
14 – – – – – – – 0.0072 0.0124 0.0408
15 – – – – – – – – – –

16 – – – – – 0.0261 0.0382 0.0506 0.0162 0.0551
17 – – – – – 0.3004 0.0820 0.0723 0.3087 0.0256
18 – – – 0.4307 0.4187 – – 0.1671 0.0381 0.0579
19 – – – – – – – – 0.0576 0.0676
20 – – – – – – 0.4445 – – 0.2602

a Feature variables: 1 = h10, 2 = h20, …, 10 = h100, 11 = d0, 12 = d10, …, 20 = d90 (Section 2).
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Euclidean distance metric were in the range 0.06–0.09 which were also
comparable but smaller than were achieved in the original reference
set (Table 5, columns 5–7). The smaller values of R2⁎ and increase in
R2⁎ are attributed to the test reference sets being smaller than the already
rather small original reference set. The percentage gains in R2⁎ achieved
in the test reference sets that were also realized in the test target sets
depended on the number of feature variables. As the number of feature
variables increased beyond nvar = 3, the distributions of percentage
gains realized shifted to smaller values, meaning that less of the gains
achieved in the test reference sets were realized in the test target sets.
In fact, for nvar ≥ 4, at least 10% of the percentage gains were negative,
meaning that the weighted Euclidean distance metric caused R2⁎ to de-
crease rather than increase. This phenomenon is equivalent to overfitting
a regressionmodel and is attributed to optimizing on features of the ref-
erence sets that were not present in the target sets. Although the latter
result may be unique to this dataset, it suggests an additional adverse ef-
fect of the curse of dimensionality.
Table 4
Distance diagnosticsa.

Number of feature
variables

Mean d1
dnre f

Mean distance
to kth neighbor

Proportion of kth
neighbors at same
distance as 1st
neighbor

k = 1 k = 5 k = 2 k = 5

Unweighted, complete reference set
1 0.0005 0.0001 0.0001 0.9396 0.8503
2 0.0002 0.0752 0.8775 0.1134 0.1063
3 0.0003 0.0979 0.9311 0.1139 0.1063
4 0.0004 0.1100 0.9507 0.1140 0.1063
5 0.0004 0.1255 0.9946 0.1140 0.1063
6 0.0005 0.1364 1.0185 0.1140 0.1063

Unweighted, 2 reference observations deleted
1 0.0001 0.0429 0.8098 0.1558 0.1063
2 0.0002 0.0760 0.8800 0.1147 0.1063
3 0.0003 0.0979 0.9311 0.1139 0.1063
4 0.0004 0.1061 0.9433 0.1139 0.1063
5 0,0004 0.1226 0.9829 0.1141 0,0163
6 0.0005 0.1379 1.0134 0.1144 0.0163

Weighted, 2 reference observations deleted
1 0.0001 0.0429 0.8098 0.1558 0.1063
2 0.0032 0.0109 0.0344 0.1175 0.1063
3 0.0039 0.0106 0.0318 0.1179 0.1063
4 0.0046 0.0181 0.0500 0.1174 0.1063
5 0.0046 0.0227 0.0626 0.1174 0.1063
6 0.0048 0.0261 0.0727 0.1173 0.1063

a di denotes distance to the ith nearest neighbor.
5.3. Inferences

For nvar ≥ 2, the estimates of the study area mean and its standard
error differed very little (Table 6). For the model-assisted regression
estimators, estimates of the mean ranged from 79.65 to 82.19 Mg/ha
and estimates of the standard error ranged from 2.43 to 2.51 Mg/ha.
As proportions of the estimatedmean, the standard errorswere approx-
imately 0.03whichmay be regarded as quite acceptable, particularly for
a relatively small reference set.

