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In airborne laser scanning (ALS)-based forest inventories, there is commonly a discrepancy between the plot
shape used for model fitting (typically circular) and the shape of population elements (typically square) where
predictions are needed. Circular plots are easy to establish, locate and have the smallest number of edge trees on
average. Therefore, a circle is the most common plot shape in both traditional and remote sensing-based forest
inventories. In contrast, the shape of population elements used for remote sensing-based predictions is nearly
always a square because it enables division of the target population into a grid of non-overlapping plots. In this
study, we investigate shape effects for ALS-based forest inventories using circular and square plot shapes. This
has not been examined earlier. Aboveground biomass was used as the response variable. The sampling design
was created in a way that the probability of selection for any location inside a stem-mapped 30 m × 30 m plot
was the same for the circular (radius 7.95 m) and square (side length 14.09 m) plot. This configuration enabled us
to compare circular and square plots with the same areas and identical sampling probabilities for every tree in the
population. Our primary finding is that for equal area square and circular plots, there is no evidence of systematic
prediction error when a model fitted to one shape is used to predict for the other shape. Our secondary finding
is that root mean square error (RMSE) value is slightly underestimated (1.2 per cent) when a model fitted to
circular plots is used to predict for square plots. A small underestimation of RMSE due to plot shape effect has
hardly practical significance in stand-level forest management inventories, but the plot shape effect may be
problematic in large area forest surveys.

Introduction
A circular sample plot shape is commonly used in forest inven-
tories. It has several advantages as it is easy to establish, can
be readily used to determine whether a tree is inside the plot or
not and contains less edge trees than other plots shapes with
the same area (Kangas and Maltamo, 2006). In remote sensing
applications, the advantage of a circular plot is that only the
centre point needs to be located (Schreuder et al., 1993), which
makes plot positioning rapid and straightforward to implement
without, for example, the need to verify right-angled corners.
In remote sensing inventories, the shape of the plots used to
fit a model (typically circular) often differs from the shape of
population elements used for prediction or estimation where the
inventory area is typically divided into parts without gaps (i.e.
tessellated) using a grid of square plots that cover the entire pop-
ulation. This approach is also used with an area-based approach
(ABA) to forest inventories when utilizing airborne laser scanning
(ALS) data (Næsset, 2002).

Several plot characteristics that affect the performance of
ABA have been studied, such as the sample plot size (Gobakken
and Næsset, 2008; Frazer et al., 2011), the accuracy of variable
radius plots versus fixed area plots (Maltamo et al., 2007; Deo
et al., 2016), the use of subplot configuration, such as the Forest
Inventory and Analysis plot design of the USDA Forest Service
(Andersen et al., 2011; Gopalakrishnan et al., 2015) and the use
of different plot sizes in fitting and prediction (Zhao et al., 2009;
Packalen et al., 2019). In general, the prediction error decreases
with larger plot sizes due to spatial averaging of errors (Goetz
and Dubayah, 2011; Fassnacht et al. 2018; Packalen et al., 2019).
Many studies have shown that sample plots must be positioned
accurately (Mauro et al., 2011; Fadili et al., 2019) and that terrain
slope has a minimal effect on root mean square error (RMSE) val-
ues (Breidenbach et al., 2008; Ørka et al., 2018). Studies have also
explored how many sample plots are needed in an ABA inventory
(Strunk et al., 2012; Junttila et al., 2013), the effect of plot
selection strategy (Ruotsalainen et al., 2019; Nilsson et al., 2017)
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and how best to use existing ALS data in plot selection (Hawbaker
et al., 2009; Gobakken et al., 2013).

In remote sensing-based forest inventories, trees located near
to the plot edges strongly contribute to prediction errors due to
differences between what is measured by remote sensing and
how we define a tree that falls within a sample plot (Packalen
et al., 2015; Knapp et al., 2021). An established practice is to
designate a tree as falling within a sample plot if the centre
of the trunk is located inside the plot. However, this causes
inconsistency in two ways: (1) a trunk falls inside a plot, but some
portion of the crown observed by remote sensing falls outside the
plot, or (2) a remotely sensed tree crown falls partially within the
plot, yet the trunk is located outside the plot. The ratio of edge to
interior trees, and hence edge errors, is affected by the plot size
and shape, and by tree crown size. The smaller the plot compared
with the tree crowns, the larger the proportion of trees found on
the plot edge. Since a circular plot has the smallest perimeter
area ratio of any two-dimensional plot shape, it will also have
the fewest errors resulting from edge trees. For example, for plots
with the same area, the length of the perimeter in a square plot
is 2/

√
π ≈ 1.13 times longer than the perimeter of a circular plot.

