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ABSTRACT. This work presents an estimate of variance for a site index predictor. The
methodology was tested on height/age data for loblolly pine from the Coastal Plain of the
southeastern United States. We quantified the effects of stand age, base age, and sample
size on the variance of site index. The derived variance was used in the development of a
measure of the probability of misclassification. We used this measure to show the effects
of site index class interval width, stand age, base age, and sample size on classification
performance of this site index predictor. The results show that changing the width of class
intervals or the value of stand age has the greatest effect on the classification performance.
The methods have practical value as guides to selecting sample sizes that produce uniformly
reliable site index predictions. FOREST ScI. 23:493-499.

ADDITIONAL KEY WORDS. Cumulative height curves, sample size, stem analyses, poly-
morphic curves, variance, base-age invariance.

FORESTERS ROUTINELY ACCEPT SITE INDEX (SI) as a measure of the productive
potential of forested sites. Since we have no way of estimating the variance of SI
predictions, we do not know how many tree heights to measure—we just go out and
measure a few. We assign silvicultural treatments to stands with certain SI classes
(ranges in SI), but we do not know what the probability of misclassification from
the sample measurements is. We suspect that SI predictions become increasingly
unreliable as stand age decreases, but we have no measure of this change. This
paper presents a method for addressing these problems.

Our approach differs from the only other definitive work on this problem (Heger
1971, 1973) in that our objective was to study the precision of a SI predictor
directly, rather than indirectly via the estimation of approximate confidence inter-
vals. Our reason for taking a different approach was predicated on the belief that
the primary use of SI is in placing forested sites into SI classes. We assumed that
classification success depends on the distribution of the true (but unknown) values
of SI for sites in a given SI class interval and on the distribution of the estimator of
SI for the particular site being indexed. Intuitively, such a measure should be a
function of the variance of the SI predictor, since it—along with the true SI—is a
random variable in the joint bivariate probability function used in defining the
measure of misclassification.

We also developed a method that was base-age invariant, a property recom-
mended by Bailey and Clutter (1974). This property is best described as one
requiring that only one height-over-age curve be associated with any single height/
age point. It says that once the point defined by the mean height of the sampled
trees and the corresponding stand age is located, the same height growth curve
should be estimated by the SI process no matter what base age is selected.
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and Statistics, North Carolina State University, Raleigh, North Carolina 27607. This paper is
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THE TEST DATA

Our results are demonstrated on a set of stem analysis data from naturally regen-
erated loblolly pine (Pinus taeda L.) trees in the southeastern Coastal Plain of the
United States. The numerical results from the fit of our model are applicable only
to the indicated species and region. The sample trees were cut and analyzed by
Trousdell and others (1974) to develop polymorphic SI curves. Two sample trees
were cut from each of 22 sites covering the full range in site quality and containing
stands at least 50 years old. All trees were dominant or codominant, and examina-
tion of increment cores revealed no periods of suppressed growth.

Total age was estimated from an increment core taken 1 foot above the ground.
After felling, each tree was cut into 6-, 8-, or 10-foot sections, the length depending
on the total height of the tree. An increment core was taken from each section to
determine the age of the nearest primary whorl below the cut. The sections were
split when primary whorls could not be recognized on the surface. The process
yielded 12 to 16 pairs of height/age measurements for each tree.

The height-over-age model we used required that height measurements be avail-
able at the same ages for all sites. Therefore, heights were estimated where neces-
sary by linear interpolation for ages 10 to 55 by 5-year increments. The 5-year
increment was chosen because it resulted in no more than one interpolated height
between measured heights. Choosing 55 years as the maximum age resulted in
dropping 3 sites containing stands less than that age, but the remaining sites covered
the same range in SI as the entire data set. Heights at ten ages from each of two
trees on 19 sites resulted in 380 height/age observations.

THE ESTIMATION PROCESS

Close inspection of SI estimation reveals it to be a two-step process. The first step
is the selection of an expected height-over-age relationship from a family of curves,
where the selection is accomplished by choosing the curve that passes through the
height/age point defined by the mean of the sample tree heights and stand age. The
family model can be envisioned as a continuous version of the familiar set of SI
curves. The second step is to predict a height from the selected curve at a specified
age, called base (or index) age. We started our solution by hypothesizing an infi-
nite-sized family of height-over-age curves where all member curves had a set of
parameters in common (called recurrent parameters), but where each member
curve was distinguished by the value of a single parameter (called the indexing
parameter). The solution sequence was first to estimate the recurrent parameters
from data on past growth. Next, we derived an estimator for the indexing parame-
ter, which was used to select a member curve from the family model as the cumu-
lative height growth curve for the site. Finally, the SI estimate was obtained via its
definition by evaluating the selected curve at the chosen base age.

