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Abstract

This study develops the theory of risk-averse importance sampling and explains its potential application to forest inventory estimation through
the use of a heuristic simulation. When the risk-producing elements of the landscape are known, a risk-averse sampling strategy can be created
that results in fewer samples in high-risk areas. Our simulation shows that for certain high-risk populations, risk-averse importance sampling can
be highly effective at reducing both risk to field crew members (requiring only 10% of the plot visits in the riskiest category) and sample vari-
ance relative to simple random sampling. The method is shown to be especially helpful when a population of values of interest decreases with
increasing risk, with a reduction in mean square error (MSE) of 84% to 99% in these cases. The simulation also showed the opposite effect on
MSE can be expected when values of interest increase with increasing risk. By increasing field crew safety, risk-averse importance sampling
should also improve the frequency and accuracy of field observations, potentially leading to even bigger gains in estimate precision. We rec-
ommend risk-averse importance sampling any time hazardous conditions can result in a high number of missing observations and reasonably
accurate characterizations of landscape risks can be developed.

Study Implications: During the collection of forest inventory data, the safety of field personnel is always of primary importance, but never has
the safety of personnel been a component of the sample design. This study develops a risk-averse importance sampling strategy that provides
a low-risk probability sample of field observations in high-risk areas for interested practitioners. The low-risk probability sample can be created
when the risk-producing elements of the forested area are known and can be described in functional form. The method is shown to be espe-
cially helpful when a population of values of interest decrease with increasing risk. It is hypothesized that if a probability sample is defined that
will reduce the sample in the riskiest areas and increase safety in the field, both response rates and the accuracy of field measurements will
increase, and, in turn, will lead to a reduction in the variance of the final estimates. Risk-averse importance sampling is recommended any time
it is likely to lead to a higher level of safety and observational success.

Keywords: forestry, sampling, non-response, risk, estimation, modelling

The land area of interest in extensive forest inventories often
include sub-areas within which obtaining field samples by the
usual protocols can have a higher risk than normal. Usually,
these risks are known and obvious; however, they are rarely
accounted for in a probability sample design and sometimes
result in a field crew decision to not measure the sample plot.
Of course, missing observations are highly problematic in a
probability sample, which has led some investigators to the
conclusion that a non-probability sampling method known as
purposive sampling is more useful (Monga et al. 2022; Stringer
et al. 2015). Purposive sampling is exactly as it sounds: popu-
lation elements are selected for a sample “on purpose” because
they meet some set of desirable qualities. In the case of natural
resource inventories, those qualities would sometimes include
a component or set of components that would indicate that
a short travel distance or a low risk would be incurred while
making the observation (Trettin et al. 2021).

Purposive sampling is a way to gain insight for a popula-
tion when a probability sample cannot be obtained but its
drawbacks are serious enough to advise against using it when
a probability sample can be obtained. Naturally, when one
is purposely selecting population elements that meet certain
eligibility criteria, one is not sampling the portion of the pop-
ulation that does not meet the criteria. Therefore, unlike a
probability sample, estimators based on a purposive sample
cannot, in general, be shown to be unbiased for the popula-
tion of interest, although they may, in some cases, provide
unbiased estimates of identifiable subpopulations within
the population of interest. Also, as in Tang et al. (2017) and
Trettin et al. (2021), the use of ancillary data to inform a
stratified sample, in conjunction with a purposive sample,
can lead to reduced bias in the estimators. Given that pur-
posive sampling does not provide a mechanism for ensuring
the primary statistical goal of being able to generalize the
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results, we offer a probability sample design for high-risk
areas.