In the prediction phase, square-shaped population elements
have an advantage in that they can be placed next to each
other to ensure that there are no gaps between the units. This
arrangement is a straightforward and, seemingly optimal, way
of tessellating the population. However, if a model is fitted with
circular plots and the prediction is carried out with square-shaped
population elements (plots), then there is clearly a mismatch in
plot characteristics between the fitting and prediction processes.
In this paper, we ask whether the shape mismatch for circular
and square plots of the same area really matters and has practi-
cal implications.

Hence, our aim is to reveal possible issues that arise from using
square or circular plots to relate ABA metrics and forest attributes,
and then predict for the alternate plot shape. The corresponding
specific research questions are:

1) Do the parameter estimates for models of the same form
differ when fitted with circular and square plots of the same
area?

2) How do RMSE and mean difference (MD) values vary when
predicting for the same and different plot shapes?

3) Does an increase in the expected number of edge trees
on square plots explain the larger RMSE values relative to
circular plots?

We used empirical methods to gain insights into research
questions by comparing prediction performances for different
combinations of fitting and prediction shapes (square and circu-
lar) with the same plot area.

Materials
Study area
The study was implemented in a boreal forest area located in
eastern Finland (62◦31′N, 29◦123′E). The size of the study area is
about 40 000 ha. The main tree species in the region are Norway
spruce (Picea abies [L.] Karst.) and Scots pine (Pinus sylvestris
L.). Broadleaved tree species are in a minority. Most common
broadleaved species are downy birch (Betula pubescens Ehrh),

Table 1 Mean, standard deviation (SD), minimum and maximum AGB at
the tree-level and the 30 m × 30 m plot-level

Mean SD Min Max

Tree AGB (kg) 101.7 133.5 3.2 1262.8
Plot AGB (Mg·ha−1) 110.6 45.4 38.3 254.1

silver birch (Betula pendula Roth) and European aspen (Populus
tremula L.). Nearly all stands contain trees of several tree species.

Field data
We used field measurements from 110 square sample plots
(30 m × 30 m) distributed over the study area. Plot locations were
selected to ensure an appropriate representation of the main tree
species and development classes in the area. Two or more plots
were never placed in the same stand. Seedling and sapling stands
(mean height < 7 m) were excluded for reasons not related to this
study. Field measurements were conducted in summer 2017. A
more detailed description of the sampling design can be found in
Kotivuori et al. (2021).

We measured diameter at breast height, height, position and
species for all trees with a diameter ≥ 5 cm. Tree positions were
determined with the help of ALS data collected before field
measurements. First, we detected clearly visible treetops from
the ALS-based canopy height model (CHM) using the principle
of local maxima. Most locations of CHM treetops were also used
as tree locations. Locations of trees not detected or erroneously
positioned according to CHM were determined using the protocol
described by Korpela et al. (2007). This tree positioning pro-
cedure uses CHM-derived tree locations as reference locations,
and missing tree locations were determined using the distances
and azimuths to the nearest reference locations. Aboveground
biomass (AGB) of the individual trees was predicted as a function
of diameter at breast height and tree height by tree species using
the models presented in Repola (2008) and Repola (2009). Plot
level AGB per hectare (Mg·ha−1) for a single plot was predicted as
the sum of area-expanded tree biomass in the plot. A summary of
AGB at tree- and plot-levels is provided in Table 1. The proportions
of tree species with respect to AGB were 43 per cent, 37 per cent
and 20 per cent for spruce, pine and deciduous trees, respectively.

