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a b s t r a c t 

To properly parameterize physics-based models of wildland fire behavior, it is necessary to understand 

the magnitude of convective heat transfer in various scenarios. In order to do so, we isolated the con- 

vective heating process in an idealized wildland fuel: pine needle litter layers. A heated wind tunnel 

was used to obtain a Reynolds number dependent correlation for the Nusselt number for: (1) a sin- 

gle representative fuel element, and (2) the bulk porous medium - both exposed to sudden pulses of 

high temperature air. The former was obtained through resistive thermometry and the latter through 

optimization of a 1-dimensional advection-diffusion model, trained by gas-phase measurements. It was 

determined that the Nusselt number for a single fuel element, when oriented perpendicular to the flow, 

did not significantly deviate from that of a single isolated cylinder. However, the correlation for the bulk 

medium showed a Nusselt number roughly 11% to 25% less than that of a single cylinder, over the range 

studied. This was attributed to the complex orientation of individual elements within the bed and has 

implications for modeling ignition and flame spread in porous fuels. 

Published by Elsevier Ltd. 
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. Introduction 

Proper quantification of the heat transfer mechanisms for solid 

egetative fuels is a key component of any physics-based evalua- 

ion of wildland fire dynamics. These mechanisms will drive both 

he potential for ignition of fuel and the subsequent burning rate. 

onvective heat transfer is one such mechanism, and historically it 

as not been well quantified in wildland fire research. The mag- 

itude of convective heat transfer to fuel elements is difficult to 

easure in realistic conditions. It depends on the thermal and mo- 

entum boundary layers [1] , and thus the properties of individual 

uel elements and on highly localized flow conditions. This is in 

ontrast to thermal radiation, which is comparatively easy to mea- 

ure experimentally. 

Despite the difficulties in directly quantifying convective heat 

xchanges, the importance of this mechanism has been identified 

y a number of researchers over the past 50 years. In a labora- 

ory study, Rothermel and Anderson [2] compared fuel-particle and 

as-phase temperatures, and identified the potential for convec- 

ive preheating at least 2 m ahead of wind-driven fires in beds of 

ine needles. Anderson et al. [3] measured flow velocity and gas- 
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emperature ahead of wind-driven laboratory fires in pine needle 

nd excelsior fuel beds, as a function of free-stream wind and fuel 

tructure. They demonstrated the potential for convective preheat- 

ng, depending on the conditions of a particular test. In another set 

f laboratory experiments, in this case with fuel beds of manufac- 

ured cardboard tines, Finney et al. [4] measured gas-phase tem- 

eratures and determined that intermittent pulses of convective 

eating ahead of the main flame front were key in wind-driven 

re spread. 

Cooling by convection may also be important in certain sce- 

arios. Bouyancy-generated indrafts downwind of flame fronts has 

een observed in laboratory and field settings [3,5] , and these may 

erve to offset the effects of long-range radiative heating. In an 

ffort to model fire spread at laboratory scale in still air, Albini 

6] found that the inclusion of a convective cooling term was im- 

ortant for this reason. Understanding the role of heating versus 

ooling may also be helpful when exploring the difference in the 

unctional dependence of spread rate on wind speed for head fire 

concurrent flow) and backing fire (opposed flow) [7] . 

Therefore, the ability to quantify and then model the role of 

onvective heat transfer is key when building a model of wildland 

re spread. This is particularly true in the case of detailed physics- 

ased Computational Fluid Dynamics (CFD) models. These models 

ttempt to capture a range of potential fire dynamics by avoid- 

ng certain a-priori assumptions (e.g. assuming the dominance of 
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Nomenclature 

Latin letters 

A p particle surface area ( m 

2 ) 

Cr Courant number ( −) 

c p specific heat capacity (J kg −1 K 

−1 ) 

d particle diameter (m) 

F o Fourier number ( −) 

h c convective coefficient (W m 

−2 K 

−1 ) 

k thermal conductivity (W m 

−1 K 

−1 ) 

L bed length (m) 

Nu Nusselt number ( −) 

P r Prandtl number ( −) 

Re Reynolds number ( −) 

t time (s) 

t ∗ convective time scale ( −) 

T temperature (C) 

u velocity (ms 1 ) 

V volume (m 

3 ), voltage (V) 

x distance (m) 

Greek letters 

α� temperature coefficient of resistance (K 

−1 ) 

β bed packing ratio ( −) 

ε bed porosity ( −) 

ν kinematic viscosity (ms −2 ) 

ρ density (kg m 

−3 ) 

ρb bed bulk density (kg m 

−3 ) 

σ particle surface-to-volume ratio (m 

−1 ) 

Subscripts 

Al Aluminum 

g gas phase 

n pine needle 

Ni Nickel 

p particle 

s solid phase 

0 initial value 

 particular mode of heat transfer) [8] , and they must therefore 

eproduce realistic values of convective fluxes. 

A significant challenge in modeling convection is that the wild- 

and fire problem encompasses a wide range of conditions. Flows 

an range from quiescent to as much as 60 m s −1 in crown 

res [9] , temperatures from tens of degrees in the surrounding 

nvironment to > 10 0 0 ◦C in the combustion zone [10] , and fuel

tructures from densely packed litter layers to sparse canopies. As 

 starting point, we focus here on forced convection conditions rel- 

vant to low-intensity fires in beds of dead pine needles. Such sce- 

arios are relevant for fire management activities (prescribed burn- 

ng) and have been the focus of many past experimental and nu- 

erical studies at different scales [e.g. 11 , 12,13 , 14] (this work is

lso a follow-on of a study on the fluid mechanics (i.e. bed drag) 

n the same type of fuels [15] ). Management burns may make use 

f different fire types (i.e. head or backing fire), and as highlighted 

reviously, the role of convection may vary under different condi- 

ions. Likewise, repeated burning in an area may change fuel struc- 

ure [16] . Thus, improving our understanding of heat transfer in 

hese fuels layers can improve our ability to plan fire management 

ctivities. 

Given these conditions, we set out to directly quantify the con- 

ective heating process. To accomplish this, two sets of experi- 

ents were conducted in which pine needle fuel beds were ex- 

osed suddenly to convective heating. The first set of experiments 

nvolved the analysis of the thermal response of single element 
2 
ithin a packed bed. This was done by using resistive thermom- 

try on fuel element analogue: a nickel wire. The second set of ex- 

eriments involved monitoring of gas-phase temperatures within 

he fuel bed, in order to infer a bed-average coefficient of con- 

ective heating. This was done by creating a simple 1-dimensional 

dvection-diffusion model and optimizing the convective coeffi- 

ient to best match the experimental data. The results of this opti- 

ization are then able to be implemented in other more complex 

odels, and in this case they were tested in a detailed CFD fire 

ehavior model, the Fire Dynamics Simulator. 

