Daiameter Distribution
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Abstract. ‘The relationships between cubic-foot growth and diameter distribution, and
residuals from cubic-foot growth equations and diameter distribution were tested on 103
plots of even-aged managed loblolly pine. A series of diameter distribution character-
izations using mathematical expressions of the entire distribution curve, mathematical
expressions of individual attributes of the diameter distribution curve, and biological
characterizations of it were computed. The gamma distribution and cumulative fre-
quency distribution by dbh classes of the Pearl-Reed population growth curve were
computed. Average dbh, number of trees per acre, and the range of tree diameters
were ascertained. The second, third, and fourth moments, as well as the standard
deviations, the coefficients of skewness, and the coefficients of excess were calculated.
Biological characterizations of the right-hand tail of the diameter distribution included
ratios of basal area in various percentages of the tail in number of trees to total basal
area as well as an expression involving number of trees. All of the 15 expressions of
diameter distribution were rejected as useful expressions for characterizing merchant-
able cubic-foot growth. The probability of markedly reducing unexplained variation
in merchantable cubic-foot growth in managed, even-aged loblolly pine with character-
izations of diameter distribution is small.

GrowTH of pure loblolly pine (Pinus taeda
L.) stands has been quantitatively related
to age, site, and stand density, but the
effects of genetic variation, clustering, and
diameter distribution upon growth have yet
to be quantified.

This paper reports on an attempt to re-
late expressions of diameter distribution in
even-aged managed stands to cubic-foot
growth itself and to growth residuals about
the fitted relationship between cubic-foot
growth and age, site, stocking, and various

13}
interactions of these variables,

Growth Relationships

More effort has probably been expended
upon growth studies of loblolly pine than
upon any single species in the United States.
Only recently, however, has a reasonable
portion of differences in growth rate been
explained. Brender (1960) explained varia-
tion in merchantable cubic-foot growth;
Clutter,! using a growth model obtained
through the differentiation of a previously

accepted yield model, accounted for varia-
tion about the mean in total cubic-foot
growth; and Nelson ez al. (1961) ex-
plained variation in merchantable cubic-
foot growth with the expression quoted
later in this paper. All three of these studies
utilized the independent variates of age,
site, some measure of stand density or stock-
ing, and the various interactions.

There are numerous hypotheses about
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the nature of the unexplained variation in
growth of loblolly pine. No doubt some
of the variation can be attributed to meas-
urement error, although this can and has
been minimized for a relatively fast-grow-
ing species by careful measurements with
time enough between them to permit dis-
cernible changes in the measured charac-
teristics. Imperfections in the indexes used
to describe site quality and stocking could
also have contributed to the unexplained
variation,

Genetic variation, clustering, and diam-
eter distribution—the subject of this study
—are three other possible sources that could
explain growth variation. Diameter dis-
tribution has been used extensively as a
characterization of the forest stand. The
“méthode du contrdle” determines periodic
gross increment of the forest and character-
izes growth and volume by diameter class
groupings (Meyer et al. 1952); stand
table projection methods such as Smithers
(1949) described utilize growth by diam-
eter classes, Meyer (1930), in his excel-
lent work on diameter distribution, has
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characterized distribution series in even-
aged forest stands.

The utility of crown classes in correla-
tions with growth is discussed by Spurr
(1952) and there unquestionably is a rela-
tionship between crown class and diameter
class in even-aged, pure loblolly pine.

With this background, the hypothesis
was developed that trees of different diam-
eter classes or crown classes do not make
equal contributions to cubic-foot growth.
A considerable variation in diameter class
distribution among areas was known to
exist from previous unpublished work at the
Southeastern Forest Experiment Station.
It was further reasoned that a portion of
the growing stock as represented by the
measure of stand density was contributing
less than its proportionate share to the total
growth and that some of the growing stock
perhaps was moribund.