ALS data
ALS data were collected using an Optech Titan instrument on
2–10 July 2016. Optech Titan is a multispectral airborne LiDAR
system that provides measurements from three different wave-
lengths, although only the 1064 nm channel was used in this
study. The data were collected using a fixed wing aircraft oper-
ating at 850 m above ground level. The half angle was 20◦,
which resulted in a 650 m nominal swath width on the ground.
The lateral overlap between flight lines was 55 per cent, which
means that each location was visible from at least two flight lines.
Pulse repetition frequency was set to 250 kHz. This configuration
resulted in an average pulse density of 14 pulses m−2.

Terrain level was estimated by initially classifying points
as ground and non-ground hits by the method described in
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Axelsson (2000). A raster terrain model of 0.5 m resolution was
then interpolated by Delaunay triangulation (Okabe et al. 1992).
Echo heights were scaled to aboveground level by subtracting
terrain model from the corresponding location. Hereafter, we
refer to aboveground height as echo height. ALS data processing
routines were implemented using in-house C/C++ programs.

Methods
Comparison of circular and square plots
Our analysis is based on simulations composed of randomly
located square and circular plots placed entirely within the
corner-modified 30 m × 30 m plots. Since we have tree positions
for all trees in the 30 m × 30 m plots, we can identify the trees
that fall within each simulated plot. The plot sampling design
was created in such a way that the probability of selection for
any location inside the corner-modified 30 m × 30 m plot is
the same for circular and square plots, although the probability
of selection varies within the corner-modified 30 m × 30 m
plot. This is explained in detail in the section ‘Probability of
selection’. To obtain equal probabilities of selection, the radius
of the circular plot was 7.95 m and the side length of the square
plot was 14.09 m, yielding equal plot areas of 198.56 m2. This
configuration enables us to compare the circular and square plots
with the same areas and the identical sampling probabilities for
every tree in the population. The main steps in our comparison
were as follows:

1. One circular plot location and one square plot location were
randomly placed within each corner-modified 30 m × 30 m
plot (Figure 1), such that a plot was entirely located inside
the corner-modified 30 m × 30 m plot.

2. Plot AGB and ALS metrics were computed for square and
circular plots using the known tree locations and plot
boundaries for simulated plot locations.

3. Separate regression models were fitted to circular plots
(n = 110) and square plots (n = 110). Plot AGB was the
response variable and ALS metrics were predictor variables.

4. New circular (n = 110) and square plots (n = 110) were
established as explained in step 1, and plot AGB and ALS
metrics were computed as outlined in step 2.

5. Both models fitted in step 3 were used to predict plot AGB
for the new circular and square plots outlined in step 4.

6. RMSE and MD values were computed for the predictions
made in step 5.

7. Steps 1–6 were repeated 100 000 times.

We studied the differences in the fitted models and variables
between the circular and square plots (from step 3). For each of
the 100 000 replicates, we calculated the RMSE and MD values
between the predicted (from step 5) and actual values (from step
4) when predicted for the same plot type and across plot types,
and investigated the resulting distributions. Finally, we analysed
the effect of edge trees by plot type. Analyses were implemented
in the R environment (R Development Core Team, 2011).

Probability of selection
We denote a 30 m × 30 m plot by W = [

xmin, xmax
] × [

ymin, ymax
]

, where xmin and ymin define the lower left corner of the plot,

Figure 1 Region W of size 30 m × 30 m with horizontal black lines
that designate areas (W\WCr) outside the sample frame. The dashed
red square designates the region WCr

u in which centre u of the circular
sample plot is placed randomly, and the dashed blue circle designates the
corresponding region WSq

u for the square sample plot. The blue square and
red circle are example plot placements with their centre points x1 and x2
falling on the borders of WCr

u and WSq
u , respectively, although plot centres

may fall anywhere in the respective regions WCr
u and WSq

u .

and we let xcenter stand for the centre location of W. We use
the notation

∣∣· ∣∣ for the area of any region: for example, plot W
has area

∣∣W∣∣ = 900 m2. Furthermore, we use the notation
Cr

(
u, R

)
for the circular plot with centre u and radius R > 0,

and Sq
(
u, L

)
for the square plot with centre u, side length L and

sides parallel to the corresponding sides of W. The areas of the
plots are

∣∣Cr
(
u, R

)∣∣ = πR2 and |Sq
(
u, L

)|= L2, respectively, for
any u. We chose R = 7.95 m and L = √

πR ≈ 14.09 m, such
that the areas of the square and the circular plots were equal
(∼198.56 m2).