. Background theory 

.1. Forced convective heating of particles 

A typical approach in detailed models of wildland fire behav- 

or is to consider the solid fuel as a collection of highly dispersed 

hermally-thin particles which occur at an unresolved (subgrid) 

cale in the gas-phase domain [17,18] . Thus the convective heat 

ransfer within this multiphase medium can be represented by 

he summation of individual particle contributions within a con- 

rol volume: 

 

′′′ 
c = 

1 

V 

∑ 

n 

A p h c (T g − T s ) = σβh c (T g − T s ) , (1)

here A p is the surface area of a single particle, σ is the surface- 

o-volume ratio of a single particle, and β is the packing ratio (or 

olid volume fraction). The convective coefficient, h c , may be de- 

ermined as a function of the non-dimensional Nusselt number, 

u [1] : 

 c = 

k g σNu 

4 

. (2) 

n this case, we assume particles to be roughly cylindrical (such as 

ine needles, branches, etc.) so the characteristic length is taken 

s the diameter ( d = 4 /σ ). Nusselt number relationships for cylin- 

rical particles in forced convection generally take the form of a 

ower-law: 

u = CRe m 

p P r 
n , (3) 

here Re p = 4 u/σν is the particle Reynolds number and P r is the 

uid Prandtl number. Generally, gas-phase properties in the pre- 

eding equations are evaluated at the so-called film temperature, 

 f = (T g + T s ) / 2 . Over the range of Reynolds numbers relevant in

ildland fire scenarios, the following empirical relationship for sin- 

le cylinders in cross flow [1] is often employed: 

u = 

{ 

0 . 989 Re 0 . 33 
p P r 1 / 3 , 0 . 4 ≤ Re p < 4 

0 . 911 Re 0 . 385 
p P r 1 / 3 , 4 ≤ Re p < 40 

0 . 6839 Re 0 . 466 
p P r 1 / 3 , 40 ≤ Re p ≤ 40 0 0 

(4) 

nder typical conditions, the Prandtl number can be taken as a 

onstant, P r = 0 . 7 . 

The use of Eq. (4) assumes that individual particles do not affect 

he convective heating of one another (e.g. no wake interactions), 

nd that they are all oriented perpendicular to the flow. These as- 

umptions do not necessarily apply to vegetative fuel layers. Nev- 

rtheless, they have been applied in a number of numerical studies 

or vegetation ranging from litter layers to trees and shrubs, as a 

etter quantification is not available [e.g. 14 , 19,20 , 21] . 

.2. Forced convective heating in packed beds 

As with individual particles, quantification of convective heat- 

ng in porous media has been carried out under a variety of flow 

onditions [e.g. 1 , 22] . However, many of these studies involve bed 

orosities and Reynolds numbers outside the typical range encoun- 

ered in wildland fuels. Likewise, assumptions related to particle 
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Fig. 1. Temperature dependence of specific heat capacity, c p , for foliage of a variety of pine species, focused on pre-decomposition temperatures. Data extracted from Susott 

[26] , Tihay [30] , Boardman et al. [31] and an externally commissioned report [ 34 ]. 
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Fig. 2. WEIRD design. 
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s

d

izes (and the potential for internal temperature gradients) or par- 

icle connectivity (and the potential for significant bed conduc- 

ion) can impact the analysis of convective heating, and these must 

e considered with care when comparing between studies. Metal 

oams are one material which may begin to resemble beds of for- 

st litter (high bed porosity with small diameter ‘fibers’). A study 

arried out by Giani et al. [23] focused on forced convection for 

elatively low Reynolds numbers, similar to those considered rele- 

ant for fire spread in forest litter [15] . They identified an increase 

n the Nusselt number over the single-cylinder correlation. On the 

ther hand, Mancin et al. [24] identified a comparative decrease in 

he Nusselt number for similar foams. 

The discrepancies in these studies, and the fact that they are 

mpirical in nature, demonstrates the necessity to determine a 

uitable correlation for the bed of interest in this case. At present, 

ery little research has been carried out specifically on vegetative 

uels for wildland fire applications. An initial investigation of pine 

eedle beds was made by Mendes-Lopes et al. [25] , which sug- 

ested a significant over-prediction of the Nusselt number when 

sing the single-cylinder correlation. However, this work was lim- 

ted in scope, and it is necessary to explore the problem further. 

.3. Material response to heating 

Considered in isolation, the convective coefficient is not partic- 

larly useful for modeling wildland fires. In order to understand 

he potential for ignition (and thus flame spread) the overall ther- 

al response of the fuel to a particular heating scenario must be 

nderstood. For wildland fuels, this will include the effect of solid- 

hase reactions. These may be endothermic (drying and pyrolysis) 

r exothermic (char oxidation). However, at present we seek to iso- 

ate the behavior from these complexities and thus focus on dry 

uels at temperatures below 200 ◦C, and thus the onset of pyroly- 

is [26–28] and char oxidation [29] . 

If the particles are thermally thin, the remaining parameters of 

nterest are the material density, ρs , and the specific heat capac- 

ty, c p s . Assuming no thermal decomposition and no expansion or 

ontraction of individual needles, the density should remain con- 

tant. The specific heat, on the other hand, is often reported as a 

unction of temperature for cellulosic materials. 

Perhaps the most well-known study on the specific heat of ma- 

erial relevant to the wildland fire problem is that of Susott [26] . 
3 
e provided an estimate of the specific heat at low temperatures 

or both woody material and foliage of several pine species. In a 

ore recent study, Tihay [30] reported specific heat values for the 

ead foliage of three pine species at temperatures between 80 ◦C 

nd 200 ◦C. Boardman et al. [31] also evaluated the specific heat of 

 range of foliage, in this case focused on live material. A summary 

f the available data specifically for pine needles is given in Fig. 1 . 

These data have considerable scatter, particularly at higher tem- 

eratures. Unfortunately, only one of the species was tested in 

ultiple studies ( Pinus strobus ), and the difference between the 

wo results encompasses nearly the entire range of scatter for the 

vailable data. Therefore, it is difficult to attribute the scatter to 

ifferences in species chemistry, rather than difficulties in obtain- 

ng and processing the data. A more robust characterization of the 

pecific heat capacity remains an outstanding challenge, as few re- 

earchers have focused on this parameter. However, Fig. 1 provides 

 starting place for evaluating the response of pine needles to con- 

ective heating in this study. 