Similarly, for nvar ≥ 2, the model-based estimates of the mean
ranged from only 80.66 to 81.80 Mg/ha, the parametric estimates of
the standard error ranged from 3.03 to 3.36 Mg/ha, and the bootstrap
estimates of the standard error ranged from2.67 to 3.19Mg/ha. Because
the unbiasedness of model-based estimators depends on correct model
specification, and because there is no bias correction term as with the
model-assisted estimators, careful assessment of the correspondence
between the k-NN predictions and their corresponding reference obser-
vations is essential with model-based estimators. Graphs of AGB obser-
vations versus their corresponding k-NN predictions indicated no
serious lack of fit (Fig. 3); the results were similar for graphs of group
means calculated as described in Section 4.3 (Fig. 4). In addition, bias es-
timates for the model-assisted estimators were small (Table 6).

Differences between the parametric and bootstrap standard error
estimates merit comment. For k ≥ 25, McRoberts et al. (2011) and
McRoberts (2012) reported similar values for parametric and bootstrap
estimates. However, Magnussen, McRoberts and Tomppo (2009)
reported accurate parametric estimates for k N 25, but less accurate
estimates for k b 7; the results of this study confirm the finding of
Magnussen et al. (2009). As per Eq. (8), the parametric variance estima-
tors for individual population units are based on differences among the
k selected neighbors. For most statistical applications, sample sizes of at
least five and preferably greater are recommended for estimating
variances, but for this study, k = 5 was the optimal value for use with
the weighted Euclidean distance metric and, therefore was the sample
size used for calculating population unit variances. For a sample of
individual population units, comparisons of parametric and bootstrap
Table 5
Optimization gains.

No. of
feature
variables

Rref ‐ unwtd
2 ⁎

(Percentile)
Rref − wtd
2 ⁎ − Rref − unwtd

2 ⁎

(Percentile)
R2�
tgt−wtd−R2�

tgt−unwtd

R2�
re f−wtd−R2�

re f−unwtd

(Percentile)

10th 50th 90th 10th 50th 90th 10th 50th 90th

1 – – – – – – – – –

2 0.735 0.791 0.846 0.049 0.088 0.140 0.125 0.832 2.700
3 0.761 0.819 0.855 0.038 0.074 0.113 0.023 0.674 2.306
4 0.759 0.814 0.857 0.037 0.077 0.120 −0.038 0.607 2.268
5 0.766 0.817 0.859 0.036 0.073 0.118 −0.055 0.574 2.137
6 0.771 0.818 0.861 0.031 0.068 0.109 −0.228 0.551 1.953



Table 6
Estimates of means and standard errors (SE).

No. of feature
variables

Model-assisted Model-based

Bîas μ̂MA SE μ̂MAð Þ μ̂Mod SE μ̂Modð Þ SE μ̂Bootð Þ
1 1.2267 88.7260 3.7281 89.9527 4.0385 3.7705
2 2.5999 79.1959 2.7335 81.7957 3.1010 3.1908
3 2.0578 78.5994 2.6375 80.6572 3.0307 2.6731
4 2.0702 79.4270 2.7912 81.4972 3.3571 2.8363
5 1.8669 79.6402 2.7955 81.5071 3.3521 2.7791
6 1.5289 79.5174 2.8677 81.0463 3.2459 2.9583

Fig. 4.Means of group AGB observations versusmeans of group k-NN AGB predictions for
three feature variables.
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estimates of standard errors for individual population units indicated
that the parametric estimates were usually considerably larger. There-
fore, for this study with k = 5, the bootstrap standard error is regarded
as more reliable. As a proportion of the estimated mean, the bootstrap
standard error was also approximately 0.03.

For comparison purposes, both themodel-assisted andmodel-based
estimates of the mean were similar to those reported by McRoberts,
Næsset and Gobakken (2013) who used a nonlinear regression model
of the relationship between AGB and the ALS metrics for this same
dataset. For this study, the simple random sampling, plot-based
estimate of the mean was 74.75 Mg/ha with a standard error of
7.55 Mg/ha. The differences between both the model-assisted and the
model-based estimates of the mean and the simple random sampling-
based estimate are attributed to different distributions of the feature
variables in the reference set relative to the target set. For example, for
nvar = 3, d0 is the dominant feature variable with proportional weight
of 0.7899 (Table 3). The distribution of the values of d0 in the reference
set is much more heavily skewed toward small values than is the
distribution in the target set. Finally, the much smaller model-assisted
and model-based estimates of the standard error relative to the simple
random sampling estimate attest to the utility of the auxiliary ALS
data for improving the precision of the estimate of mean AGB.