We define WCr as the sub-region of W that can be sampled
by a circular plot Cr

(
u, R

)
that falls entirely within W (Figure 1).

Its complement, W\WCr, i.e. the sub-region of W that cannot be
sampled by the circular plot (Figure 1) has an area

∣∣W\WCr
∣∣ =

R2(4 − π
)
. Consequently, WCr has an area

∣∣WCr
∣∣ =| W | −∣∣W\WCr

∣∣
≈ 845.75. We can show that when we restrict square plots

Sq
(
u,

√
πR

)
from falling within the corners W\WCr (to match

the extent of the circular plot), the probability to be included in
a uniformly randomly placed circular or square sample plot is
identical for any location x in WCr, although the probability is non-
constant in WCr. In Figure 1, the regions WCr

u (red dashed square)
and WSq

u (blue dashed circle) denote the regions where the centre
u of the circular and square plots must lie. The region WCr

u is
defined by

WCr
u = {u : Cr (u, R) ∈ W}

= [xmin + R, xmax − R] × [ymin + R, ymax − R] . (1)
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Figure 2 Illustration of the equality of the probabilities that a location x ∈ WCr is selected by a circular (on the left) or square plot (on the right) when
R = 7.95 m and the centre location u of the plot is selected randomly in WCr

u (dashed red square) or WSq
u (dashed blue circle), respectively. The colored

regions, a1 and a2, represent the regions where u needs to lie so that x is included in the sample plot. The probabilities of selection for x are simply
| a1|/|WCr

u and | a2|/|WSq
u | for the circular and square plots, respectively; because

∣∣a1
∣∣ =|a2| and |WCr

u
∣∣ = ∣∣WSq

u | (see text for details), the probabilities
are also equal. The location xcenter is the centre of W, i.e. it is also the centre of WCr

u and WSq
u .

For our choice of R and L, WSq
u takes a circular form, as shown

in Figure 1. The probability that any location x in WCr is included in
a circular plot Cr (u, R) whose centre u is randomly placed in WCr

u is
simply the proportion of the area in WCr

u from which it is possible
to sample x. This is the proportion of the area of the red square
that is shaded red in Figure 2, or more formally, given that u is
uniformly randomly sampled from WCr

u ,

πCr (x) = P (x ∈ Cr (u, R)) = P
(
u ∈ Cr (x, R) ∩ WCr

u
)

= | Cr (x, R) ∩ WCr
u |

| WCr
u | (2)

where ∩ denotes the intersection. Similarly, for a square plot, the
probability of selection is the proportion of the area in WSq

u that
also falls in the square centred on x

πSq (x) = P
(
x ∈ Sq

(
u,

√
πR

)) = P
(
u ∈ Sq

(
x,

√
πR

) ∩ WSq
u

)

=
∣∣∣Sq

(
x,

√
πR

) ∩ WSq
u

∣∣∣∣∣∣WSq
u

∣∣∣ . (3)

In fact, for the 30 m × 30 m plot and R = 30
2+√

π
≈ 7.95 m, WCr

u =
Sq

(
xcenter,

√
πR

)
, because for this R it holds that

√
πR + 2R = 30.

Likewise, WSq
u equals Cr (xcenter, R) for this R. Therefore,

πCr (x) = | Cr (x, R) ∩ Sq
(
xcenter,

√
πR

) |
| Sq

(
xcenter,

√
πR

) | and

πSq (x) = | Sq
(
x,

√
πR

) ∩ Cr (xcenter, R) |
| Cr (xcenter, R) | . (4)

Since |Sq
(
xcenter,

√
πR

) | = | Cr
(
xcenter, R

)| and
∣∣Cr

(
x, R

) ∩
Sq

(
xcenter,

√
πR

)∣∣ = ∣∣Cr
(
xcenter, R

) ∩ Sq
(
x,

√
πR

)∣∣ it holds that
πCr(x

) = πSq(x
)

for all x in WCr, i.e. the probability of selection
for any point x in WCr is identical for circular and square plots.
The map of probabilities is shown in Figure A.1. However, these
probabilities are not used in the modelling or in the RMSE or MD
computations in this study.