. Experimental methods 

Convective heating experiments were carried out in a stainless 

teel wind tunnel designed to produce flows characteristic of con- 

itions encountered in wildland fires, known as the WEIRD (Wild- 
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Fig. 3. Wind tunnel test section configuration. The shaded region shows the volume 

of the packed fuel bed. Black dots indicate thermocouple locations, and the red line 

indicates the resistive wire measurement location (note this wire was only included 

in the relevant subset of experiments). (For interpretation of the references to color 

in this figure legend, the reader is referred to the web version of this article.) 

Fig. 4. (a) Example of Pinus rigida needles, which are grouped with three individual 

needles on one fascicle. (b) Example of fuel bed packing before test section lid is 

placed. 
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re Exposure and Ignition Response Device). Using a blower and 

rocess heater, high temperature air flows can be generated. A di- 

ergent section, a settling chamber with a honeycomb straightener, 

nd a contraction section are all used to help condition the flow. 

n enclosed test section, with dimensions of 750 mm × 150 mm 

100 mm, was attached to the contraction outlet and can be iso- 

ated from the flow via an exposure shutter. The walls of the test 

ection were lined with ceramic paper insulation to minimize heat 

osses. The full system in shown in Fig. 2 . 

Within the test section, porous fuel beds were comprised of 

ead pine needles of the species Pinus rigida (common name: pitch 

ine). These have been the focus of a number of previous studies 

n the mechanisms of fire spread in forest litter [e.g. 32 , 33] , and

he particle properties have been extensively characterized [34] . 

he surface-to-volume ratio for single needle was taken to be σ = 

661 m 

−1 (giving an equivalent cylindrical diameter of d = 4 /σ = 

 . 86 mm), and the dry material density was ρs = 615 kg kg m 

−3 . 

ine needles were oven-dried for at least 24 h before being tested 

n order to minimize the effect of moisture mass and the latent 

eat of vaporization on the thermal response of the fuel. 

The fuel beds tested were 250 mm in length and filled the en- 

ire area of the test section, shown in Fig. 3 . The bulk density (and

herefore packing ratio or porosity) was varied depending on the 

pecific test, as described in the following sections. Fig. 4 shows 
4

he typical appearance of both individual particles and the packed 

eds. 

In a given test, the fuel beds were instantaneously exposed to a 

igh-temperature air stream (110 ◦C to 120 ◦C) at seven velocities, 

overing a range of nominally 0.5 ms −1 to 2.0 ms −1 . The test sec- 

ion was initially detached from the rest of the wind tunnel, with 

he air diverted upwards by a shutter. When a quasi-steady tem- 

erature was attained at the desired velocity, the test section was 

ttached and the data logging was started. After a period of record- 

ng initial values, the shutter was opened and the sample exposed 

or a duration of 50 s. After each experiment, the test section was 

emoved and cooled to ambient temperature before repeating at 

he next velocity set-point. 

Gas-phase temperatures were measured with very fine gauge 

0.08 mm) K -type thermocouples. These were chosen in order to 

inimize response times and radiative effects and characterize 

as-phase temperature more accurately. An absolute standard un- 

ertainty of ±2 ◦C was estimated for these measurements. Expo- 

ure velocity was measured with an S -type pitot tube connected to 

 digital differential pressure transducer. This was positioned be- 

ween the exposure shutter and the sample at the centerline of 

he tunnel, and was temperature-compensated with an adjacent 

hermocouple. By applying the manufacturer-specified accuracy for 

he pressure and temperature measurements to the propagation of 

ncertainty law [35] , a relative combined standard uncertainty of 

3% was estimated for the velocity measurements. All measure- 

ents were sampled at 10 Hz. 

Thermocouples were located upstream of the fuel bed (as a 

ontrol measurement for the exposure conditions), at four loca- 

ions within the fuel bed, and at two locations downstream of fuel 

ed (see Fig. 3 ). Measurements at equivalent streamwise locations 

ut offset by 4 cm in the spanwise direction were used to reduce 

xperimental uncertainty resulting from local fuel bed structure, 

ssuming a 1-dimensional response at macroscopic scale. 

Intra-bed thermocouples were initially protected by a steel 

heath entering from the base of the test section, and the fuel bed 

as packed around them. The sheath was then lowered to expose 

he bare tip of the thermocouple. This was done in order to create 

 small air pocket around the thermocouple and avoid direct con- 

act with pine needles, which could skew the measurement from 

he gas-phase value. 

.1. Resistive analogue experiments 

In order to directly measure the response of an individual solid- 

hase particle, a nickel wire (Ni 200 alloy) was positioned at the 

id-height of the tunnel ( z = 50 mm), as shown in Fig. 3 . Its tem-

erature was monitored by measuring the change in resistance 

uring exposure. The wire was placed within a pine needle bed 

ith a bulk density, ρb , of 40 kg m 

−3 , in order to identify any in-

uence of the surrounding bed on the convective heating. Three 

epeats of this test were conducted. 

This approach was adopted because measuring the temperature 

f an actual pine needle is very difficult. Issues arise in creating a 

ood thermal contact with a thermocouple and in avoiding modi- 

cation of the thermal response of the needle due to the presence 

f the thermocouple itself. Thermal imaging techniques avoid these 

ssues but have limited use for measuring temperature deep within 

 packed bed. 

The nickel wire acts as a pine needle analogue, and its temper- 

ture can be measured directly through resistive thermometry. It 

as different thermophysical properties from a pine needle, so the 

bsolute temperature response will differ, but the behavior can be 

nderstood in non-dimensional terms ( Re and Nu ), which should 

old for other similar objects, such as the pine needles. A key as- 

umption is that contact conduction between elements in the bed 
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Table 1 

Material properties relevant to the experimental and nu- 

merical analyses. 

Property Vaule Units Ref. 

c p 
Al 

882 + 0 . 586 T J kg −1 K −1 [38] a 

c p g 1000 J kg −1 K −1 [1] 

c p Ni 
420 + 0 . 523 T J kg −1 K −1 [1] a 

c p n 1100 + 8 T J kg −1 K −1 Fig. 1 

k g 0.03 W m 

−1 K −1 [1] 

α� 0.0047 K −1 b 

ρAl 2700 kg m 

−3 [1] 

ρg 1.0 kg m 

−3 [1] 

ρNi 8900 kg m 

−3 [1] 

ρn 615 kg m 

−3 [34] 

σAl 5000 m 

−1 

σNi 4000 m 

−1 

σn 4661 m 

−1 [15,34] 

a Fit to reported tabular values over relevant temper- 

ature range. 
b Similar to reported values, but calibrated here to re- 

produce idealized behavior of a cylinder in crossflow. 
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4

W

p

ε

w

o

b

ρ

w

t

s negligable. This is a common assumption applied to similar fu- 

ls, owing to the high porosity ( > 90%, here). 