To explore the idea that a portion of the
total number of trees exerts an influence
upon growth differing from its proportion-
ate stocking, or that an expression of diam-
eter distribution was significantly related to
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Ficure 1. The gamma distribution (A) cumulative form and (B) non-cumulative form
with B held constant and various velues of y. (C) cumulative form and (D) non-cumu-
lative form with y held constant and various values of B. Adapted from Friedman and

Janes (1957 ).
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growth, a series of characterizations of
diameter distribution was first developed.

Characterization of Diameter
Distribution

It was reasoned that two approaches could
be used to find the portion of the stand
having a disproportionate effect upon
growth: (1) characterization of the entire
distribution curve, or (2) characterization
of particular attributes of the curve. The
first approach is mathematical; the second
can be mathematical or biological.

A literature search and consultations
with specialists led to the selection of the
gamma distribution and cumulative fre-
quency distributions using the Pearl-Reed
population growth curves as characteriza-
tions of the entire diameter distribution
curve.

Examination of the gamma distribution
indicated that it might characterize curve
forms of diameter distribution encountered
throughout the range of study plots. Bar-
ger and Thom (1949) suggested this
model to approximate rainfall distributions,
and Friedman and Janes (1957) success-
fully used the gamma distribution to smooth
irregularities in periodic rainfall data. Thom
(1954) developed approximate solutions of
the maximum likelihood equation for esti-
mation of the parameters y and B of the
gamma distribution. Figure 1 shows the
gamma distribution in cumulative and non-
cumulative form for a series of values of y
and B. For the diameter distribution data,
the estimated parameters were obtained as:

_ 1T +44/3
T 44 (1)
B=%/y (2)
where
/1-——-log3c——’11210gx (3)
¥x=2x/n 4
and

x = tree diameter

Osborne and Schumacher (1935) suc-
cessfully constructed red gum stand tables
by application of the Pearl-Reed popula-
tion growth curve to cumulative frequency
distribution by dbh classes.

A logarithmic solution of the Pearl-Reed
curve can be obtained by least squares fit-
ting of the data in each plot to the form
of equation:

log: {100 _y}:a+b1x+b2x2+bsx3
y
(5)

where
y = cumulative frequency to the upper
limit of any diameter class
x = corresponding upper limit itself

Instead of characterizing the entire
diameter distribution curve per se, a num-
ber of its significant attributes provide de-
scriptive information concerning the nature
of the distributions. Meyer (1930) effec-
tively used such characterizations with
shortleaf pine in earlier work. Some of the
more common attributes include average
dbh, number of trees per acre, and range
of tree diameters. The second, third, and
fourth moments themselves (p2, p3, p4), as
well as the standard deviation, the coeffi-
cient of skewness or asymmetry [pa/(stand-
ard deviation)®], and the coefficient of
Ware other common

24
measurable attributes of diameter distribu-
tions.

excess

Attempts were also made biologically to
characterize attributes of diameter distribu-
tion curves. It appeared logical that, in
managed stands of loblolly pine where
thinnings had been made from below, the
effects of diameter distribution upon growth
should be a function of the right-hand tail
of the distribution. The left-hand tail of
the distribution will be truncated or ap-
proach a truncated condition at higher
diameters at each subsequent thinning.
Therefore, the ratios of the largest 10, 20,
and 30 percent of the number of trees in
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terms of basal area to total basal area were
computed. Another ratio

Mean dbh of upper 10% in No. of trees
— mean dbh of all trees

Mean dbh of all trees
was also tested.

Methods

Diameter distributions from 103 plots of
loblolly pine were characterized. These
plots, installed during 1948-50 and more
adequately described elsewhere (Nelson
et al. 1961), consisted of circular 4-acre
plots (with }%-chain isolation strips) hav-
ing a rectangular distribution in age, site,
and stand density. Only pure stands, even-
aged, with uniformly spaced, insect- and
disease-free loblolly pine between the ages
of 20 and 60 years were used. Site indexes
ranged from approximately 60 to 100 and
densities from 40 to 130 percent of full
stocking. Plots were located in the Georgia
Piedmont, in the low country of South
Carolina, and in Tidewater Virginia.?
One-half of the plots were cut to spe-
cified residual stockings immediately follow-
ing plot establishment. Thinning was from
below, modified as necessary to obtain uni-
form spacing of residual stems and to re-
move undesirable trees in all crown classes.
The thinned plots were rethinned at the
end of the first 5-year growth period if
necessary, and the remaining plots were
thinned at that time. Analyses of measure-
ments following the fifth and tenth grow-
ing seasons indicated that merchantable net
periodic annual cubic-foot growth was re-

lated to age, site, and stocking as follows
(Nelson ez al. 1961):

