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Abstract 

Univariate discrete Laplace models are described and investigated. A more general mixture model is represented. 

Bivariate extensions of these models are discussed in some detail, with particular emphasis on associated 

parameter estimation strategies. Multivariate versions of the models are briefly introduced. 

Keywords: Discrete Laplace, Asymmetric Discrete Laplace, Generalized Asymmetric Discrete Laplace, 

Bivariate Discrete Laplace, likelihood, method of moments. 

AMS Subject Classification: 62E10 

1 Introduction to univariate discrete Laplace models 

lnusah and Kozubowski [4] define the univariate asymmetric discrete Laplace distribution to be one 
with characteristic function of the form: 

(1) 

where Pi, P2 E (0, 1). 
An alternative description of the model is available and will be used. For it we begin with two 

independent geometric random variables, Vi and \/2 with V; rv geo(p;), i = 1, 2. We then define 

X = Vi - \/2. (2) 

If X has a representation of this form, we write X rv ADL(p1, p2). Note that in this paper, geometric 
random variables are defined to have support {0, 1, 2, ... }, and can be thought of as representing the 
number of failures preceding the first success in series of Bernoulli trials. 

The possible values of X are{ ... , -3. - 2. - 1. 0, 1, 2, 3, .... }. 
For x 2 0 we have 

00 

P(X = x) L P(V1 = x + V2 , \/2 = v2 ) 
v2=0 

00 

L P1q{+v
2p2q?

v2=0 
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00 

v2= 0 
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Analogously, for x < 0, 

P(X = x) L
00 

P(V1 = Vi, V2 = v1 - x) 
v1 = 0 

L P1q?p2q;1 -x 

P1P2q2x(l - q1q2) - 1. 

It is then not difficult to confirm that :Z:::~ P(X = x) = l00 

This distribution will be called the asymmetric discrete Laplace distribution (ADL) . It is a discrete 
parallel to the asymmetric Laplace model Y = U1 - U2 where the U;'s are independent with 
U; ~ exp(>..;) , i = l , 2 . 

A mixture alternative is suggested by consideration of available mixture representations of 
continuous asymmetric Laplace models. It includes an additional parameter for flexibility. See [5]. [7]. 
and [6] for relevant discussion on analogous asymmetric Laplace models. We thus will consider 

(3) 

where v; ~ geo(p;), i = l , 2, and / is an independent Bernoulli random variable with P(I = l) = 1r. 

It is readily verified that the characteristic function of such a generalized asymmetric discrete 
Laplace (GADL) variable of the form (3) is given by 

1 - 1r(l - P1)eit - (1 - 1r)(l - p2)e- it 
(4)

<J>y( t) = l - (1 - P1)eit - (1 - P2)e- it + (1 - P1)(l - P2)" 

The density of this GAOL distribution is of the following form . 

P(Y = y) = y = 1, 2, .. . , 

(5) 

where p1 , p2 and 1r are parameters ranging over the interval (0 , 1). 
From the characteristic function, or from the mixture representation (3) we find 

E(Y) = 1r(l - Pi) _ (1 - 1r)(l - P2) 

P1 P2 

and 

var(Y) = { 1r(l - P1)}2 - P1) + (1 - 1r)(l - :2)(2 - P2)} _ { 1r(l - p1) _ (1 - 1r)(l - p2 ) } 2 

P1 P2 P1 P2 

In the case in which X ~ ADL(p1 , p2 ) the moments simplify to become 

and 
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2 Estimation for the ADL distribution 

Maximum likelihood 
Suppose we have a sample X 1 , X 2 , . . . , Xn from an asymmetric discrete Laplace distribution defined in 
(2) . We wish to estimate the parameters using maximum likelihood . 