In this article, we recognize that all forest inventory efforts
contain some component of risk due to the physical demands of
traversing to plot locations and the potential for encountering
inaccessible terrain features and wild animals. We consider this
a base level of risk not requiring a special sample design. We
also note that some risk factors beyond the base level might
occur along a definable gradient. Recognizing those gradients
could assist us in defining a low-risk probability sample that
will allow us to obtain as close to a full set of observations in
high-risk areas as possible. Here, we describe an alternative or
auxiliary sample design for field plot locations that has a risk-
averse component in which the sample locations are selected
with a probability proportional to the size of a risk-aversion
function (7), which we will give an example of below. The
method has its roots in probability proportional to size (pps)
sampling (Cutkosky 1951; Hansen and Hurwitz 1949), and
importance (ppi) sampling (Gregoire et al. 1986; Kahn 1954).
It was Gregoire et al. (1986) that brought importance sampling
to the attention of the forest sampling community. Subsequent
work by those authors and a few colleagues helped to reinforce
the method and its application. For the interested reader, an un-
derstanding of the usual justification for importance sampling
as a variance-reduction technique and an inclination as to its
wider applicability can be gained by a reading of Gregoire et al.
(1986), on which the theory of this article is based. The major
difference between previous work and this study is that here
we simply seek an arguably less biased estimator in the pres-
ence of nonresponse while assuming that variance reduction
will also be achieved through an increase in observational suc-
cess. Our argument here is that by reducing the sample in the
riskiest areas, we will increase field safety, which in turn will
increase response rates and the accuracy of field measurements.
The overall effect will likely be a reduction in the variance of
the final estimates. We present our theory of risk aversion sam-
pling and provide a simple heuristic simulation to explore the
benefits and costs of application both with and without the
presence of nonresponse.

Theory of Risk-Aversion Sampling

Without loss of generality, we assume that we can construct
a well-defined map of probable higher-risk areas based on
identifiable ecosystem attributes, such as certain forest types,
proximity to coastal and riparian areas, and presence of un-
navigable terrain features, etc. By well-defined, we mean that
the map is segmented in its entirety and the areal segments have
boundaries that are absolute rather than fuzzy and are there-
fore mutually exclusive. Usually, we would create an “access
map” constituting a network of access areas, line segments
and points, such as roads, navigable waterways, and aircraft
landing or helicopter drop sites. The access map should ex-
ceed the boundaries of the areas of interest to the extent that
the closest access to all area within the inventory area can be
determined. We also assume that a risk function (7) can be
developed based on the joint distribution of the attributes of
the mapped areas and access map. We then define a proba-
bility of point selection that is proportional to a function (¥
) that is averse to that risk function. Although not evaluated
here, the risk aversion function, #, could also be influenced
by a combination of other factors, such as known crocodile
nesting sites, sudden elevation changes, forest blowdowns,
mining operations, ocean tides, etc. The key is to ensure that
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all area within the mapped population (or subpopulation) has
an assigned # > 0, a positive probability of inclusion. We then
select sample points with probability proportional to 7.

We need a probability density function based on a variate

d, f(d), such that

/Dm“fubadzl

Diin
f(d) > 0 for Dy < d < Dyax, and 0 otherwise,
where Dy,in and Dy,ax are the
minimum and maximum possible values for d, respective(IX)

A value (V) of interest can be integrated with respect to the
range of d:

Dimax
vz/ v(d) od

Doy (2)
Dunax 4, (d)
V= d) od.
L. @ 5

The sample design is risk-averse when f (d) = 7.
To facilitate the development, we also include the integra-
tion over the area of interest:

Ymax  f¥max Dmax
V:/ / / v(d) 9doxdy
Ymin Xmin Dmin (4)

To select a sample point, we consider two stages:

(1) Select the distance variate d (d =d ) with probability
density f(d) to identify possibly many areal regions in
the set § with attribute d_.

(2) Define a bounding box for set S, with the limits of x-axis
set at the minimum and maximum x values within § (x
and x,_, respectively), and the limits of the y axis set at
the minimum and maximum y values within S, (y, . and
¥, .- respectively). Then select a random point within the
bounding box and accept it if the point is also within S,
otherwise reject it. To select the random point within the
bounding box:

a. Select the x coordinate with uniform probability
density flx ) = 1/L_where L_equalsx__-x .

b. Select the y coordinate with uniform probability den-
sity f(y,) = 1/L where L equals y

mﬂx-ymin'
If i ranges from 1 to the number of random sample points (172)

and s, has attribute d, between D and D, then an unbi-
ased estimator of V'is

max>

o ~=v(di)
v=3" ?,-
= (5

V is a linear combination of random variables and therefore
an estimator for the variance of V is

var (V) = i var (%‘f’))_k

=

S5 (C0(9)

i=1 j=i+1

(6)
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Sampling High-Risk Coastal Mangrove Forests: a
Motivating Example