ALS metrics
The Optech Titan ALS instrument can record up to four echoes
per pulse. Here, we used a combined set of echoes from echo
categories ‘first of many’ and ‘only’, which we call ‘first echoes’.
Metrics included traditional ABA height percentiles and cover
variables (Næsset, 2002; Packalen et al., 2019). Ultimately, we
used two metrics in modelling: height percentile of 80 (h80) and
vegetation cover >2 m (d2). Height percentile was computed as
proposed by Hyndman and Fan (1996) using all ‘first echoes’.
Cover metric d2 was computed as the ratio of the number of ‘first
echoes’ > 2 m divided by the total number of ‘first echoes’. The
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ALS metrics were computed in the same way in the square and
circular plots.

Model
Plot-level AGB was modelled using ALS metrics. We chose AGB
because it is a common attribute in different types of forest
inventories and is strongly correlated with the carbon stock. We
selected predictor variables and the model form such that the
model was relatively simple but also fitted the data well. The
model form was as follows

√
AGB = β0 + β1d2 + β2h80 + ε (5)

where β0, β1 and β2 are coefficients to be estimated from the
data, d2 and h80 are the ALS metrics and ε is the residual error.
The model was fitted with the least squares method (Chambers,
1992). Because of the square root transformation of the response
variable, the back-transformed value was corrected for bias (Gre-
goire et al., 2008)

ˆAGB =
( ˆ√

AGB
)2

+ σ̂ε
2 (6)

where σ̂ε is the estimated residual standard deviation of the fitted
model.

AGB on the plot edge
An edge tree is a tree whose crown intersects the plot border. Let
us consider the area of the border region for a tree with a circular
crown with diameter u and radius u/2 (Figure 3). The length of the
perimeter of a circular plot is 2πR, and the length of the perimeter
of a square plot is 4L = 4

√
πR, where R is the radius of a circular

plot and L is the side length of a square plot. The crown of the tree
intersects the border of a sample plot when its centre point lies
within distance u/2 from the border line. The ratio of the border
areas of the square and circle plots is then:

(L + u)
2 − 4

( u
2

)2 (
1 − π

4

) − (L − u)
2

π
(
R + u

2

)2 − π
(
R − u

2

)2 = 2√
π

− 1 − π

4

2πR
u (7)

Assuming equal areas of the square and circular plots, equa-
tion (7) shows that the ratio of the border areas is not constant
but depends on both the size of the sample plot and tree crown
radius. The reason for this is that in the square plot the corner of
the outer boundary of the border area is rounded by the factor
that depends on the diameter of tree crown (Figure 3, left). The
ratio goes to 2√

π
when R → ∞ for a fixed u, so its value increases

as the plot size increases. With typical values of real forest data
(e.g. R = 7.95 m, u = 2−7m in this study), the ratio falls between
1.10 and 1.12.

Equation (7) shows that a square plot has a larger border
region than a circular plot of the same area. Therefore, we exam-
ined empirically the relationship between AGB of the edge trees
and the RMSE values associated with plot-level predictions. We

used edge AGB as a measure of ‘edge tree noise’ because AGB
was the response variable of the models. Because tree crown
radius was not measured in the field, we used the following
protocol to determine the trees that intersect the plot border:

1. Tree crowns were identified by individual tree detection on
ALS data as described in Kotivuori et al. (2021): a total of
6087 tree crowns were delineated.

2. The area of the segmented tree crown (a) was converted to
crown radius (crad) assuming a circular crown shape (crad
=

√
a/π ).

3. The height of the highest ALS echo within a segmented
tree crown was used to estimate tree height (ht) of the
segment.

4. The no-intercept model crad = β1ht was fitted using the
least squares method (Chambers, 1992), which yielded the
estimate β1 = 0.1162 (ht and crad in meters).

5. Fitted model from step 4 was used to predict crown radius
for each tree from field measured tree heights.

This approach provided a crown radius for each tree; includ-
ing trees not identified by individual tree detection. Finally, tree
crowns that intersected the plot border based on their predicted
crown radii and field measured tree locations were identified
and used to predict the sum of AGB for trees on the plot edge.
The contribution of errors from trees that are outside of the
30 m × 30 m plots was not considered.