Define 
n n 

U = LX;l(X; ~ 0) and V = - LX;l(X; < 0) . 
1 1 

Taking partial derivatives of the log-likelihood and equating to 0, yields the following likelihood 
equations 

n n(l - P2) U 
-----+-­ (6) 
P1 + P2 - P1 P2 1 - P1 ' 

n n(l - Pi) V -----+--. (7)
P2 P1 + P2 - P1P2 1 - P2 

In order to solve these equations it is convenient to rewrite them in terms of the means of the 
V; 's, thus we defineµ,;= (1 - p;)/p;, i = l, 2. The likelihood equations then become 

/J,1/J,2 + LJ (8)
1 + /J,1 + /J,2 n ' 

/J,1/J,2 + V . (9)
1 + /J,1 + /J,2 n 

From these equations we deduce that 

U V 
/J,1 - /J,2 = - - - · (10) 

n n 

Next, using (10) , express µ, 2 as a linear function of µ, 1 and substitute this in equation (8). This upon 
rearranging is a quadratic equation in µ, 1 which can be solved to yield the maximum likelihood estimate 
of µ,1 , i.e., 

(11) 

and then 
~ ~ U V 
/J,2 = /J,1 - - + - · (12) 

n n. 

Method of moments 
Suppose we have a sample X 1 , X2 , . . . , Xn from an asymmetric discrete Laplace distribution represented 
in the form 

X = V1 - V2, 

where the V;'s are i.i.d. with v; ~ geo(p;) , i = l , 2. 
We will equate the first two moments of X to the corresponding sample moments. Elementary 

computations yield 
E(X) = 1 - P1 _ 1 - P2 

P1 P2 
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and 
E(X2) = 1 - P1 + 1 - P2 + (E(X)) 2 

Pi P~ 

Denote the first two sample moments, based on a sample of size n, by M 1 = (1/ n) E7= 1 X; and 
M2 = (1/n)E7=1X1, and define 5 2 = M2 - Mi and set up the equations M1 = E(X) and 
5 2 = var(X) which may be solved to obtain method of moments estimates of the p;'s . Here, 
as in the maximum likelihood case, it is convenient to rewrite the equations in terms of the means of 
the V;'s (i .e.,µ,;= (1 - p;)/p;, i = 1, 2) . The moment equations are of the form 

(13) 

(14) 

From equation (13) we can write µ,2 = µ, 1 - M 1 and substitute this into (16) . This then can be 
rearranged into a quadratic function of µ, 1 which is readily solved . In this way we obtain method of 
moments estimates of the following form. 

'ii,1 = ~ [M1 - 1 + ✓1 - Mi+ 2M152] , (15) 

and 
(16) 

Bayesian Method 
Suppose we have a sample X 1 , X 2 , ... , Xn from an asymmetric discrete Laplace distribution with density 

Define 

U = E~X;l(X; > 0), V = - E~X;l(X; < 0) and W = E~ /(X; > 0) 
We wish to estimate the parameters from a Bayesian viewpoint. 
The likelihood for the sample is given by 

L(P1, P2) = ( + PlP2 )n (1 - P1?(l - P2t -
P1 P2 - P1P2 

If we take independent beta priors for p1 and p2 , i.e., 

~ Beta(a.; , f];) , i = 1, 2, 

then the posterior will be of the form 

p; 

From this joint posterior density the usual Bayes estimates of p1 and p2 , namely E(p;IX = ~). i = 1, 2, 
will be obtained by numerical integration . 
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3 Estimation for the GAOL distribution 

Maximum likelihood 
Suppose instead we have a sample X 1 , X 2 , . . . , Xn from a generalized asymmetric discrete Laplace 
distribution of the form 

X = IW1 + (1 - /)( - W2) 

where / ~Bernoulli(1r) and the W;'s are independent with W; ~geo(p;), i = 1, 2. 
We wish to estimate the parameters using maximum likelihood. Here too, we will define 

U = L~ X;l(X; ~ 0) and V = - L~ X;l(X; < 0), 

and also define N0 = L~ l(X; = 0), N1 = L~ l(X; > 0) and N2 = L~ l(X; < 0) 
Taking partial derivatives of the log-likelihood and equating to 0, yields the following likelihood 

equations 

N1 N2 No(P1 - P2)
-- - (17)

7r 1 - 7r 7rP1 + (1 - 1r)P2 

N1 u No1r 
-- - (18)

P1 1 - P1 7rP1 + (1 - 1r)P2 

N2 V No(l - 1r) 
(19)

P2 1 = P2 1rP1 + (1 - 1r)p2 

Note these equations are particularly easy to solve if N0 = 0. In other cases an iterative solution 
may be obtained . Note that if p1 and p2 are known , then equation (17) is equivalent to a quadratic 
equation in 1r. If p1 and 1r are known , then equation (18) is equivalent to a linear equation in p2 . 

