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A B S T R A C T   

We present refinements for equations describing the temperature-wind covariance (v′ T′

a) reported by Massman 
and Lee (2002); namely, Eqs. (B.24), (B.25), and (B.28) in its Appendix B. The purpose of these equations is to 
express the wind covariance of air temperature (Ta) in terms of sonic temperature (Ts), as a sonic anemometer 
directly measures the latter rather than the former. Results of the derivations are summarized in Tables 1 and 2, 
and these refinements have been quantified using data from the Glacier Lakes Ecosystem Experiments Site 
(GLEES).   

1. Introduction 

The eddy covariance (EC) method serves as a mainstream way to 
measure gas fluxes in and out of an ecosystem (Burba 2022), which plays 
a fundamental role in quantifying the surface-air exchange within the 
atmospheric boundary layer. The validity of the EC method is based on a 
series of theoretical works, among which Webb et al. (1980) (hereinafter 
WPL80) is recognized as a milestone by the flux community. WPL80 
proposed the original version of the WPL theory. The historical evolu
tion of this theory has been summarized in Fuehrer and Friehe (2002) 
and Lee and Massman (2011). 

WPL80 derived the “density effect corrections” under the assump
tions of steady state, horizontal homogeneity (which means only the 
vertical components remain) and a zero mean vertical flux of the dry air 
component. The last assumption, defined as the “governing constraint” 
in WPL80, has become a controversial scientific question especially in 
the past two decades. Fundamental works since then discarded the 
assumption of a zero dry air flux, and extended the result of WPL80 to 
non-steady state or horizontally heterogeneous conditions using the 
constraint of mass conservation equations, such as Paw U et al. (2000), 
Massman and Lee (2002), Leuning (2004, 2007), Lee and Massman 

(2011) and Gu et al. (2012). Nevertheless, the validity of WPL80 under 
steady state, horizontally homogeneous conditions is still proven by 
these works. Recently, Kowalski et al. (2021) proposed a new set of 
definitions to partition the total flux into turbulent and non-turbulent 
transports considering the conservation of momentum, but still veri
fied the overall correctness of the total flux after WPL corrections. 

Among these works revising WPL80, Massman and Lee (2002), is the 
first one to provide basic equations for the eddy covariance method in a 
3D format based on mass conservation. The 3D equations proposed by 
Massman and Lee (2002) (mostly in its Appendix B) are comprehensive 
in all dimensions (x, y, z, t), with detailed derivations and succinct ex
pressions. It serves as an instructive work to demonstrate the EC basic 
principles, and therefore has reasonably gained a high number of cita
tions (554 citations till March 29, 2023; 10.1016/S0168–1923(02)0010 
5–3). 

However, there are inaccuracies in Eqs. (B.24), (B.25), and (B.28) in 
Appendix B of Massman and Lee (2002) that have not been reported by 
the scientific community before. These three equations describe the 
relationship between the ambient air temperature (Ta) and the sonic 
temperature (Ts), with the latter being directly measured by a sonic 
anemometer. The aim of these equations is to calculate the 
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temperature-wind covariance (v′T′

a, termed as “temperature flux” in 
Massman and Lee (2002)) with the covariance between the measured 
sonic temperature and the wind speed (v′T′

s). 
This paper corrects the inaccuracies in these equations. Section 2 

describes the typo in Eq. (B.24) and the resulting errors in Eqs. (B.25) 
and (B.28), and proposes the correct equations with detailed deriva
tions. Section 3 summarizes the theoretical results in Section 2. Section 4 
presents quantitative estimations for the errors in these equations using 
data from the Glacier Lakes Ecosystem Experiments Site (GLEES), an 
AmeriFlux site in southeastern Wyoming, USA (Burns et al., 2021; Frank 
and Massman, 2021). 