2Plots were located on the Westvaco Ex-
perimental Forest of the West Virginia Pulp
and Paper Company near Georgetown, S. C.,
and on the Camp Experimental Forest main-
tained in Surry County, Virginia, by the U. S,
Forest Service in cooperation with the Union
Bag-Camp Paper Corporation. Plots were also
located on the Hitchiti Experimental Forest
near Macon, Georgia, and the Santee Experi-
mental Forest near Charleston, S. C,
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Cubic-foot growth = 205.0 + .26005
(%) — .03087 (Density per-
cent)? + 05824 (Site X Density

percent)—8.11990 (Site ) 4-.05328
(Site)? (6)
where

Cubic-foot growth = periodic 5-year net

annual merchantable
growth in cubic feet
per acre of trees 4.6
inches dbh and larger

age = age of stand in
years at the beginning
of the 5-year period

site = site index of stand

density = percent of theoret-

ical full stocking after

thinning at the begin-

ning of the 5-year pe-

riod (Stahelin 1949).

The standard error of estimate for Eq. 6
is = 38 cubic feet at the mean,

To avoid confounding initial and resid-
ual stocking, plots to be cut in each initial
stocking class were randomly assigned to
residual stocking classes insofar as possible.
Thus, the diameter distributions at the be-
ginning of the growth period were essen-
tially random and represented most dis-
tributions one would expect to find in
thinned, pure, even-aged loblolly pine
stands in the Southeast.

There was a surprisingly wide range of
distributions represented on the study plots.
Some of the plots tended to be skewed to
the left or right (Fig. 2); both directions
of excess were represented (Fig. 3). Some
plots approached a truly normal distribu-
tion (Fig. 4), and a limited number of
plots tended to be multi-modal in distribu-
tion (Fig. 5).

Plots within the same age, site index,
and stocking classes had distributions that
varied in a number of characteristics. Fig-
ure 6 illustrates the diameter distribution
of such a pair of plots in young stands and
Figure 7 in two older stands.

The various characterizations of diam-
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FiGUre 2. Examples of plots with skewed diameter distributions.

eter distribution were then related to mer-
chantable cubic-foot growth and to the
residuals (observed-expected) from Eq. 6.

Results and Discussion

Diameter distribution as characterized by
gamma distribution parameters was not
significantly related to cubic-foot growth®
or growth residuals following removal of
significant age, site, and stocking relation-

ships (Table 1).

8Cubic-foot growth refers to periodic 5-year
net annual merchantable growth in cubic feet
per acre of trees 4.6 inches dbh and larger to
a 4-inch top diameter outside bark.

Solution of the Pearl-Reed population
growth curves using cumulative frequency
distributions by dbh classes provided excel-
lent fits to the data. For given plots, from
93.9 to 100 percent of the variation in tree
diameters was accounted for by the solu-
tions. The resulting variates, however,
were not significantly related to cubic-foot
growth or residuals from Eq. 6. Analyses
of variance are shown in- Tables 2 and 3.

The ease of solution of Pearl-Reed popu-
lation growth curves plus the excellent fits
of the distributions make it a more desirable
tool for characterizing diameter distribu-
tions than the gamma distribution. There

TABLE 1. Relationship of gamma distribution parameters to cubic-foot growth and to
residuals from Equation 6 which accounted for wvariat'on in growth attributable to age,

site, and stocking.