And, finally, if p2 and 1r are known , then equation (19) is equivalent to a linear equation in p1 . 

Method of moments 
Suppose we have a sample X 1 , X2 , . . . , Xn from a generalized asymmetric discrete Laplace distribution 
of the form 

X = IW1 + (1 - /)( - W2) 

where / ~Bernoulli(1r) and the W;'s are independent with W; ~geo(p;), i = 1, 2. 
We wish to estimate the parameters using the method of moments. 
The first three moments about zero of X are: 

E(X) = 1r 1 - P1 _ ( l _ 1r) 1 - P2 
P1 P2 

,r {2 (1 ;P1 )' + l ; 1P1} + (l - ,r+ (1 ~P2 )' + 1 ~P2}
1 

,r {6 (1 ;P1 r+ 6 (1 ;/1 )' + (1 ;1P1) }1 

- ( 1 _ ") { 6 c~P2r+6 c~P2r+ c~P2) } 
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If we denote the first three sample moments, based on a sample of size n, by M 1 = (1/ n) E7=i X;, 
M2 = (1/n)E7= 1 Xf, and M3 = (1/n)E7= 1 Xf, and set up the equations M1 = E(X1) , j = 1, 2,3, 
then our method of moments estimates will be the solution to these three equations. 

Note that, if p1 and p2 are known then the equation M3 = E(X3 ) is a linear equation in 1r. Also , 
if p2 and 1r are known , then the equation M 2 = E(X2 ) is equivalent to a quadratic equation in p1 , 

and finally, if 1r and p1 are known then the equation M 1 = E(X) is equivalent to a linear equation in 
p2 . Using these observations, an iterative scheme for identifying the method of moments estimates 
is readily set up . 

Bayesian Method 
Suppose we have a sample X 1 , X2 , . . . , Xn from a generalized asymmetric discrete Laplace distribution 
of the form 

X = /W1 + (1 - /)( - W2) 

where / ~Bernoulli(1r) and the W;'s are independent with W; ~geo(p;), i = 1, 2. 
Recall that we defined 

U = E~ X;l(X; ~ 0) and V = - E~ X;l(X; < 0), 

and also defined N0 = E~ /(X; = 0), N1 = E~ /(X; > 0) and N2 = E~ /(X; < 0) 
We wish to estimate the parameters from a Bayesian viewpoint. 
In this case the likelihood will be 

A plausible prior with independent marginals will be of the form 

1r ~Beta(T1 , T2 ), and p; ~Beta(a;, /3;), i = 1, 2. 

The corresponding joint posterior density will be 

f(1r , Pi, P2IX = ~) CX: 7rn1+T1 - lp~1 +a1- l(l - P1t+/J1- l(l _ 1rr+T2- lp;2+a2- l(l _ P2t+/J2- l 

X [7rP1 + (1 - 7r)P2t0 . (20) 

If n0 = 0 then the posterior density will have independent beta distributed marginals. If n0 > 0 then 
a posterior density that is a mixture of distributions with independent marginals will be encountered . 

4 Bivariate models 

In [1], two bivariate asymmetric Laplace models are described . The first bivariate asymmetric Laplace 
model was introduced by [3] and we refer the reader to that source for detailed discussion of the model. 
Construction of the model begins with the components used in developing the general bivariate beta 
model introduced in [2] . Thus we begin with 8 independent gamma variables U1 , U2 , . . . , U8 with 
U1 ~ 1(51, 1), j = 1, 2, ... , 8 .. We then define (X,Y) by 

X = >--. ··;}(U1 +Us+ U7) - X1_}(U3 + U5 + Us), 
(21) 

where it is assumed that the constraints, 51 + 85 + 57 = 1, 53 + 56 + 58 = 1, 52 + 56 + 57 = 1, 
and 84 + 85 + 58 = 1, have been imposed to ensure that the distribution has asymmetric Laplace 
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marginals. This model will be called the bivariate asymmetric Laplace model of the first kind and if 