The the nickel ‘needle’ was 110 mm long and 1 mm in diameter. 

ts thermal response can be approximated using a lumped capac- 

tance approach [1] , which yields the following equation for the 

usselt number: 

u = 

4 ρs c p s 
σ 2 k g 

dT s 

dt 
( T g − T s ) 

−1 . (5) 

his approach ignores radiative effects, which should be small as 

he emissivity of nickel at low temperatures is ε < 0 . 1 [36] . Den-

ity and specific heat were assumed equivalent to that of pure 

ickle (see Table 1 ). The gas-phase temperature was taken as the 

verage of two measurements: one at the center of the wire and 

he other at an endpoint, as shown Fig. 3 . 

The resistivity of the wire increases with temperature according 

o a temperature coefficient of resistance, α�. A current of nomi- 

ally 700 mA was supplied to the wire with a constant current 

ource, and the voltage drop, V , over the wire was measured with 

n Analog-to-Digital Converter (ADC) using 4-point resistance mea- 

urement (in order to remove any effect of voltage drop over the 

ensing leads) [37] . The wire temperature can then be calculated 

s: 

 s = 

(
V 

V 0 

− 1 

)
α�

−1 + T s 0 . (6) 

he initial values, V 0 and T s 0 , were determined for each test from 

he first 20 s of measurements prior to opening the exposure shut- 

er (assuming the wire starts in thermal equilibrium with the gas- 

hase). 

Values of α� for Ni 200 can be found in material datasheets. 

owever, in this case the system was calibrated in the absence 

f a surrounding fuel bed, thus assuming the cylinder-in-crossflow 

odel for convection can be applied ( Eq. (4) ). Matching the ex- 

ected response to the observed response provided a calibrated 

alue of α� = 0 . 0047 K 

−1 . 

Based on manufacturer specifications for the ADC, an error on 

oltage measurements of ±40 μV was assumed. Using the propa- 

ation of uncertainty, including the estimated uncertainty for gas- 

hase temperature, an average absolute standard uncertainty for 

olid-phase temperatures of ±4 ◦C was estimated. The temperature 

erivative required in Eq. (5) was computed with a central differ- 

nce scheme, and a 50-point moving average was subsequently ap- 

lied to reduce the effect of signal noise. 
5 
.2. Optimization experiments 

Another series of experiments was conducted to characterize 

he response of the entire bed, rather than a single element. In this 

ase, all of the gas-phase measurement points shown in Fig. 3 were 

sed to provide training data for a model optimization approach. A 

imple 1-D model of the system response was formulated, as de- 

cribed in Section 4 , and the convective heating (Nusselt number) 

f the fuel beds could be inferred by fitting the numerical results 

o the experimental data. 

Bed bulk densities of 20 kg m 

−3 , 40 kg m 

−3 , and 60 kg m 

−3 

ere tested. The values were determined by placing known masses 

f dry pine needles into the pre-defined test section volume. These 

orrespond to bed porosities, ε, of 0.967, 0.935, and 0.902, respec- 

ively ( ε = 1 − β = 1 − ρb /ρs ). For the lowest bulk density case, a 

ery fine steel wire mesh was placed just below the mid-height of 

he test section in order to support fuel structure and ensure equal 

istribution along height. The mesh was positioned in such a way 

s to avoid interference with any intra-bed measurements. Three 

epeats (involving a full re-packing of the bed) were tested for each 

ombination of velocity and bulk density. However, the resistive 

ire experiments (described in Section 3.1 ) provided an additional 

wo repeats for the 40 kg m 

−3 condition, and these were included 

n the optimization analysis. In a related study on the flow through 

hese types of fuel beds, it was determined that random variabil- 

ty introduced by manually packing the bed did not dominate over 

he effect of varying overall bulk density [15] . 

In addition to the pine needle tests, three tests were carried 

ut with surrogate beds of metal wire. The aim was to reduce 

he complexity of the material heating response (as discussed in 

ection 2.3 ) as well as to provide a well-defined cylindrical particle 

eometry when compared to the more complex shape of pine nee- 

les. Aluminum wire was chosen, as it can be considered inert in 

he relevant temperature range (no drying, pyrolysis, or oxidation 

eactions) and has a specific heat which is easier to characterize. 

IG wire with a diameter of 0.8 mm and cut to lengths of nom- 

nally 10 cm was used. For the purposes of this study, the wire is 

onsidered to be pure aluminum and the material properties are 

hown in Table 1 . 

The wires were packed in a random orientation following the 

ame approach as the pine needles. The rigidity of the wire did 

ot allow for the easy creation of beds with varying porosity while 

aintaining global homogeneity. Therefore, only one bulk density 

as tested, and through trial-and-error, a value of 138 kg m 

−3 was 

hosen. This density resulted in a bed porosity of 0.949. This is 

quivalent to a 31 kg m 

−3 bed of Pinus rigida , which is within the

ange tested and allows for meaningful comparison. 

. Numerical methods 

.1. 1-D model 

In order to reproduce the gas- and solid-phase responses in the 

EIRD, a simple 1-D advection-diffusion model of the gas-phase is 

roposed: 

ρg c p g 
∂T g 

∂t 
+ uρg c p g 

∂T g 

∂x 
= εk g 

∂ 2 T g 
∂x 2 

+ σβh c (T s − T g ) , (7) 

here ε is the porosity (volume fraction of gas). The second term 

n the RHS, the convective heat transfer between phases, is obtain 

y modeling the solid-phase temperature as: 

b c p s 
∂T s 

∂t 
= σβh c (T g − T s ) , (8) 

here ρb is the bulk density (equivalent to the packing ratio mul- 

iplied by the material density, βρs ). 
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Fig. 5. Example resistive wire results for one test at an upstream flow of 1 ms −1 . (a) 

The gas and solid phase temperature responses. (b) The measured Nusselt number 

(circles) compared with that which would be obtained from Eq. (4) for the same 

exposure conditions (solid line). In both plots, the shaded area represents the region 

of interest used to generate statistical information. 
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Fig. 6. Nusselt number computed for the nickel wire using Eq. (5) for all experi- 

mental cases. Points represent averages of Re and Nu over the window of interest, 

and error bars represent the combined measurement uncertainty for a given test. 