THE FAMILY MODEL

As long as only a single height/age point is observed for curve selection, the family
model can have only one indexing parameter per member curve. Therefore, inge-
nuity is needed in constructing a model that has this property, yet which is at the
same time flexible enough to adequately describe the observed height growth pat-
terns. After some trial and error, we arrived at the model

h=vyt(1-0.012) + B2 + Bot® + & (D)
which was derived by constraining the third degree polynomial
h= vt + Bl*tz + th3 +¢€ (2)
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with the relationship

B* =B tey, (3)

where v, the indexing parameter, takes values over some interval. The beta’s (B
and B:) are the recurrent parameters.

We chose to make the model linear in its parameters by taking ¢ = —0.01. This
value of ¢ was obtained by fitting Equation (2) separately to the individual site
stem analysis data and then fitting Equation (3) to the estimates of the pairs of
parameters, 8;* and y. The R-square for the fit of Equation (3) was high (R?> =
0.951). It remains for future work to investigate whether the nonlinear model,
which results when ¢ is a parameter, will allow a tractable solution and, if it does,
whether it is worth the additional effort.

ESTIMATING THE RECURRENT PARAMETERS

The recurrent parameters are estimated from past growth data, like the stem analysis
data described above. The model used to fit these loblolly pine data consists of a
subset of 19 member curves (for the 19 sites) from the family model given in
Equation (1). The resulting cumulative height growth model is

htjk = i ’)’Jk(l — 0.01tk)01/ + Bltkz + B2tk3 + Eijx (4)

where hy;;, is the height at ¢, (k=1,2,...,n) of the j* tree (j=1,2,...,s) on
the it site (i=1,2,...,p), p (equal to 19) equals the number of sampled sites,
5; (equal to 2) equals the number of stem-analyzed trees on the i** site, n (equal to
10) equals the number of ages at which heights were observed, and 6, (' =1, 2,

., ) is a dummy variable that takes the values 1 when i =i and O when i # 7.
It is helpful when trying to visualize Equation (4) to write it out in matrix form.

The error structure for the vector of &;3’s from Equation (4) is not the familiar
diagonal matrix Io? (I being an identity matrix) from ordinary (unweighted) least
squares (LS) theory. Specifically, nonzero covariances were assumed between the
error terms &;;, and g, (k # k) because they are associated with measurements
on the same tree, while all other covariances between the &;;’s are assumed equal to
zero. Furthermore, these data supported the assumption that the variance of & is
homogeneous (Var(e;,) = 0?) over the observed age range. This assumption
might not hold for all species, in which case, solutions that use this approach would
be more difficult to obtain. We will see later how the existence of a constant vari-
ance over age can be used to explain some unexpected results, namely, why variance
of the SI predictor is not necessarily minimum at base age. Finally, we found that
for these loblolly pine data the variance of the parameter estimates were not ma-
terially reduced by using weighted LS estimators, so we used the easier-to-work-with
ordinary LS estimators. This choice should be reevaluated (see Rao 1967) when
this methodology is applied to a different species.

ESTIMATING THE INDEXING PARAMETER

Let
hy* = y¥*1.(1 - 0.01¢:) + Bit:2 + Bot? + g (5)

be the height-over-age model for the site being indexed where A;* (= 1,2,...,r)
is the height of the j'** sample tree (the * is used to distinguish the new sample tree
data from the initial stem analysis data), r equals the number of tree heights mea-
sured, ¢ is the stand age, and the other terms are as previously defined. Since ¢ is
the same for all measured heights, one’s intuition suggests estimating y* with
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Y* = (h* = Byts® — Bat.?) /[t-(1 — 0.01¢r) ] (6)

where 2* is the mean of the sample tree heights, 3, and 3, are the LS estimators
from Equation (4), and . is the common stand age. Lloyd (1975) shows that the
LS estimator of y* from a linear model like Equation (4) for the augmented vector
of heights made up of both the stem analysis data and the sample tree data is the
same as Equation (6) above. This enabled us to use ordinary LS theory in deriving
the variance of the resulting SI predictor.

THE SI PREDICTOR AND ITS VARIANCE

The SI predictor is obtained by applying the definition of SI to the selected curve
obtained by estimating y*. The resulting SI predictor is

he* = 9%,(1 = 0.018,) + Buty? + Buts®

= h*¢ + Bi(t2 — t2d) + Bo(t? — t.39) (7)
where ¢; is the selected base age and
¢ =1;(1-0.01#)/t-(1 - 0.01z) . (8)

Traditional SI curves can be obtained from Equation (7) by solving for A* in terms
of base age (#;), stand age (¢), and SI (h;*), and then plotting h* over t. for
selected values of base age and SI.

The variance of htl* is

Var(ht *) = ¢>2 + (t2 — t:2)? Var(,Bl)

+ (t3 — t:5¢)? Var(B,)
+ 2(82 — t:2p) (1 — 3¢ ) Cov(B1,B2) » 9)

because Cov(h*,B,) = Cov(h*,8:) = 0. The estimators used for Var(8,), Var(B.),
and Cov(B1,B2) are given by Lloyd (1975, Appendix D). The estimator for o2
is obtained by pooling the separate variance estimates from the 190 pairs of the tree
heights at each age on each site.