Although the model-assisted and model-based estimates of the
standard error were similar, caution must be exercised when formally
comparing them because their estimators are based on such different
underlying assumptions. In a practical sense, the model-assisted
estimators are much easier to apply and typically produce acceptable
estimates for sufficiently large sample sizes. In addition, whereas the
model-assisted estimates of the standard error decrease as sizes of
study areas and their corresponding sample sizes increase, such is not
Fig. 3. Plot-level AGB observations versus k-NN predictions for three feature variables.
necessarily the case for model-based estimators (McRoberts, Næsset &
Gobakken, 2013). However, for small or inaccessible areas for which
only small probability samples or perhaps no probability samples are
possible, model-based estimators may be the only alternative.

In summary, k-NNaccuracies obtained using theweighted Euclidean
distancemetric were essentially indistinguishable with respect to RMSE
and R2⁎ for 2 ≤ nvar ≤ 4 (Table 1). However, accuracy gains realized in
the target set by optimizing the weighted Euclidean distance metric in
the reference set were notably greater for nvar= 3 than for other values
(Table 5). Both model-assisted and model-based bootstrap estimates of
the standard error were either smallest or nearly smallest for nvar = 3
(Table 6). Although the estimate of the mean was slightly smaller for
nvar = 3 than for other values of nvar, the differences both in absolute
terms and with respect to the standard error estimates were small.
Finally, smaller values of nvar contribute to minimizing the effects of
the curse of dimensionality and irrelevant feature variables. Therefore,
using nvar = 3, approximate 95% confidence intervals calculated as per
Eq. (3) are 74.70–84.61 Mg/ha for the model-assisted estimators and
75.31–86.00 Mg/ha for the model-based estimators. The combined
effects of deleting the two influential outliers and optimization of
the weighted Euclidean distance metric were to reduce widths of
two-standard error confidence intervals from 15.24 to 9.91 Mg/ha for
the model-assisted estimators and from 16.31 to 9.69 Mg/ha for the
model-based estimators.
6. Conclusions

Six conclusions may be drawn from the study. First, airborne laser
scanning data have substantial utility for increasing the precision of
forest AGB estimates, and second, the k-NN technique is an effective
method for predicting forest AGB from the combination of forest
inventory and airborne laser scanning data. Third, optimization of the
Euclidean distance metric via the genetic algorithm increased the qual-
ity of k-NN predictions and the precision of estimate of the population
mean. These three conclusions confirm previous findings, although
studies using k-NN with airborne laser scanning data have not been
extensively reported. Fourth, reduction of the dimension of feature
space had no adverse effects on estimates. Investigations related to
this issue have been incorporated in other studies, butmostly as periph-
eral factors. In particular, the effects of the curse of dimensionality and
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irrelevant observations are not known tohave been articulated or inves-
tigated previously.

The fifth and sixth conclusions are unique to this study. The fifth
conclusion is that identification and deletion of influential outliers
increased the accuracy of predictions and, subsequently, the precision
of large area estimates. This issue has not been addressed in the forestry
or remote sensing literature, particularly as it pertains to the use of the
k-NN technique. The sixth conclusion is that a large proportion of gain
achieved by optimization in the reference was realized in the target
set, but more so with small numbers of feature variables. This issue
has simply not been investigated previously, meaning that the conclu-
sion is unique to this study.

Although broad generalizations are inappropriate based on only a
single study, this study area and dataset are sufficiently generic that
similar results for other should not be unexpected. Nevertheless, repli-
cation of the study for other study areas and other response and feature
variables would contribute to further advancing the state of the science
for k-NN applications.
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