The dashed line represents a fit of the average values to a function of the form in 

Eq. (3) , and the shaded region covers the 95% prediction interval for this fit. The 

dotted line shows Eq. (4) for comparison. 

w

w

s

t

m

o

I

t

l

n

n

w

d

e

s

p

n

r

a  

n

i

e

t

c

t

m

t

t

w

T

T

This coupled model involves a number of key simplifying as- 

umptions. The gas phase is treated as a single, incompressible 

pecies, with constant properties representative of dry air (see 

able 1 ). The use of a constant density is necessitated in order to 

onserve mass, due to the incompressible assumption. The use of a 

onstant thermal conductivity is considered acceptable as the ratio 

f advective transport to diffusive transport, or the Peclet number 

 Pe = Luρc p /k ), was in the range of 40 0 0 to 20,0 0 0. Thus, a simpli-

ed treatment of gas-phase thermal conductivity should not signif- 

cantly impact the results. These constants also ignore any effects 

f moisture, however, the ambient laboratory air had a water va- 

or mass fraction of < 1.0%, and the impact on effective properties 

s deemed negligible here. 

The velocity is assumed constant along distance. Changes in ve- 

ocity at the inlet are experienced instantaneously at any down- 

tream location: 

 (x, t) = u (0 , t) = f (t) , (9) 
6 
ith the function f (t) obtained from the experimental data. This 

as considered acceptable as the velocity essentially underwent a 

tep change, from zero to constant exposure flow, which traversed 

he fuel bed in < 1 s 

For simplicity, solid-phase conduction is neglected. In previous 

odels of pine needles beds it was assumed that the high porosity 

f pine needle beds makes solid-phase conduction negligible [39] . 

n all cases studied here, the porosity exceeded 90%. This assump- 

ion is supported by the fact that the pine needles have relatively 

ow thermal conductivity and thermal diffusivity [17] , they are not 

ecessarily oriented parallel to the thermal gradient, and do not 

ecessarily make perfect thermal contact with one another. In past 

ork, intra-bed radiation was included through an effective con- 

uction coefficient, using the Rosseland approximation [39] . How- 

ver, we also negelect thermal radiation in the model, as we as- 

ume intra-bed transfer will be low due to the relatively low tem- 

eratures ( < 150 ◦C) and the local similarity in temperature of 

eighboring fuel elements. Finally, taking into account the various 

eported values of specific heat capacity for pine needles ( Fig. 1 ), 

n approximate function of c p p = 1100 + 8 T J kg −1 K 

−1 was chosen.

It is recognized that some of the above assumptions may be sig- 

ificant over-simplifications. However, the focus is on understand- 

ng how the selection of h c impacts the solution, which can still be 

xplored with this simple model. Further, simulations with a de- 

ailed CFD model, as described in Section 4.3 , allow for increased 

omplexity and the relative importance of these different assump- 

ions can be considered. 

The 1-D model was discretized using the Crank–Nicolson 

ethod. This implicit method has the advantage of being uncondi- 

ionally stable and second-order accurate, while still being possible 

o solve efficiently. The following initial and boundary conditions 

ere used: 

 g (x, 0) = T s (x, 0) = T 0 , (10) 

 g (0 , t) = g(t) , (11) 
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Fig. 7. Example of: (a) experimental data used for optimization, measured at the 

locations shown in Fig. 3 , and (b) the convergence of the optimization scheme. The 

example case is had a flow of 1 ms −1 and a bulk density of 40 kg m 

−3 . Note that 13 

guesses were required to converge on the minimum RMSE here, but those beyond 

the 6th guess are not labeled for the sake of readability. 
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Fig. 8. Results of optimizing the Nusselt number, Nu , in the 1-D model for the var- 

ious experimental cases. The best fit of the results is shown (dashed line), as well 

as the theory for a single cylinder in cross flow (dotted line). 
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∂T g (L, t) 

∂x 
= 0 , (12) 

here x = L is the downstream boundary. As with the velocity 

unction, the time-history of the upwind boundary, g(t) , was ob- 

ained from experimental data for a given test. For further details 

f the solution procedure, please refer to Appendix A . 

To reduce computational cost, while still resolving the transient 

henomenon, a time step of 
t = 0 . 1 s was chosen. In order to

ully resolve the spatial temperature gradient and to limit numeri- 

al oscillations introduced by the step changes entering and exiting 

he fuel bed and the over-simplification of momentum transport, 

 spatial increment of 
x = 1 mm was chosen. Sensitivity tests 

ound that increasing spatial and temporal resolution further did 

ot significantly change the overall results of the optimization. 
7 
.2. Optimization scheme 

The value of Nu , and therefore h c in Eqs. (7) and (8) , was de- 

ermined through an iterative optimization technique. The chosen 

bjective function was the Root Mean Squared Error (RMSE) be- 

ween the 1-D model and the experimental observations of the 

ime derivative of gas-phase temperature for a given test: 

MSE = 

1 

N 

N ∑ 

i =1 

√ 

( ̇ T g,i − ˙ T ∗
g,i 

) 2 (13) 

he summation represents the average error over the N = 6 tem- 

erature measurements (four within the fuel bed and two down- 

tream), starting from 3 s prior to exposure, until the end of each 

est. The objective function was minimized by selecting values 

f Nu using a hybrid of a golden-section search algorithm and 

arabolic interpolation. 

Because the flow was nominally constant after exposure in a 

iven test, Nu is considered a constant value when optimizing the 

imple model (as opposed to a function of Re , as in Eq. (4) ). This

educes the number of free parameters in the optimization algo- 

ithm to one. Indeed, because each test represents a single flow 

ondition, optimizing Nu as a function of Re for individual tests 

ecomes an ill-posed problem. Instead, we use the constant val- 

es of Nu for the various velocity conditions in order to propose a 

eynolds-dependent function. 

.3. CFD model 

In addition to the simple 1-D model, CFD simulations were car- 

ied out using the National Institute of Standards and Technology 

NIST) Fire Dynamics Simulator (FDS), version 6.7.7 [40] . This CFD 

odel employs a large eddy simulation approach for solving a low- 

ach number formulation of the Navier-Stokes equations. It is de- 

igned for simulating flows for a range of fire-related phenomena, 

nd therefore it includes additional numerical models for incorpo- 

ating gas-phase combustion, thermal radiation, solid fuel degra- 

ation, particle transport, etc. Indeed, FDS was selected as it has 

een used recently to simulate flame spread in pine needle litter 

ith similar properties to that studied here [e.g. 12 , 14 , 41] , and
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1 21 experiments were performed, but data were corrupt for one repeat of the 

1 ms −1 exposure case 
t is important to understand how well convective exchanges are 

epresented. 