Results
Models
The distributions of the model coefficient estimates and the pre-
dictor variable values for the circular and square plots resembled
each other (Figure 4). Parameter estimate β̂0 had, on average,
a slightly larger value for the square plots, whereas parameter
estimate β̂1, which is the coefficient of predictor variable d2, had
a slightly larger value for the circular plots. Parameter estimate β̂2
, which is the coefficient of predictor variable h80, had a slightly
wider distribution in the square than circular plots. Distributions
of the predictor variable values (d2 and h80) were almost indis-
tinguishable.

The distributions of the estimates of the residual standard
deviation (σ̂ε) showed a difference between the circular and
square plots. Models fitted with the square plots had larger
residual errors than the models fitted with the circular plots. The
residual standard deviation was used to correct for bias due to
square root transformation of the response variable.

The distributions of plot-level AGB means were visually indis-
tinguishable between the circular and square samples (Figure 5,
left panel). However, the distributions of standard deviations
differed (Figure 5, right panel), with an approximate 0.3 per cent
difference between the mean standard deviation of the square
plots (51.83) and the mean standard deviation of the circular
plots (51.67).

Performances of circular and square plots
Density plots showed that the RMSE values were, on average,
smaller when predicting for circular plots (Figure 6, left column).
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Figure 3 Border areas of square and circular sample plots assuming a circular tree crown with diameter u. Dashed black line is the plot border and the
grey area denotes the border area. Blue circles depict trees inside the plot whose crowns touch the plot border. Red circles depict trees outside the
plot whose crowns touch the plot border.

The trend was similar whether the model was fitted with cir-
cular or square plots. This means that predictions for circular
plots exhibited smaller RMSE values, even when the models
were fitted with square plots. The magnitude of this difference
(the difference of mean RMSE between the plot shape used in
prediction) was ∼0.32 Mg·ha−1, or 1.2 per cent in relative terms
(Table 2). Models fitted with circular plots performed slightly bet-
ter than models fitted with square plots in both circular (26.192
vs. 26.205) and square (26.512 vs. 26.523) plots. The narrow 95
per cent confidence intervals of the mean RMSE values indicated
that the number of repetitions (100 000) was sufficient in the
simulations (Table 2).

The MD values were centred on zero for all combinations of
model fitting and prediction (Figure 6, right column), regardless
of whether a model was fitted with circular or square plots and
predicted for circular or square plots. Due to the large number
of simulations, the 95 per cent confidence intervals for mean
MD were narrower than 0.015 Mg·ha−1, yet still covered zero in
every case (Table 2). This indicates that there was no evidence
of a systematic prediction error associated with modelling and
prediction for the same or different plot shapes. Although some
of the MD values from individual simulations were observed to be
both practically (e.g. magnitude of MD > 5 per cent in 0.8 per cent
of cases) and statistically (e.g. P-value <0.05 in 1.8 per cent of
cases) significant, these proportions were almost identical across
all combinations of plot shapes; there was no evidence that the
plot shape (circle or square) used to model or predict AGB led to
any systematic prediction error.

Effect of edge trees
The edge AGB and RMSE values were positively correlated in
both circular and square plots with Pearson’s r values of 0.061

and 0.050, respectively (Figure 7). In other words, RMSE values
increased concomitantly with an increase in the amount of edge
AGB. The slopes of the trendlines for the circular plots (solid red
line) and square plots (solid blue line) were similar (Figure 7). The
trendlines were also extrapolated across the range of other plot
shapes (dashed red and blue lines) to illustrate that the fitted
lines align quite well with the trendlines of the other plot shape.
Although the relationship is overwhelmed by noise, the similarity
in fitted relationships for circular and square plots suggests that
the amount of edge tree noise may be one reason for greater
RMSE values with the square plots.