The inventory of mangrove forests, which grow in small
patches along the coastline of the southern United States
and Caribbean islands, has associated with it a special set of
well-defined risks, so we use them as starting point for our
discussion of how to practically implement a risk-aversion
importance sample. We give an example of a risk-aversion
function in the context of estimation of attributes within man-
grove forest types. To start, we assume that risk is related to
mangrove community type and access distance. Within each
mangrove type (or community type), there is a risk assumed
to be a constant, in other words, saltwater mangroves have
a higher probability of the presence of crocodiles, which are
more aggressive than the alligators found more commonly in
freshwater mangroves. We further assume that this additional
risk will be addressed by additional precautions and pos-
sibly by adjustments to sample size and allowable sampling
error. This simplification allows us to temporarily ignore this
community-specific risk by sampling within each community
type. Assume that we have merged a mangrove community
type map with a map of access points including roads, boat
landings, and navigable waterways. For each point (s ) within
the areas of interest, there is a distance d(s)) in meters to the
nearest point of access as determined by an overlay of these
two maps. The maximum distance considered in community
type C is defined as

D¢ = max (d (Si)) , Si D C (7)
We would define the proportional risk in mangrove com-
munity type C at point s, as

Tc(S,’) :d(S,‘)/DC (8)

We define a risk aversion function that is equal to one minus
the proportional risk; therefore, the value of this function at
point 7 is

;C (S,‘) =1- rc (S,‘) (9)

Although the population is one of an infinite set of points,
we could use a finite approximation of the population to de-
termine the sample locations by using a dense grid approx-
imation. For simplicity, we discuss this discrete approach
here, in which we overlay the merged map with a dense sys-
tematic grid using a random starting point for the grid. By
dense grid, we mean one in which the number of candidate
points is much larger than the desired sample size (say on
the order of 1,000 times larger). One might use the pixel
centers of a raster map for this purpose. For each grid point
(s,) within the areas of interest, we calculate the distance d(s))
in meters to the nearest point of access as determined by the
access map.

We would then use equations 6 through 8 to obtain #¢ (s;)
for each point, resulting in empirical distributions for d(s)
and #c¢ (s;) for each community type. Risk aversion requires
that we randomly select, with replacement, specific points
with probability proportional to #c (s;). This strategy ensures
that the sample plot locations would be weighted toward the
relative safety of the access network. In this example, from a
practical perspective, field crew professionals would know of
the rare instances when a sample location is a significant dis-
tance from an access point and would have the opportunity

(and support) to take additional precautions while measuring
the riskiest plots.

A Heuristic Simulation

We devised a simple heuristic simulation to demonstrate the
advantages and potential pitfalls of enacting a risk-averse
sampling design. We first constructed twelve populations that
are intended to demonstrate the extremes of potential results
from implementing a risk-averse design.

Populations

To construct the twelve populations, we first defined three
value sets with ten thousand units each.

The sum of values in each value set is five thousand,
whereas the sets differ in the structural diversity of the values.
Value set 1 has ten thousand unique values. Value set 2 has
two hundred copies of each of fifty unique values, grouped
into five subsets with ten unique values per subset. Value set
3 also has two hundred copies of fifty unique values grouped
into two subsets with twenty-five unique values per subset. A
more detailed description of the value sets is given in the ap-
pendix. The sum of values in each value set is five thousand.
The means and variances for the three value sets are given in
Table 1. These statistics are constant for all four populations
created from each value set.

We then created four populations from each value set. One
population from each value set is the value set itself, with
no association to a distance pattern, and three additional
populations which are created by joining each value set with
each of three distance patterns. Distance pattern 1 is ran-
domly dispersed. Distance pattern 2 is increasing whereas
distance pattern 3 is decreasing. This resulted in three unor-
dered populations and nine distance-dependent populations.
Three risk aversion distributions (RA1, RA2, and RA3) were
derived, one from each distance pattern by subtracting each
distance from 1. The specific details of the distance patterns
and their complementary risk aversion distributions are given
in the appendix.