(X, Y) is as defined in (21) we will write (X, Y) ~ BAL(l)(>.11 , >. 12 , >. 21 , >.22, J) . Since there were 

four constraints on the 6/s, this is an 8 parameter model . The marginal distributions depend only on 
the four >. parameters, thus: 

(22) 

The second bivariate asymmetric Laplace model utilizes the closure under minimization property of 

the exponential distribution . For it we again begin with 8 independent random variables, ½, ½, ... ,Vs 

but this time we assume that they are exponentially distributed , thus ½~ exp(>.J) , j = 1, 2, ... , 8. 
We then define 

X = min{V1, \Is, V1} - min{Vi , 1/4 , Vs} , 
(23) 

Y = min{V2, V6 , ½} - min{V4 , V5 , Vs}. 

If (X, Y) has the structure shown in (23) then we will write (X, Y) ~ BAL(/ /)(1) and say that it has a 

bivariate asymmetric Laplace distribution of the second kind with parameter vector 1- Note that both 
the first kind and the second kind bivariate asymmetric Laplace distributions have an 8 dimensional 

parameter space. The marginal distributions of the BAL(II) distribution are by construction of the 
asymmetric Laplace form . Thus: 

X ~ AL(>-1 + >-s + >-1, A3 + A5 + >-s), (24) 

Y ~ AL(>-2 + A5 + >-1, A4 + >-s + >-s) , (25) 

Discrete versions of the BAL(l)-(11) distributions will now be constructed using negative binomial 
and geometric components instead of gamma and exponential distributed components. But, before 

discussing such distributions, we will consider bivariate versions of the generalized asymmetric Laplace 

(GAL) distribution . This can be achieved by modifying the BAL(I) or the BAL(II) models by the 
introduction of two additional probability parameters. 

The generalized version of the BAL(I) model may be defined as follows 

(26) 

where it is assumed that the constraints, 61 + 65 + 67 = 1, 63 + 66 + 6s = 1, 62 + 66 + 67 = 1, and 

64 +65 +6s = 1, have been imposed , and where the //s are independent with IJ ~ Bernoulli(pJ), j = 

1, 2. 

Means variances and covariance of the coordinates of this random vector are not difficult to 
evaluate, or could be evaluated by simulation. 

The generalized version of the BAL(II) model may be defined as follows 

(27) 
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where the 6/s are pos1t1ve parameters, and where the //s are independent with 11 ~ 
Bernoulli(p1), j = l, 2 . 

Means variances and covariance of the coordinates of this random vector are also not difficult to 
evaluate, or could be evaluated by simulation. 

We now will define analogous discrete versions of these bivariate models. To construct the bivariate 
symmetric discrete Laplace model of the first kind ( BDL(I) ) we begin with a set of 8 independent 
random variables U1 , U2 , .. . , Us with U; ~ neg.bin.(61, p), j = l, 2, ... , 8. Note that all of the U/s 
share a common value for p. This results in a construction of a bivariate distribution with symmetric 
discrete Laplace marginals. It will be seen that it is not possible to use this kind of construction to 
yield asymmetric marginals. To continue, we now define (X, Y) by 

(28) 

where it is assumed that the constraints, 61 + 65 + 67 = 1, 63 + 66 + 6s = 1, 62 + 66 + 67 = 1, 
and 64 + 65 + 6s = 1, have been imposed. This model will be called the bivariate discrete Laplace 
model of the first kind and if (X, Y) is as defined in (28) we will write (X, Y) ~ BDL(l)(g..). Since 
there were four constraints on the 6/s, this is a 5 parameter model. The marginal distributions are 
differences of independent geometric(p) variables and thus have discrete Laplace densities. Moments 
are obtainable from the representation (28). 