Discussion
In this study, we delved into the effect of using different plot
shapes in ABA forest inventories. We concentrated on the most
common case, where circular plots are used in model fitting
and the predictions are required on square population elements
equivalent to square plots. Using actual tree and ALS data to
explore this issue is a challenge as there is a need to control for
confounding factors, such as distributions of field and remote
sensing observations on the plots, and for the population. To
effectively assess the shape effects, circular and square sam-
ple plots should represent the same population and other fac-
tors that affect the outcome should be eliminated. This study
approached the issue through a sample design that guaran-
tees identical sampling probabilities for circular and square plots
for every tree in our target population. This was feasible with
empirical simulations on large stem mapped sample plots (our
population) and by sampling in a specific way.

The distributions of ABA metrics used as predictor variables
were almost identical. This indicates that plot shape had little
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Figure 4 Density plots of the model coefficient estimates ( ˆβ0, ˆβ1, β̂2), residual standard deviation for the square root of AGB (σ̂ε) and predictor variables
(d2, h80) for circular and square plots.

effect on the values of ABA metrics. The distributions of the
model coefficient estimates were also very similar between the
circular and square plots, although the distributions of residual
standard deviation differed notably. Residual standard deviation
was used in bias correction terms due to the use of square root
transformation of the response variable. Larger residual standard
deviation values for square plots indicates that the residual varia-
tion is smaller for models fitted with circular plots than for square
plots. One reason for the greater residual variation on square
plots could be the inherently greater variation exhibited by forest
attributes on square plots (Figure 4) as the maximum distance

between trees is greater for these plots. Due to spatial auto-
correlation, particularly in managed forests, trees close together
tend to be more similar than those further apart. The greater
residual variation also means that there is greater uncertainty in
the model parameter estimates.

Another factor that may account for the smaller residual vari-
ation observed in the circular plots is the ratio of edge tree area
to plot area, which is smallest for circular plots—a relationship
that varies with the size of the tree relative to the plot. With
the same plot areas, our calculated ratio was typically 1.10–1.12
times larger on square plots than circular plots. Therefore, due
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Figure 5 Density plots of the sample (n = 110) mean (AGB) and standard deviation (SD(AGB)) of plot AGB (Mg·ha−1) used in model fitting.

Figure 6 Density plots of RMSE (Mg·ha−1) and MD (Mg·ha−1) when predicted to circular (solid red line) and square (dashed blue line) plots. Models
were fitted with another set of circular (first row) or square plots (second row).

to the greater errors caused by edge trees (omission and com-
mission of edge tree crowns), it would be expected that errors
would be greater in the square than circular plots. We tested this

empirically by modelling the relationship between edge tree AGB
and RMSE values, and found a relationship between edge tree
AGB and RMSE, which was similar in circular and square plots.
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Table 2 Mean values with 95 per cent confidence intervals of RMSE (Mg·ha−1) and MD (Mg·ha−1) when predicting for circular and square plots. Models
were fitted with another set of circular or square plots

Predict to circular
plots RMSE

Predict to square
plots RMSE

Predict to circular
plots MD

Predict to square
plots MD

Fit with circular plots
Mean 26.192 26.512 0.002 0.000
Upper 95% limit 26.197 26.517 0.008 0.006
Lower 95% limit 26.188 26.508 −0.003 −0.006

Fit with square plots
Mean 26.205 26.523 0.004 0.000
Upper 95% limit 26.209 26.527 0.009 0.006
Lower 95% limit 26.201 26.518 −0.003 −0.006

Figure 7 Relationship between edge AGB and RMSE values when models were fitted with circular plots and predicted to another sample of circular
plots (red points) and square plots (blue points) over 100 000 repetitions. Edge AGB is the sum of AGB of edge trees in the sample (110 plots). Linear
trends are shown separately for circular (red line) and square (blue line) plots.

This suggests that edge tree effects also contribute to the greater
RMSE values found for the square plots.