Again, combining each value set with each of the dis-
tance patterns creates nine distance-dependent populations.
Because the order of units in each value set is nondescending,
a combination of any value set with distance pattern 1
creates a random population in one-dimensional space, the
same dimension as distance. A combination of any value
set with distance pattern 2 creates a population with values
that are either increasing or nondecreasing with increasing
distance, and a combination with distance pattern 3 creates
a population that is either decreasing or nonincreasing
with increasing distance. To help the reader visualize these
populations, each of these nine populations is categorized
into value and distance categories, formed using the algo-
rithm: xc = ((round up(x % 10))/10). The percent of the
population in each combination of value and distance cate-
gory is given in Table 2.

Table 1. The means and variances for the three value sets of 10,000
units each.

Value set 1 Value set 2 Value set 3
Mean 0.5000 0.5000 0.5000
Variance 0.08334 0.10684 0.14584
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Table 4. RRMSE ((sqrt(MSE))/T), and RBIAS (Bias/T) in parentheses, for random sampling of each unordered value set in the first column and
importance sampling of the distance-dependent populations in the remaining columns, for estimators of the total (T = 5000), after 10,000 iterations of

samples of size 300.

Value set Random sample Distance pattern 1 Distance pattern 2 Distance pattern 3

1 0.0334 (-0.0001) 0.1151 (-0.0020) 0.6984 (0.0056) 0.0000 (0.0000)
0.0378 (-0.0001) 0.1207 (-0.0020) 0.6963 (0.0056) 0.0078 (0.0000)

3 0.0445 (-0.0002) 0.1306 (-0.0020) 0.6971 (0.0057) 0.0178 (-0.0004)

Table 5. RRMSE ((sqrt(MSE))/T), and RBIAS (Bias/T) in parentheses, for the SRS estimators of the total (T = 5000) for each of the nine populations
under the distance-dependent (threshold of .7) missing-value scenario after ten thousand iterations.

Value set Distance pattern 1 Distance pattern 2 Distance pattern 3

1 0.0400 (0.0001) 0.3011 (-0.2298) 0.3011 (0.2298)
0.0454 (0.0001) 0.3370 (-0.3355) 0.3372 (0.3356)

3 0.0532 (0.0017) 0.3667 (-0.3641) 0.3666 (0.3641)

Table 6. RRMSE ((sqrt(MSE))/T), and RBIAS (Bias/T) in parentheses, for the risk-averse sample estimators of the total (7 = 5000) for each of the twelve

missing-value scenarios after 10,000 iterations. MAR, missing at random.

Value set 30% MAR Distance pattern 1 Distance pattern 2 Distance pattern 3
0.0399 (-0.0002) 0.2412 (-0.2390) 0.4628 (-0.4617) 0.0000 (0.0000)
0.0452 (-0.0002) 0.2417 (-0.2390) 0.4904 (-0.4891) 0.0078 (0.0274)

3 0.0530 (-0.0003) 0.2412 (-0.2377) 0.5129 (-0.5109) 0.0178 (0.0491)

Sampling Simulation

We drew ten thousand random samples of size three hundred
for each of the twelve populations, one random sample for
each value set population and one risk-aversion importance
sample as described above for each of the nine value set-
distance pattern populations. Table 3 gives the relative impor-
tance sampling sizes in percent by value category and distance
for each population, after the first one thousand samples.
Finally, we show the results obtained first in the absence
of nonresponse, and then in the presence of risk-influenced
nonresponse.

Results

We calculated the simulation MSEs and empirical bias for
the estimated total (T) for each scenario after the ten thou-
sand sampling iterations. Because ten thousand estimates are
obtained in each scenario (S) for each population total of
T = 5000,

19 (T, — 5000)°

MSEg =
SEs 10000 > and (10)
10000 (7
Biass = it (Ts: — 5000)
10000 (11)

The relative root MSE (RRMSE = (sqrt(MSE))/T) and relative
bias (RBIAS = Bias/T) for each scenario, after the ten thou-
sand sampling iterations, assuming that there are no missing
values, are given in Table 4. To put the statistics on the same
scale without losing the direction of bias and to make the ta-
bles directly comparable, we report RRMSE and RBIAS.