In the typical approach in FDS, subgrid-scale vegetation is in- 

orporated with source and sink terms in the gas-phase conserva- 

ion equations through a multiphase formulation. The solid phase 

s assumed to be highly disperse such that porosity effects are ne- 

lected in the gas-phase and flow is modeled with the superfi- 

ial velocity [15] . Full details of the particular CFD framework are 

utside of the scope of this discussion; however, the specifics of 

he model formulation can be found in the technical documenta- 

ion [42] . The key aspect here is that convection for a bed of cylin-

rical particles is modeled using Eq. (4) , as discussed in Section 2 . 

Simulations of the experiments were conducted using both 

he default approach and the model obtained from optimiza- 

ion of the 1-D model. A 3-D domain was used, with the 

ame dimensions indicated in Fig. 3 . The upwind yz-boundary 

as set to match the reference temperature and velocity mea- 

ured in a given experiment. The downwind yz-boundary was 

et to a zero pressure gradient (open outflow). Lateral bound- 

ries were set to solid surfaces with a wall model to approxi- 

ate the near-wall velocity gradient [42] . The solid walls were 

lso set as adiabatic boundaries so that there were no lat- 

ral heat losses, in an idealized representation of the insulated 

est section walls in the experiment. The numerical grid reso- 

ution was 
x = 
y = 
z = 5 mm, and gas-phase temperatures 

ere recorded at the same intra-bed and trailing edge locations 

hown in Fig. 3 . 

. Results 

.1. Resistive analogue experiments 

An example of data obtained from the experiments with the 

ickel wire ‘needle’ is given in Fig. 5 . Upon opening the shutter, the

pstream gas temperature rapidly jumps to the preset exposure 

alue, as does the velocity. The local intra-bed gas temperature 

average of the two thermocouples located at the nickel wire) re- 

ponds more slowly due to the energy sink of the pine needles up- 

tream of the measurement point. In this example case, it reaches 

he inlet value at the end of the 50s exposure. The measured wire 

emperature lags behind the corresponding gas-phase response, 

s expected. The temperature difference between phases and the 

erivative of the wire temperature are then used in Eq. (5) to cal- 

ulate a Nusselt number. 

This calculation of the Nusselt number has an inverse de- 

endence on the difference between solid- and gas-phase tem- 

erature. The relative uncertainty is likewise sensitive to this 

alue. Therefore, in order to restrict the analysis to regions where 

he difference is large, a region of interest for calculating the 

usselt number was selected by taking a window where the 

elative uncertainty was below 25%, as shown in the example in 

ig. 5 a. Samples within this time period were then used to obtain 

tatistical information on the measured behavior in a given test. 

An example comparison of the value of the Nusselt number ob- 

ained from the measurements and that which would be obtained 

rom Eq. (4) is shown in Fig. 5 b. In this case, the average values are

.9 and 3.7 for the measured value and the single cylinder theory, 

espectively. In the theoretical case, the values decrease systemat- 

cally over the interval, which can be traced back to a slightly de- 

reasing Reynolds number as the film temperature increases (and 

he exposure velocity remains broadly constant). In the case of the 

irect measurement, there is a systematic increase. However, this 

s not the case across all experiments, and so it is unclear if this is

ue to some local changes in the flow or a feature of measurement 

ncertainty. 
8 
This analysis was repeated for all 20 experiments of this type 1 , 

nd the results are summarized in Fig. 6 . The uncertainty in the 

alues due to statistical variation is evaluated by obtaining the 

.5th and 97.5th percentiles of the observations. This can be com- 

ined with uncertainty estimates for instantaneous samples based 

n instrument accuracy (see Section 3 ) [35] . The error bars in 

ig. 6 represent an effective combined uncertainty, which has an 

verage relative value of ±28% for the Reynolds number and ±20% 

or the Nusselt number. 

A clear trend with increasing Reynolds number can be seen, 

nd a fit of the experimental data overlaps the cylinder theory. 

hile the best fit line has a slightly different slope, the 95% pre- 

iction interval suggests that with this current data we do not have 

he evidence to say that the measured response is different from 

hat which would be predicted from Eq. (4) . 

.2. Optimization of 1-D model 

An example of a single gas-phase optimization experiment, as 

escribed in Section 3.2 , is shown in Fig. 7 a. As with the previ-

usly discussed example, the exposure conditions undergo a clear 

tep-change. The gas-phase temperatures within and downstream 

f the fuel bed demonstrate the non-linear response both in time 

nd space, hence the difficulty presented in directly calculating the 

onvective heat exchange. The similarity between centerline and 

ffset measurements at a given location suggests that the response 

s not strongly dominated by local bed structure. Some cases are 

ess consistent than others, but the average temperature difference 

etween the two measurements at a given streamwise location, af- 

er exposure, was 5 ◦C. 

Each of the 83 experiments was run through the optimiza- 

ion scheme, which required around 10 to 15 iterations of the 1- 

 model to reach the cutoff criteria. These roughly 10 0 0 simula- 

ions took around 60 seconds to complete, demonstrating one of 

he main advantages of using this simplified model, rather than 

ptimizing with the CFD model. An example of the successive it- 

rations for a single experimental case is shown in Fig. 7 b. The 

cheme quickly converges to a clear singular minimum within the 

ounded region. Generally, guesses were within 10% of the optimal 

alue by the 7th iteration. 

Assuming the same functional form of the Nusselt number as 

hat of Eq. (3) and that the Prandtl number is a constant of ∼0.7

aised to the power of n = 1 / 3 , a fit of all optimization data points

n Fig. 8 was carried out (ignoring tests with surrogate aluminum 

eedles). In keeping with the formulation of FDS, the Reynolds 

umber is calculated with the superficial velocity (ignoring the ef- 

ect of porosity). The coefficients obtained were (with 95% confi- 

ence bounds) C = 0 . 417 ± 0 . 061 and m = 0 . 553 ± 0 . 037 . Therefore,

he resulting formula is: 

u = 0 . 417 Re 0 . 553 P r 1 / 3 . (14) 

Over the range of Reynolds numbers tested, this correlation is 

ower than Eq. (4) by 11% to 25%. Individual optimization results 

re scattered; however, they are bounded on the upper end by 

q. (4) , with no values exceeding it, and they are up to 30% lower

han that model. Despite the scatter, the narrow region of the 95% 

rediction interval suggests that additional tests would not sub- 

tantially change the best fit line. There is no clear systematic ef- 

ect of bulk density on the on the results, though the possibility for 

uch a dependence may be masked by relatively narrow range of 

onditions (porosity between 0.902 and 0.967) and the scatter in 

he results. Further, replacing the pine needles with the aluminum 

urrogate yields the same overall behavior. 
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Fig. 9. Example results from FDS using the optimized convection model of Eq. (14) . Results are shown for a flow of 1 ms −1 and a bulk density of (a) 20 kg m 