Periodic annual RCSid.ualS)
cubic-foot growth Equation 6
Regression values oY B Y B
b, (slope) +-.1958 —6.5613 +.0199 —2.5882
Percent of sample variation explained <1.0 <1.0 <1.0 <1.0
t, (6/Sv) 646 n.s. 709 n.s. 140 n.s. .598 ns.

n.s. Not significant.
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FiGUrE 3. Exomples of plots with excess.

are, of course, a number of other distribu-
tions which could be used to characterize
loblolly pine stands; investigators desiring
such characterizations should check the
Charlier Type A and B distributions de-
scribed by Meyer (1930) and the Fisher-
Tippett Type II described by Thom
(1954).

"T'he only significant relationship of cubic-
foot growth itself with any of the independ-
ent variates was found with average dbh
(Table 4). Average dbh also partially
expresses stand density or stocking (Bick-
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Ficure 4. Some plots had near-normal diam-
eter distribution,
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ford et al. 1957) but it accounted for only
6.3 percent of the variation about the mean
as compared to 20.8 percent accounted for
by percent of full stocking as a measure of
stocking. The significance of this variate
was lost after the effects of age, site, and
stocking were removed (Table 5).

Number of trees per acre and the range
of diameters within a plot were not signifi-
cantly related to cubic-foot growth nor was
number of trees per acre related to the
residuals from Eq. 6.
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FicURE 5. A few plots had multi-modal diam-
eter distributions.
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FIGURE 6. Variation in diameter distribution between two plots of younger ages which were
within the same age, site index, and stocking classes.
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Ficure 7. Variation in diameter distribution between tewo plots in older stands which were
within the same age, site index, and stocking classes.

Range of diameters, however, was re-
lated to the residuals from Egq. 6, indicat-
ing significance at the 5 percent level,
Although mathematically significant, the
range of diameters within plots was reject-
ed as a useful expression. It was reasoned

that in screening, one out of 15 variates
approaches a chance significance at the 5
percent level. There was not a very wide
range in this variate; the mean range was
9.7 diameter classes with a standard devia-
tion of 3.2 diameter classes, and the actual
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TABLE 2. Analysis of variance. Rela-
tionship of independent variates, Equation
5, to cubic-foot growth.

Source DF S.S. M.s.
Constant 1 3,116 3,116 n.s.
bs 1 15,949 15,949 n.s.
ba 1 16,716 16,716 n.s.
b 1 4 4 n.s.
Error 98 613,945 6,265
Total 102 649,730

n.s. Not significant.

TABLE 3. Analysis of variance. Rela-
tionship of independent variates, Equation
5 to residuals from Equation 6 which ac-
counted for variation in growth attributable
to age, site, and stocking.

Source DF S.S. M.S.
by 1 2,599 2,599 n.s.
Constant 1 445 445 n.s.
b 1 583 583 n.s.
ba 1 395 395 n.s.
Error 93 137,933 1,483
Total 97 141,955

n.s. Not signifi~ant.

TABLE 4. Relationships of common at-
tributes of diameter distribution to cubic-
foot growth.

Regression Ave. No. trees Range of
values dbh per acre diameters
b, (slope) +6.1939  4.1208 41.7767
Percent of sample
variation explained 6.3 2.4 <1.0
t, (6/8w) 2.6481%% 4986 n.s. .6287 n.s.

*#Significant at 1% level.
n.s. Not significant.

TABLE 5. Relationships of common at-
tributes of d'ameter distribution to res‘duals
from Equatoon 6 which accounted for
variation in growth attributable to age, site,
and stocking.

Regression Ave. No.trees Range of
values dbh per acre diameters
b, (slope) +.4798 +.0612 —2.8745
Percent of sample
variation explained <1.0 <1.0 4.7
t, (6/8v) A4187n.s. .5405n.s. —2.2248*

*Significant at 5% level.
n.s. Not significant.
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increase in the coefficient of determination
of Eq. 6 occasioned by the addition of this
variate was only in the magnitude of 1.0
percent.

None of the measures of moments or
terms calculated from moments showed a
significant relationship with cubic-foot
growth or residuals from the growth equa-
tion (Tables 6 and 7). There was lack of
significance in spite of a considerable range
within the expression of these attributes.
Nor was success achieved in using biological
expressions of diameter distribution in rela-
tionships with growth and residuals from
Eq. 6 (Tables 8 and 9). Thus we were
unable to demonstrate disproportionate
growth rates attributable to the right-hand
tail of the diameter distribution curve.