The second bivariate asymmetric discrete Laplace model that we will consider will utilize the closure 
under minimization property of the geometric distribution . For it we again begin with 8 independent 
random variables, V1 , V2 , ... , Vs but this time we assume that they are geometrically distributed, thus 
½~ geo(T1), j = l, 2, ... , 8, where TJ E (0, 1), j = l, 2, ... , 8, We then define 

X = min{V1, Vs,½} - min{Vi, ½;, Vs}, 

(29) 

using a construction parallel to that used in the construction of the BAL(l 1) model earlier described in 
this paper. If (X, Y) has the structure shown in (29) then we will write (X, Y) ~ BADL(I l)(r_) and 
say that it has a bivariate asymmetric discrete Laplace distribution of the second kind with parameter 
vector r.. Note that the second kind bivariate asymmetric discrete Laplace distributions has an 8 
dimensional parameter space. The marginal distributions of the BADL(II) distribution are of the 
asymmetric discrete Laplace form. Thus: 

X ~ ADL(l - (1 - T1)(l - T5)(1 - T 7 ), 1 - (1 - T3)(1 - T6)(1 - Ts)), (30) 

Y ~ADL(l - (1 - T2)(l - T5)(l - T7 ), 1 - (1 - T4)(1 - T5)(1 - Ts)), (31) 

The marginal moments of the BADL(II) distribution are thus readily identified . However cov(X, Y) 
is quite complicated and will usually be approximated by simulation. using the definition (29) . 

Generalized versions of these bivariate discrete Laplace models can be formulated in a manner 
parallel to that used to generalize the bivariate asymmetric Laplace models. 

The generalized version of the BDL(I) model may be defined as follows 

14 
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(32) 

where it is assumed that the constraints, 81 + 85 + 87 = 1, 83 + 86 + Os = 1, 82 + 86 + 87 = 1, and 
84 +85 +8s = 1, have been imposed, and where the //s are independent with IJ ~ Bernoulli(1rJ), j = 

1, 2, and the U/s are independent with UJ ~ neg.bin.(8J , p), j = 1, 2, 3 ... , 8. This model will be called 
the generalized bivariate discrete Laplace model of the first kind and if (X, Y) is as defined in (32) 
we will write (X, Y) ~ GBDL(l)(1r1 , 1r2 , §_) . Since there were four constraints on the 8/ s. this is a 7 
parameter model . 

Means variances and covariance of the coordinates of this random vector are not difficult to 
evaluate, or could be evaluated by simulation. 

The generalized version of the BADL(II) model may be defined as follows 

X = li[min{(Vi. Vs, V1 }] - (1 - l1)[min{V3, ¼. Vs}]. 

(33) 

where the //s are independent with IJ ~ Bernoulli(1rJ), j = 1, 2. and the \-j's are independent with 
½~ geo(TJ), j = 1, 2, .. . , 8. This is a 10 parameter model . 

Means variances and covariance of the coordinates of this random vector are also not difficult to 
evaluate, or could be evaluated by simulation. 

Remark Even more general distribution than (32) can be constructed in which the /;'s are 
dependent indicators. 

For this more general model we begin with a random vector (J1 , J2 , J3 , J4 ) with 4 possible values 
(1, 0, 0, 0) , (0, 1, 0, 0), (0 , 0, 1, 0) and (0, 0, 0, 1) with associated probabilities 1r1 , 1r2, 1r3 and 1r4 , and 
then define /1 = max{J1, J3} and /2 = max{J2, J3} . 

The random variables (X, Y) are then defined as in (32) using the dependent /;'s just defined . 
The same modification can be made to generalize (33) . 

Parameter estimation 
None of the full models described in this paper are expected to be useful for practical purposes. Instead 
the authors expect that they will be used as a source for smaller, more manageable, submodels. For all 
four of the bivariate models discussed, only a small collection of specific cases may be described which 
have explicit discrete densities, and even these densities are rather complex. Therefore, unconventional 
methods for parameter estimation may be called for. 

For illustrative purposes, we will consider parameter estimation for some submodels with 
significantly reduced parameter spaces. In describing submodels we adhere to the following 
conventions: (1) If U ~ neg.bin(8, p) with 8 = 0 then U = 0 with probability 1. Consequently, such 
U's can be deleted from the description of the bivariate models BDL(I) and GBDL(I) as described in 
this paper. 

(2) If V ~ geo(T) with T = 0 then V = oo with probability 1. Consequently such V 's can be 
deleted from the description of the bivariate models BADL(II) and GBADL(II) as described in this 
paper. 
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Some two-parameter submodels 
In this subsection, we will consider parameter estimation for a pair of simple sub models of the B DL(I) 
and BADL(/1) models. 