−3 , (b) 

40 kg m 

−3 and (c) 60 kg m 

−3 . Black lines represent the experimental data and red lines represent the simulation results. The measurement locations correspond to those 

shown in Fig. 3 . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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.3. CFD simulations 

Both the original model of Eq. (4) and the newly proposed 

odel of Eq. (14) were implemented in the CFD model. Simu- 

ations were run using the initial and upwind boundary condi- 

ions measured in two repeats of each of the experimental con- 

itions. Examples of the simulated gas-phase temperatures, ob- 

ained with Eq. (14) , are shown in comparison to the experimen- 

al data in Fig. 9 . Only the centerline ( y = 0 ) simulation temper-

tures are shown as the adiabatic assumption for walls results 

n effectively no variation in the spanwise direction. The aver- 

ge difference between the two sample points at a given stream- 

ise location in the CFD cases was < 1 ◦C. The simulated gas- 

hase temperatures show the same overall response as the ex- 

eriments and demonstrate that the correlation determined with 
9 
he simple 1D model can be effectively applied in the more 

omprehensive CFD simulations. The measured behavior is repro- 

uced over the range of bulk densities tested, though the fit 

ppears worse for 20 kg m 

−3 case than the two higher bulk 

ensities. 

Beyond demonstrating that the CFD model is capable of repli- 

ating the experiments, the effect of implementing Eq. (14) in favor 

f Eq. (4) can also be quantified. Eq. (13) was used to compute the 

MSE in gas-phase temperature gradients, the same as for the 1-D 

odel. Fig. 10 shows the relative difference in error when the op- 

imized convection model is used in favor of the default (where a 

egative value indicates a decrease in error). The optimized model 

educed the RMSE in 39 of the 42 considered cases, with a max- 

mum reduction of 36%. There was generally greater improvement 

or lower Reynolds numbers and for higher bulk density, with the 
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Fig. 10. Percent change in RMSE of temperature gradient (compared to the experi- 

mental data) when the optimized model of Eq. (14) is used in place of Eq. (4) with 

the CFD model, FDS. 

Fig. 11. Comparison of different possible models for convective heat transfer. The 

black dash-dot line is tube banks with staggered arrangement, while the red dash- 

dot line is for those with tubes aligned. The correlation from Mancin et al. [24] uses 

a porosity-dependent Reynolds number, so here we have scaled it by a mean value 

of 94% in order to compare directly. (For interpretation of the references to color in 

this figure legend, the reader is referred to the web version of this article.) 
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ases with slightly increased error occurring for the 20 kg m 

−3 fuel 

ed. 

. Discussion 

The results of the nickel wire study suggest that a single ele- 

ent in the fuel bed may experience convective heating of simi- 

ar magnitude to an isolated cylinder - assuming that single ele- 

ent is oriented perpendicular to the flow. Any change in needle 

rientation relative to the streamwise direction should modify the 

esponse from this idealized behavior, but this is difficult to inves- 

igate experimentally. As the orientation becomes more parallel to 

he flow, the heating will be affected by the surrounding tempera- 

ure gradient (decreasing downstream due to the heat sink of sur- 
10 
ounding elements) and even the potential for a solid-phase tem- 

erature gradient to establish along the length of the element. 

The approach of optimizing the 1-D model aims to capture an 

verage behavior of the fuel bed, rather than considering the de- 

ailed response of any one element. This is generally more appro- 

riate for the formulation of the multiphase model. The findings 

ndicate that the pine needle bed is overall less efficient at absorb- 

ng energy from the gas-phase in this scenario, when compared to 

n equivalent collection of parallel cylinders. 

The individual results of this method are scattered, as men- 

ioned in Section 5.2 , with a mean difference of 5% from the pro-

osed best fit. However, it is important to recall the that they do 

ot represent a direct measurement of the Nusselt number, but 

ather a best-guess based on model fitting. The approach also re- 

ies on limited point measurements in a bed which will have some 

nherent variability in local structure. If it were possible to moni- 

or the entire temperature field, experimental repeatability should 

mprove significantly. 

The results can be contextualized by considering other corre- 

ations for collections of cylinders or for packed beds. Some of 

hese are shown in Fig. 11 . Žukauskas [43] provided two corre- 

ations for tube banks over a similar range of Reynolds numbers 

10 to 100): one where they are in staggered rows and one where 

hey are aligned. The staggered arrangement is similar to a single 

ylinder, so the elements do not significantly influence one another 

t these Reynolds numbers, while the aligned arrangement does 

how some deviation and is a better match to the observed behav- 

or at higher Reynolds numbers. As with the single cylinder, cor- 

elations for tube banks are determined with all elements perpen- 

icular to the flow, so we cannot assume they would apply here. 

evertheless, an alternative correlation for tube banks was used to 

odel pine needle beds by El Houssami et al. [44] , with favorable 

esults. This correlation is the similar to the optimized model de- 

ermined here, over the range of conditions studied. 

In terms of correlations specifically developed for porous me- 

ia, Mancin et al. [24] studied metal foams with high porosities 

 > 90%), small element diameter ( d < 1 mm), and low Reynolds 

umbers (30 to 200). Their results are very similar to those de- 

ermined here (see Fig. 11 ). Other correlations have been proposed 

or similar foams, but it is not the aim here to compare to every 

ne. Rather this example demonstrates that behavior is not vastly 

ifferent from other materials with similar global properties and 

andom orientation of individual elements. 

Finally, the fact that the bed of aluminum wires produced sim- 

lar results indicates that the observed behavior was not domi- 

ated by thermo-physio-chemical behavior of the bed elements. 

hile the protocol aimed to avoid the effects of dehydration (by 

re-drying fuels) and pyrolysis (by limiting the exposure temper- 

tures), the use of aluminum insures that these behaviors are ab- 

ent. Further, the specific heat of aluminum has been well quan- 

ified, compared with pine needles. This suggests that the behav- 

or is a direct result of the bed geometry, likely due to the varied 

article orientation, as discussed previously. The similarity of the 

ptimized Nusselt number for the wires also suggests that the be- 

avior is not strongly dominated by the details of the surface char- 

cteristics or geometry individual elements. The effective diame- 

er ( 4 /σ ) was roughly consistent between the two particle types, 

ut the pine needles are not perfectly cylindrical and have differ- 

nt surface roughness. Nevertheless, it appears the response of the 

eds can be represented in the same way. 