Next, we simulated the effects of missing observations for
the nine distance-dependent populations assuming that any
unit with an assigned distance (or risk) greater than 0.70 was
not observed and simple random sampling (SRS) and the cor-
responding SRS estimators were used. RRMSE and RBIAS for
each of these missing value scenarios are given in Tables 5.

To demonstrate the effects of nonrandom missing values
on the importance sampling estimator, we present the results
of one final simulation in Tables 6. In the first column of the
table, we show the results for the three random samples of
value sets 1 through 3, after a random reduction of 30% of the
observations, that is ninety of the three hundred observations
were missing at random. For the remaining nine populations,
we assumed that any unit with an assigned distance (or risk)
greater than 0.70 was not observed in the importance sam-
pling simulation described above. The RRMSE and RBIAS
for each of these missing value scenarios are given in Table 6.

Discussion

A comparison of Tables 2 and 3 demonstrates what can
be expected in terms of sample outcome from the applica-
tion of a risk-averse importance sample. Table 3 shows, for
the nine distance-dependent populations after the first one
thousand iterations, the empirical distributions (in percent)
of the sample by value and distance categories. In all nine
sub-tables in Table 3, the sample is heavily weighted toward
shorter distances (or greater risk aversion), as opposed to the
population distributions shown in Table 2, as designed. In
Table 3, the upper-left sub-table shows the relatively even as-
signment of value category to each distance category, as we
would expect from a random allocation of values through
the range of distances. The top row, center sub-table in Table
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3 shows a value category increasing with distance category
(or decreasing with increasing risk aversion.) Finally, the
upper-right sub-table shows a value category decreasing with
increasing distance category (or decreasing with decreasing
risk-aversion). The next two rows of sub-tables show the same
effects, for the distance-dependent populations created from
value sets 2 and 3, respectively. As we mentioned earlier, these
populations were contrived for discussion purposes, not as
representative of any sample of a known population of values.
We would expect to see reasonable results from the samples
shown in the left-hand column of sub-tables, extremely
poor results from the samples shown in the center column
of sub-tables, and extremely good results from the samples
shown in the right-hand column of sub-tables. Additionally, if
nonresponse increases with risk (or distance according to our
model), we would expect an effective sample size—-induced re-
duction of variance for the population estimates represented
by the three sub-tables in the left-hand column, a large bias
in the estimates from samples of populations represented by
the center column of sub-tables, as high values are dispropor-
tionately lost from the sample, and very little bias from the
samples of populations represented by the right-hand column.
These expectations are borne out by the results presented in
Tables 4 through 6.

The advantage of a high correlation between the impor-
tance sampling variate and a value of interest to the im-
portance sampling estimator, when no values are missing,
is evidenced by comparing the first column in Table 4 with
the corresponding cells in the final column of that table. It
bears some mention that a result of zero for either RBIAS or
RRMSE is highly unlikely in practice but does occur in these
tables due to rounding to four decimal places.

The disadvantage of a negative correlation is seen in Table
4 when comparing the results for distance pattern 2 with the
results for the random sample and the other two distance
patterns. Clearly, this column shows that risk-averse impor-
tance sampling is ill-advised for variables with values that
increase with risk.

Table 5 shows the danger in making a missing at random
assumption for simple random sampling, when values are
not missing at random, in the results for distance patterns 2
and 3 compared with the results for distance pattern 1. For
distance pattern 1, the RBIAS in Table 5 is extremely small.
Additionally, the comparison of column 1 in Table 5 with the
corresponding cells in column 1 of Table 4 clearly shows the
effect of missing values when missing values occur at random,
because distance is randomized in distance pattern 1. That
effect being mostly an increase in variance, due to fewer
observations being made.

Comparing the final column of Table 4 with the corre-
sponding cells in Table 5 shows a large advantage to the im-
portance sampling approach when the value of interest is
highly correlated with risk aversion (or inversely correlated
with distance). The opposite is true for distance pattern 2.