2. Corrections to Massman And Lee (2002) 

2.1. Eq. (B.24) 

Eq. (B.24) of Massman and Lee (2002) was originally written as 
follows: 

T ′

s = T ′

a(1+ σv) + σvTa

(
ρ′

v

ρv
−

p′

a

pa

)

(B.24)  

There exists a typographical error in Eq. (B.24), which is that ρv (density 
of water vapor) appears instead of pv (partial pressure of water vapor). 
We will prove this claim in the following derivation. 

Massman and Lee (2002) defined the sonic temperature Ts as: 

Ts = Ta

(

1+ 0.32
pv

pa

)

= Ta(1+ σv) (1)  

in which: 

σv ≡ 0.32
pv

pa
(2) 

All symbols used here have the same meanings as those in Massman 
and Lee (2002): Ta is the ambient air temperature, pa is the ambient air 
pressure (i.e. air pressure of the total moist air), and pv is the partial 
pressure of water vapor. 

We applied Reynolds decomposition to Eqs. (1) and (2), where we 
ignore the covariance term (σ′

vp′

a) and the second-order fluctuation 
term (σ′

vp
′

a/σvpa) as Massman and Lee (2002). This is equivalent to a 
first-order Taylor expansion, where a logarithm is applied to Eqs. (1) and 
(2) as the first step of the expansion (see Appendix). As a result, we 
produced the means and fluctuations of σv and Ts. Overbars denote mean 
values and primes refer to fluctuations. 

For σv: 

σv = 0.32
pv

pa
= 0.32

pv

pd + pv
= 0.32

χv

1 + χv
(3)  

where pa = pd + pv and χv = pv/pd. Here pd is the mean partial pressure 
of the dry air component (including CO2, as in Massman and Lee 
(2002)), and χv is the mean mole fraction of water vapor relative to dry 
air. 

For σ′

v: 

σ′

v

σv
=

p′

v

pv
−

p′

a

pa
(4)  

or 

σ′

v = σv

(
p′

v

pv
−

p′

a

pa

)

(4a)  

For Ts: 

Ts = Ta(1+ σv) (5)  

and 

T ′

s

Ts
=

T ′

a

Ta
+

σ′

v

(1 + σv)
=

T ′

a

Ta
+

σv

1 + σv

(
p′

v

pv
−

p′

a

pa

)

(6)  

When considering Eq. (5), this becomes: 

T ′

s = T ′

a(1+ σv) + σvTa

(
p′

v

pv
−

p′

a

pa

)

(7) 

Eq. (7), which is equivalent to Eq. (6), is the correct version of Eq. 
(B.24) in Massman and Lee (2002). Examination of this shows the typo 
in Eq. (B.24): the pv term in Eq. (7) was wrongly replaced with ρv. The 
correct way to express pv with ρv in Eqs. (6) or (7) is described below. 

What we need is the Ideal Gas Law of water vapor: 

pv =
ρv

mv
RTa (8)  

where mv is the molecular mass of water vapor and R is the universal gas 
constant. Conducting Reynolds decomposition on Eq. (8), we get: 

p′

v

pv
=

T ′

a

Ta
+

ρ′

v

ρv
(9)  

Then, by substituting Eq. (9) into Eqs. (6) or (7) to eliminate pv, we get: 

T ′

s

Ts
=

T ′

a

Ta
+

σv

1 + σv

(
T ′

a

Ta
+

ρ′

v

ρv
−

p′

a

pa

)

=
1 + 2σv

1 + σv

T ′

a

Ta
+

σv

1 + σv

(
ρ′

v

ρv
−

p′

a

pa

)

(10)  

or 

T ′

s = T ′

a(1+ 2σv) + σvTa

(
ρ′

v

ρv
−

p′

a

pa

)

(11)  

Here, the pv in Eq. (7) has been replaced with ρv in the correct manner. It 
should be noted that Eqs. (10) and (11) are equivalent to Eqs. (6) and 
(7), and all four correct the error in Eq. (B.24). When ρv is used instead of 
pv, the difference between our Eq. (11) and the original Eq. (B.24) of 
Massman and Lee (2002) lies in the parameters given for T′

a, namely 
(1+2σv) instead of (1 + σv). 