RESULTS FROM FITTING THE MODEL

The statistics of fit for Equation (4) are R? = 0.988 and MSE = 7.79. The esti-
mate of o2 is 2 = 8.71. We tested for lack-of-fit (see Draper and Smith 1966,
p. 57) and found no evidence of model bias (F = 0.78) when compared with the
data used to fit the model. We believe the SI estimates from Equation (7) are
equally unbiased for the intended population of sites because the SI curves from
this model compared closely with the polymorphic curves from Trousdell and
others (1974), which were tested for bias on an independent set of data. Also, the
similarity of these curves to those from the polymorphic, nonlinear model used by
Trousdell and others (1974) (over the common age range) attests to the flexibility
of our model. However, this model would not be expected to work well over age
ranges where height growth is nearly zero for an extended time. The unweighted LS
estimates of the recurrent parameters are ,31 0.0017272 and B2 0.0001018.
Their estimated variances and covariance are Var(ﬁl) =4.8292 x 108 Var(ﬁz)
=9.9833 X 10-1°, and Cov(Bl,Bz) = —6.8834 x 10-8.
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FiGUre 1. Estimated standard errors for the site index predictor plotted over stand age (for
selected sample sizes (r)).

DiscussioN

Standard errors obtained from an estimate of the variance given by Equation (9)
are plotted in Figure 1 for selected sample sizes and for base ages 50 and 25,
respectively. It is easy to see from an inspection of Equation (9) or from the graphs
in Figure 1 that the variance of SI is the same for all base ages whenever stand age
equals base age. It is not so easy, however, to see why variance is not always mini-
mum at base age (see Figure 1, base age 25). It is also not easy to explain why
this can happen. We start by asking, why should the variance of the SI predictor be
minimum when stand age equals base age? If cumulative height growth curves are
converging with decreasing stand age and the variance of h* is constant (as
assumed) over the observed age range, then projecting repeated samples of A* from
the same site backwards to a younger base age would produce projected heights (SI
estimates) with less variance. Now superimpose on this the fact from regression
theory that the variance of a predicted value increases as the independent variable
(base age) takes values further from the mean value of the data used to fit the
model. Consider also the reversed effect of stand age (beyond some age) caused
when curves start to converge with increasing age—as was the case with these data
(it is not uncommon for the poorer sites to start catching up in cumulative height
growth in later years). We see then that the variance of a SI predictor is not a
simple, symmetrical function of the distance of stand age from base age; but rather,
is an interplay of the value of stand age, of whether the cumulative growth curves
are diverging or converging with increasing age, the distance of base age from the
mean age of the initial data, and the distance of stand age from base age. In sum-
mary, our results show the variance of SI increasing at an increasing rate as stand
age becomes younger, so it is not impossible for a young base age to have a larger
variance of SI when stand age equals that base age than for a stand age older than
the selected base age.

The probabilities of misclassification plotted in Figure 2 were obtained by assum-
ing a uniform distribution for the true SI (4;*) over the SI class interval (/,h,)
and a normal distribution for the &;;’s from the stem analysis data. The probability
estimates were calculated by numerically integrating the joint probability density
over the region defined by true SI in the interval (A,h,) and estimated SI outside
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Ficure 2. Estimates of the probability of misclassification plotted over stand age (for selected
sample sizes (r)).

the interval (h,h,). The resulting probability of misclassification is a function of
the width of the SI class interval (k, — h;), the sample size (r), the base age ()
and the stand age (¢-).

Figures 2A, 2B, and 2C illustrate the effect the SI class interval has on the
probability of misclassification. Obviously, the choice is not arbitrary and there is
a practical limit to how small they can be chosen. Even the often used 5-foot class
(Figure 2B) requires measuring approximately 6 tree heights at age 10 to have a
chance of being right half of the time (1-out-of-2 odds). It takes approximately 20
tree heights at age 10 to decrease the odds of misclassification to 1-out-of-3.

Figures 2B and 2D give an example of the effect of changing base age. In this
model, curves that are 5 feet apart at age 50 are 3.75 feet apart at age 25, so the
SI classes were changed accordingly to facilitate the comparison. The example
shows that lowering base age for younger stands does not necessarily offer great
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gains in classification success. It also demonstrates again the dominant effect of
stand age.

APPLICATION

This information is useful in choosing the number of sample trees relative to stand
age, given the desired odds of misclassification, the SI class, and base age. For
example, figure 2B shows it would be necessary to sample from stands aged 50, 40,
30, 20, and 10 years approximately 2, 2, 3, 6, and 20 tree heights, respectively, to
maintain 1-out-of-3 odds for misclassification. This type of information could be
tabulated to aid data collection teams in obtaining uniformly reliable SI classifica-
tions.

This type of analysis could help the forester use SI more wisely. In particular, it
offers an objective method of determining whether particular demands on the SI
tool are realistic. For example, Figure 2 shows that requiring the 1-out-of-20 odds
used as an error rate in most statistical inference work in research would require
prohibitively large sample sizes, even for the widely used 10-foot SI class. The
forester might find that he has to go to 20- or 30-foot SI classes in order to have
classification success commensurate with his willingness to measure sample tree
heights.
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