Again, in the final column of Table 6, as in the final column
of Table 4, we see the advantage of a high correlation between
the importance sampling variate and a value of interest to the
importance sampling estimator as evidenced by comparing
that column with the corresponding cells in the first column.
The disadvantage of a negative correlation is also seen in
Table 6 when comparing the results for distance pattern 2
with the results in the first column for the missing at random
sample.

Conclusions

We have developed the theory of risk-averse importance sam-
pling and explained its application through the use of a heu-
ristic simulation. The simulation has shown that risk-averse
importance sampling can be highly effective and variance re-
ducing when judiciously used in high-risk areas. The method
is especially helpful when a population of values of interest
decrease with increasing risk. It has also shown that it can be
variance increasing when used for populations of values that
increase with risk. These properties of importance sampling
are known to be true for any proxy function used as a sample
selection mechanism in importance sampling.

The results in this article are based on comparison of
known levels of sampling success. The major justification for
this work lies in the argument that if we define a probability
sample that will reduce the sample in the riskiest areas and
increase safety in the field, we will increase response rates
and the accuracy of the field measurements, which, in turn
will lead to a reduction in the variance of the final estimates.
Although risk-averse importance sampling will always re-
duce the risk of sample observation and is recommended
any time it is likely to lead to a higher level of observa-
tional success, only application in specific situations will
determine whether it actually does lead to higher response
rates. Further research will be needed to determine whether
risk-averse importance sampling can be used to improve
estimation of characteristics in specific high-risk forested
environments, such as on steep slopes, in storm-damaged
areas, and in coastal mangroves.
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Appendix: Constructing the Populations

To construct the twelve populations, we first defined three
sets of values with ten thousand units in each value set. In
each of the three value sets, the units are assigned values as
described below. The sum of values in each value set is 5000,
while the sets differ in the structural diversity of the values.
The value sets are defined as:

Value set 1: Ten thousand unique values ranging from (and
uniformly dispersed over) 0.00005 to 0.99995. The first
value is.00005 and each successive value is incremented
by.0001.

Value set 2: Five subsets in clusters of two hundred for
each of fifty unique values, with ten unique values per
subset. The subsets are defined as:
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Subset 2a: The first of ten unique values is 0.005 and
each successive unique value is incremented by 0.01.
Subset 2b: The next of ten unique values is 0.205 and
each successive unique value is incremented by.01.
Subset 2c: The next of ten unique values is 0.455 and
each successive unique value is incremented by 0.01.
Subset 2d: The next of ten unique values is 0.705 and
each successive unique value is incremented by 0.01.
Subset 2e: The next of ten unique values is 0.905 and
each successive unique value is incremented by 0.01.

Value set 3: Two subsets in clusters of two hundred for
each of fifty unique values, with twenty-five unique val-
ues per subset. The subsets are defined as:

Subset 3a: The first of the twenty-five unique val-
ues is 0.005 and each successive unique value is
incremented by 0.01.

Subset 3b: The first of the next twenty-five unique val-
ues is 0.755 and each successive unique value is
incremented by 0.01.

Next, we defined three distance patterns, each consisting of
a vector of length 10,000. distance patterns 1 through 3 were
defined as:

Distance pattern 1 (D1): The distance assigned to each unit
is a random draw from a uniform (0, 0.9999) distribu-
tion, creating a randomly dispersed population in the
one-dimensional space of distance.

Distance pattern 2 (D2): Ten thousand unique distances
ranging from 0.00005 to 0.99995. The first distance is
0.00005 and each successive distance is incremented by
0.0001.

Distance pattern 3 (D3): Ten thousand unique distances
ranging from 0.99995 to 0.00005. The first distance
i5.99995 and each successive distance is decremented
by 0.0001.

We then created four populations from each value set. One
population from each value set is the value set itself, with
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no association to a distance pattern, and three additional
populations are created by joining the value set with each of
three distance patterns. That is, we applied each of these three
distance patterns to each of the three value sets to create nine
distance-dependent populations.

Three risk aversion patterns are derived, one from each
distance pattern (or vector). Each distance vector of length
10,000 is subtracted from a vector (1) of 10,000 ones, such
that

RA1=1-D1,RA2 = 1-D2, and RA3 = 1-D3.
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