.1. Implications for fire modeling 

The results of Section 5.3 demonstrate a positive impact of us- 

ng the optimized model in the CFD simulations with FDS. Interest- 

ngly, there does seem to be a greater improvement for the higher 
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ulk density beds than for those with lower bulk density. This is 

espite the fact that there is no such trend in the Nusselt num- 

er which minimizes the overall error (see Fig. 8 ). Thus, tuning 

he Nusselt number is less able to account for model error in the 

ower bulk densities. This may be linked to the fact that lower 

ulk density beds have less of a dominating effect of convection, 

hen compared to other potential influences (e.g., boundary ef- 

ects, small non-uniformities in flow and temperature). It was also 

ore more difficult to create globally homogenous fuel bed struc- 

ure when dealing with such high porosities. More work would be 

eeded to pinpoint the exact cause, however, and at this stage we 

an only suggest a single Nusselt number correlation, irrespective 

f bulk density. 

It is also difficult to quantify how significant such a change 

n the Nusselt number would translate to fire modeling scenar- 

os. Depending on the conditions, these can involve more com- 

lex flow dynamics, with rapid fluctuations [45] and heating 

ates potentially an order of magnitude greater [4,10] . As dis- 

ussed in the introduction, the role of convection is not the 

ame in all scenarios. Wind-driven fires will be influenced by 

onvective heating [4] , but radiation-dominated fires may also 

e affected by the magnitude of convective cooling [6] . Further 

omplication may also be introduced in quantifying the convec- 

ive heat transfer in cases where moisture vaporization and py- 

olysis lead to a blowing effect that modifies the boundary 

ayer [46] . 

Nevertheless, in a study of ignition and burning rate of pine 

eedle beds with similar properties to those discussed here, 

l Houssami et al. [44] found that a modification of the convective 

oefficient to a model similar to that proposed here was necessary 

o model the observed behavior. This demonstrates that the quan- 

ity has the potential to play a significant role. More such studies 

re required in order to investigate model sensitivity to the magni- 

ude of convective exchanges. However, this work provides an im- 

roved understanding of the range of possible values without rely- 

ng on previous correlations which have not been directly demon- 

trated to hold true for vegetative fuel beds. 

. Conclusions 

A better understanding of convective heat transfer in vegeta- 

ive fuels is required to advance models of wildland fire behav- 

or. To achieve this, we quantified the heating of pine needle lit- 

er beds under forced convection conditions, using a heated wind 

unnel. The response of an individual element was measured di- 

ectly, while the bed-average response was measured indirectly by 

onitoring the change in gas-phase temperatures and comparing 

o model results. These experiments led to the following observa- 

ions: 

• The heating response of an individual element, when oriented 

perpendicular to the flow, was not distinct from that which 

would be expected if it the surrounding bed were removed. 
• A newly proposed model bed-average heating response was 

lower than that predicted for a single element perpendicular 

to the flow by 11% to 25%. 
• Implementation of the new model in the CFD model (FDS), re- 

duced the error between the model and experiments by up to 

36%, when compared to the typical approach. 

This work represents a first step, as it was not possible to cover 

he wide range of fuel structure and flow conditions which may be 

elevant in wildland fires. Further, we simplified the problem by 

ocusing on heating in the absence of reactions, and the convective 

esponse of elements and beds may change as they pyrolyze and 

xidize, and gaseous exchanges modify the boundary layer. Nev- 

rtheless, we can begin to understand the degree of uncertainty 
11 
hich may be present in relevant model parameters, and we hope 

hat this new understanding and testing framework can continue 

o improve models of wildland fire behavior. 
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ppendix A. 1-D numerical solution 

For the numerical solution of the advection-diffusion equation, 

here are several key non-dimensional quantities, including the 

ourant number: 

r = 

u 
t 

ε
x 
, (A.1) 

nd the Peclet number: 

 e = 

u 
x 

εα
, (A.2) 

here α = k/ρc p and the ratio of the two is the Fourier number: 

 o = 

Cr 

P e 
= 

α
t 


x 2 
. (A.3) 

lso important are the convective time scales: 

 

∗
g = 

σβh c 
t 

ερg c p g 
, (A.4) 

 

∗
s = 

σβh c 
t 

ρb c p s 
, (A.5) 

hich have both gas-phase ( t ∗g ) and solid-phase ( t ∗s ) values. 

With these definitions, we can use the Crank–Nicolson method 

o write Eq. (7) in a discrete form, at location i and time step n : 

 

Cr − 2 F o ] T 
n +1 

g i +1 
+ 4 

[
1 + F o + t ∗g / 2 

]
T 

n +1 

g i 

− [ Cr + 2 F o ] T 
n +1 

g i −1 
−

[
2 t ∗g 

]
T 

n +1 

s i 
= [ 2 F o − Cr ] T 

n 

g i +1 

+ 4 

[
1 − F o − t ∗g / 2 

]
T 

n 

g i 
+ [ Cr + 2 F o ] T 

n 

g i −1 
+ 

[
2 t ∗g 

]
T 

n 

s i 
. (A.6) 

his formulation depends on the unknown solid phase tempera- 

ure T 
n +1 

s i 
, however, Eq. (8) can also be discretized following the 

rank–Nicolson method: 

 

n +1 

s i 
= 

[ 
t ∗s 

2 + t ∗

] (
T 

n +1 

g i 
+ T 

n 

g i 

)
+ 

[ 
2 − t ∗s 
2 + t ∗

] 
T 

n 

s i 
. (A.7) 
s s 
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hese can be combined to give the following: 

 

Cr − 2 F o ] T 
n +1 

g i +1 
+ 4 

[
1 + F o + 

t ∗g 
2 + t ∗s 

]
T 

n +1 

g i 

− [ Cr + 2 F o ] T 
n +1 

g i −1 
= [ 2 F o − Cr ] T 

n 

g i +1 

+ 4 

[
1 − F o − t ∗g 

2 + t ∗s 

]
T 

n 

g i 
+ [ Cr + 2 F o ] T 

n 

g i −1 
+ 

[
8 t ∗g 

2 + t ∗s 

]
T 

n 

s i 
. (A.8) 

ote that in regions of the domain where no solid phase is 

resent t ∗g = 0 , so no convective exchange occurs. When applying 

he boundary conditions specified in Eqs. (9) –(12) the linear sys- 

em of equations: 

 i T 
n +1 

g i +1 
+ T 

n +1 

g i 
B i + T 

n +1 

g i −1 
C i = D i i = 1 , . . . , N (A.9)

ith the coefficients A i , B i , C i , and D i obtained from Eq. (A.8) ,

an be written with a tridiagonal matrix which can be efficiently 

olved. 
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