We evaluated prediction performance with RMSE and MD
using samples from circular and square plots across plot shapes.
The results showed that the use of different plot shape did not

cause systematic over- or under-prediction for a different plot
shape. The prediction error (RMSE) was, however, greater for
square plots regardless of the shape of the plots used in the
model fitting. It is difficult to provide a definitive explanation as to
why the RMSE values were less for circular plots. This would likely
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Figure 8 Schematics for three strategies to tessellate a population in an ABA with circular and hexagonal plots. In the left and centre figures, metrics
are computed from the circular plots and assigned to grid cells. The areas of the circular plots (blue) are the same size as in the training plots but the
area differs in the grid cells (red). In the left-hand figure, adjacent circles overlap. In the centre figure, circular plots do not overlap, but the ALS data
in the corners of the square cells are not used at all. In the right-hand figure, there is a high degree of agreement (esp. footprint and edge length)
between the equal-area circle and hexagonal footprints.

require that both tree and ALS data are simulated, which adds
further complications with respect to the creation of a realistic
population. We demonstrated two possible plot shape-related
factors with measurable effects on performance, which include
greater inherent variation of AGB on square plots and a greater
proportion of edge tree AGB on square plots.

One clear finding in this study is that the RMSE values reported
for circular plots underestimate the RMSE values associated with
square plots, although the magnitude was so small (∼1.2 per
cent) that it is not to be considered problematic in many cases.
However, analysts should be aware of the issue when using
different plot shapes in modelling and prediction. Conceptually,
the simplest solution to eliminate the plot shape effect is to use
either circular or square plots both in model fitting and prediction.
However, this solution has more drawbacks than advantages.
With respect to the plot shape measured in the field, it is much
easier to establish and locate a circular plot than a square plot
and it is likely not worth the added expense of migrating to
square plots. Using circular plots to fit models and for prediction
is arguably a more tractable approach, although there are also
complications that arise from using circular grid cells, either from
overlapping data in adjacent plots (Figure 8, left), or the presence
of data in the corners of square cells that are not used at all
(Figure 8, middle). A partial solution is the use of circular plots in
model fitting and the use of hexagons when predicting (Packalén
et al., 2011), which would reduce shape effects, since hexagonal
and circular plots with the same area show greater agreement
than square and circular plots (Figure 8, right). In contrast to
circles, hexagons can also be placed in a way that they do not
overlap but cover the population without any gaps occurring
between plots. To date, hexagons have not been adopted to any
significant degree into ABA forest inventories.

Large area forest surveys that aim at unbiased total and
mean values may use ABA to improve the precision of estimators
(Dettmann et al. 2022). Unbiasedness is a desirable property of
a variance estimator in this context. If the variance estimate is
based on the circular plots used in model fitting, but the square

plots are used for the population tessellation, the variance will
be underestimated. This is a generic issue not related to the
estimator itself but originates from the different properties of the
samples (circular plots) and population elements (square plots).

Conclusions
Our results show that there is no systematic prediction error when
a model is fitted with circular plots and when the prediction is
performed for square plots, and vice versa. This implies that there
is no issue with mean or total estimates or estimators when using
circular versus square plots to fit or predict in ABA, provided the
plot areas are the same. This was expected as the distributions of
the model coefficient estimates were almost identical regardless
of the plot shape used in model fitting.

Although the model coefficients were identical, the RMSE val-
ues were greater for the square plots. We identified two possible
reasons for this; (1) the variance of the response variable is
greater on square plots, and (2) the number of edge trees is
greater on square plots. This indicates that a measure of model
performance (e.g. RMSE) for the population composed of square
plots is an underestimate if it is based on circular plots. This
configuration paints an overly positive picture with respect to the
expected precision of the predictions, although the effect from
the use of different plot shapes was small.

A small underestimation of RMSE due to plot shape effect has
little practical significance in the stand-level forest management
inventories that use ABA. In large area forest surveys that report
confidence intervals of total or mean estimates, the effect of plot
shape is at least a theoretical issue.

Data availability
The plot simulations used this article will be shared on reasonable
request to the corresponding author.
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Appendix

Figure A.1 Probability that locations within a 30 m × 30 m plot are
included within the sample. The probability is equal in a circular plot with
a radius of 7.95 m and a square plot with a side length of 14.09 m.
Probability is zero in the grey area.

61

D
ow

nloaded from
 https://academ

ic.oup.com
/forestry/article/96/1/49/6686741 by Julie Blankenburg user on 25 July 2023


	 Circular or square plots in ALS-based forest inventories---does it matter?
	Introduction 
	Materials
	Methods
	Results
	Discussion
	Conclusions
	
ule columnwidth .5pt Data availability
	
ule columnwidth .5pt Funding