It is possible that an analysis of the inter-
action between some characterization of
diameter distribution and stocking would
be worthwhile in reducing variation of
residuals from Eq. 6. At low stocking, it is
probable that diameter distribution would
have little effect in a well spaced stand.
That is to say, under these conditions, all
components of the stand individually and
collectively might be approaching their
maximum production for a specific site and
age. Exploration of this interaction was
not attempted in the present study.

It is also possible that a high threshold
of diameter would increase the effect and
sensitivity of diameter distribution upon
growth; e.g., use of board-foot growth in-
stead of cubic-foot growth. The threshold
in this study was low enough so that not
many stems were below it.

The lack of consistent relationship of
diameter distribution to cubic-foot growth
equations offers no proof that such relation-
ships do not exist in managed, even-aged
stands of loblolly pine. The lack of a rec-
tangular distribution in plot selection for
the diameter distribution variate and an
intentional rectangular distribution for age,
site, and stand density could have reduced
the sensitivity of the diameter distribution
variate.

The 15 characterizations of diameter




TABLE 6. Relationships of moments and ex pressions of moments to cubic-foot growth.

Excess
Regression Standard Skewness (e/ (p2)°—3)
values e pa s deviation s/ (8.D.)? 24
b, (slope) —.1534 +.1897 —.0083 —.0083 —+4.1326 ~16.3439
Percent of sample
variation explained <1.0 <1.0 <1.0 <1.0 <1.0 <1.0
¢, (6/8s) 0880 n.s. 4208 n.s. 2971 n.s. 2546 n.s. 3231 nus. 1190 n.s.

n.s. Notsignificant.

TABLE 7. Relationships of moments and expressions of moments to residuals from Equa-
tion 6 which accounted for variation in growthattributable to age, site, and stocking.

. Skewness Excess
Regression Standard (pa/ (u2)*—3)
values He s e deviation us/(8.D.)* 24
&, (slope) —.6171 +.0048 —.0091 —4.9867 —.3880 —57.0423
Percent of sample
variation explained<Z1.0 <1.0 <1.0 <1.0 <1.0 <1.0
2, (6/8%) .7589 n.s. 0227 n.s. 6994 n.s. 1.0227 n.s. 0649 n.s. 8918 n.s.

n.s. Not significant,

TABLE 8. Relationships of biological characterizations of diameter distribution to cubic-
foot growth.

Regression Basal area top percent of trees Mean dbh of upper 10% in
values Total basal area number of trees—mean dbh
10% 20% 30% Mean dbh
&, (slope) —406.57 —235.40 ~—200.15 —76.92
Percent of sample
variation explained 2.2 1.5 1.5 1.6
2, (8/85) 1.4952 n.s. 1.2565 n.s. 1.3346 n.s. 1.3019 n.s.

n.s. Not significant,

TABLE 9. Relationships of biological characteristics of diameter distribution to residuals
from Equation 6 which accounted for wariation attributable to age, site, and stocking.

Regression Basal area top percent of trees Mean dbh of upper 10% in
values Total basal area number of trees—mean dbh
10% 20% 30% Mean dbh
4, (slope) —211.83 —98.43 —78.19 —27.38
Percent of sample
variation explained 2.7 1.2 1.0 <1.0
t, (6/Ss) 1.6705 n.s. 1.1219 n.s. 1.0335 n.s. 9875 n.s.

n.s. Not significant,

distribution used in this study, however,
were valid and logical expressions of diam-
eter distribution with at least recognized
examples of each of the various groups of
statistics used in frequency distribution
work, None showed a consistent relation-
ship to merchantable cubic-foot growth,
either singularly or after the effects of age,

site, and stocking had been removed. It is
logical, therefore, to conclude that the
probability of other expressions of diameter
distribution showing consistent and signifi-
cant relationship with these dependent
variates and markedly reducing unex-
plained variation in managed, even-aged
loblolly pine is indeed small.
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