2.2. Eq. (B.25) 

In this sub-section, we will firstly present the procedures to derive 
Eq. (B.25) from Eq. (B.24), which were not demonstrated with enough 
details in Massman and Lee (2002). Then we will prove that Eq. (B.25) is 
incorrect based on the analyses of these procedures. Finally, we will 
derive the correct version of Eq. (B.25) and compare it with the original 
one. 

The original version of Eq. (B.25) presented in Massman and Lee 
(2002) is 

v′T ′

a =
v′T ′

s

1 + σv
−

σv

1 + σv
Ta

(
v′ρ′

v
F

ρv
−

v′p′

a

pa

)

(B.25)  

Eq. (B.25) can be readily deduced from Eq. (B.24) in two steps. First we 
derive “the flux version of Eq. (B.24)” as: 

v′T ′

a =
v′T ′

s

1 + σv
−

σv

1 + σv
Ta

(
v′ρ′

v

ρv
−

v′p′

a

pa

)

(B.24F) 

It can be obtained by singling out T′

a, multiplying with v′ and 
applying the Reynolds averaging for Eq. (B.24). Second we replace v′ρ′

v 

with v′ρ′

v
F 

in Eq. (B.24F). Then Eq. (B.25) is produced. 
However, as we have noted in the last section, Eq. (B.24) is incorrect. 

So Eq. (B.25) is also flawed since it is derived from Eq. (B.24). 

Additionally, it is wrong to replace v′ρ′

v with v′ρ′

v
F 

because 
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v′ρ′

v ∕= v′ρ′

v
F
. According to Massman and Lee (2002), v′ρ′

v
F 

represents the 
“complete flux” of water vapor including the WPL corrections. It can be 
written specifically as: 

v′ρ′

v
F
= v′ρ′

v − ωvv′ρ′

d (12a)  

or 

v′ρ′

v
F

ρv
= (1+ χv)

(
v′ρ′

v

ρv
+

v′T ′

a

Ta
−

v′p′

a

pa

)

(12b)  

in which ρd is the density of dry air (ρd = ρa − ρv) and ωv = ρv /ρd is the 
mean mixing ratio of water vapor. Unless the last term in Eq. (12a) 

equals zero, it follows that v′ρ′

v ∕= v′ρ′

v
F
. Thus, replacing v′ρ′

v with v′ρ′

v
F 

is 
mathematically incorrect. It is also unnecessary to do so, given that our 
final goal is to express v′T′

a in relation to v′ρ′

v (the raw flux of water 

vapor) rather than v′ρ′

v
F
, as pointed out by Eq. (B.28) in Massman and 

Lee (2002): 

v′T ′

a

Ta
=

[
1

1 + δocλv

]
v′T ′

s

Ts
−

[
αv(1 + χv)

1 + δocλv

]
v′ρ′

v

ρd
+

[
βv(2 + χv)

1 + δocλv

]
v′p′

a

pa
(B.28)  

As such, Eq. (B.25) must be incorrect. 
The correct version of Eq. (B.25) can easily be derived from Eq. (11) 

by following the same mathematical procedures to derive Eq. (B.25) 
from Eq. (B.24) described at the beginning of this sub-section, without 

substituting v′ρ′

v with v′ρ′

v
F
: 

v′T ′

a =
v′T ′

s

1 + 2σv
−

σv

1 + 2σv
Ta

(
v′ρ′

v

ρv
−

v′p′

a

pa

)

(13) 

Eq. (13) shown here is the correct version of Eq. (B.25). Comparing 
Eq. (13) and Eq. (B.25) we can see that (i) the typographical error in Eq. 
(B.24） creates a difference between the denominators (1+2σv) and 

(1 + σv); (ii) the mistake of replacing v′ρ′

v with v′ρ′

v
F 

is also shown 
clearly. 