Example 1. To begin, consider the sub-model of the BDL(I) model given by restricting its parameter 
space as follows: 

pE(0,1) 

c)i = 64 = a E (0, 1) 

62 = 63 = 1 (34) 

6s = 1 - a 

65 = 67 = 6s = 0. 

We will call this model M 1. We are adopting the convention that if U ~ neg. bin. (6, p) with 6 = 0 
then U = 0. The full parameter vector for this two parameter model is thus 

(p, Q) = (p, (a, 1, 1, a, 1 - a, 0, 0, 0)). 

Suppose that we have a sample of size n, i.e., {(X1, 'r'.J) : j = l, 2, .. . , n} and we wish to estimate 
the parameters p and a. Upon writing this model in terms of the U; variables, thus 

(35) 

Y = (U2) - (U4 + Us), 

it may be verified that E(X) = E(Y) = 0, var(X) = var(Y) = 2(1 - p)/p2 and cov(X, Y) 
- (1 - a)(l - p)/p2 . Consequently, if we define 

n 

Ti= (1/n)[L)(X; - X) 2 + (Y; - Y)2] 
i=l 

and 
n 

T2 = - X)(Y; - Y), 

we can set up the following moment equations 

(36) 

(37) 

These are readily solved to yield the following consistent moment estimates of the parameters of the 
model. 

p= [1 + J1 + Ti]/2 

and 

(l/n) I)x; 
i=l 
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Example 2. This time we will consider the two-parameter sub-model of the BADL(/1) model given 
by restricting its parameter space as follows: 

T2 = T3 = a E (0, 1) 

Ti= T4 = T5 = /3 E (0, 1) (38) 

T5 = T7 =Ts= 0. 

We will call this model M2. We are adopting the convention that if V ~ geo(T) with T = 0 then 
V = oo. The full parameter vector for this two parameter model is thus 

I.= (/3, a, a, /3, /3, 0, 0, 0), 

and the model, in terms of the v; variables is given by 

(39) 

Y = ½ - min{¼, Vs}. 

Elementary computations yield 

E(X) = - E(Y) = (l - /3) 2 1 - a 
1 - (1 - /3) 2 a 

and 
(1 - /3) 2 1 - a 

var(X) = var(Y) = [l _ (l _ /3)2]2 + ~ -

Let us define 
n 

Ti= (1/2n)(1::)x; - Y;] 
i= i 

and 
n 

T2 = (1/2n)[L)(X; - X) 2 + (Y; - Y)2]. 
i= i 

We can then set up the following moment equations to be solved for (a, /3) . 

(1 - /3)2 1 - a 
Ti = E(Ti) = 1 _ (l _ /3) 2 a 

( 40) 

( 41) 

( 42) 

These can be solved by iterative substitution. Thus choose an initial value for a , perhaps a = 0.5, 
and then with this value of alpha solve for /3 in equation (40 ). Then substitute this value of /3 in 
equation (42) and solve for a, then use equation (40) once more, etc. 
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Multi-parameter submodels 
As the two-parameter models discussed in Section 4 would readily suggest, freeing more of the o's in 

B DL(I) or T's in BADL(l l) can lead to more complex models with multiple tail dependencies. Due 

to the complexity of the models, more creative computer intensive approaches, will need to be applied 

for parameter estimation. 

Remark Higher dimensional versions of the BDL(I), BADL(II), GBDL(I), GBADL(II) models are 

readily described. Since, for example, the completely general trivariate version of the asymmetric 

discrete Laplace model of Type II will involve 26 independent geometric components each with its 

own T parameter, only submodels including just a limited number of components will be tractable and 

useful for modeling purposes. One very simple trivariate submode! model that might find application 

is the following. 

X = min{V1, ½} - V19 

Y = min{½, V7} - V19 

z = ½ - Vig 

which involves only 5 of the 26 components in the general model, but still has a non-trivial dependence 

structure.. 

5 Conclusion 

In this paper, two discrete Laplace models with new methods of construction are detailed. Standard 

parameter estimation techniques are exhibited for both. Further, new bivariate variants of this fami ly 

of distributions are discussed, and parameter estimation techniques are outlined. We finished with a 

brief discussion of higher- dimensional models. 
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