2.3. Eq. (B.28) 

Eq. (B.28) was directly derived from Eq. (B.25); however, since the 
latter is wrong, Eq. (B.28) must also be incorrect. 

In order to keep the equation concise, we do not introduce additional 
parameters, such as αv, βv, and λv, as performed by Massman and Lee 
(2002). Instead, we express the revised version of Eq. (B.28) using only 
σv or χv. 

The purpose of Eq. (B.28) was to express the wind covariance of air 
temperature (v′T′

a/Ta) with that of sonic temperature (v′T′

s /Ts), given 
that sonic anemometers directly measure Ts rather than Ta. Eq. (B.24) 
and (B.25) are intermediate steps towards Eq. (B.28). By multiplying Eq. 
(13) with 1/Ta and then employing Eq. (5), the correct version of Eq. 
(B.28) can be produced, which directly satisfies this purpose: 

v′T ′

a

Ta
=

1 + σv

1 + 2σv

v′T ′

s

Ts
−

σv

1 + 2σv

(
v′ρ′

v

ρv
−

v′p′

a

pa

)

(14a)  

When considering Eq. (3) to replace the parameter of σv with χv, we 
obtain the following: 

v′T ′

a

Ta
=

1 + 1.32χv

1 + 1.64χv

v′T ′

s

Ts
−

0.32χv

1 + 1.64χv

(
v′ρ′

v

ρv
−

v′p′

a

pa

)

(14b)  

Eqs. (14a) or (14b) are both correct forms of Eq. (B.28). 
To simplify the coefficients, we can rewrite Eqs. (14a) and (14b) as: 

v′T ′

a

Ta
=

v′T ′

s

Ts
− Γv

(
v′T ′

s

Ts
+

v′ρ′

v

ρv
−

v′p′

a

pa

)

(15)  

where 

Γv =
σv

1 + 2σv
=

0.32χv

1 + 1.64χv
(15a)  

We can conduct a preliminary estimation for Eqs. (15) and (15a) ac
cording to Eqs. (18a)–(18d) in Section 4: 

Γv ∼ χv ∼ 10− 3 (15b)  

and 

v′T ′

a

Ta
≈

v′T ′

s

Ts
(15c) 

Eqs. (14a), 14b) and ((15) are more succinct than the original Eq. 
(B.28) in Massman and Lee (2002). 

3. Comparison of the original and corrected versions of the three 
equations 

In Section 2, we corrected the typographical error in Eq, (B.24) of 
Massman and Lee (2002) and the corresponding errors in Eqs. (B.25) 
and (B.28). To summarize, we list the original and corrected versions of 
Eq. (B.24), (B.25), and (B.28) in Table 1. The formulae showing the 
absolute errors of the original versions are listed in the “Original Minus 
Corrected” column of Table 2, but these original versions of equations 
have been slightly modified before subtraction to show the Ta terms on 
the left-hand side for several reasons below. 

As pointed out in Section 2.3, the purpose of these three equations 
was to calculate the wind covariance of Ta in terms of Ts, because sonic 
anemometers directly measure the latter rather than the former. 
Further, calculating the net ecosystem exchange (NEE) of a particular 
trace gas component (c) requires v′T′

a/Ta more directly than v′T′

a, as 
shown by the Eq. (1) in Burns et al. (2021) (horizontal exchanges 
ignored): 

NEE =

∫h

0

∂ρc

∂t
dz + w′ρ′

c − ρc(1+ χv)
w′p′

a

pa
+ ρc(1+ χv)

w′T ′

a

Ta
+ μv

ρc

ρd
w′ρ′

v

(16)  

where h is the measurement height, ρc the mean density of component c, 
w the vertical velocity, and μv the ratio of the molecular weight of dry air 
to that of water vapor. 

For these reasons, we rearrange the equations to show T′

a/Ta or v′T′

a/

Ta on the left-hand side and other terms on the right-hand side, as shown 
in Table 2. We also note that we choose an open-path system for com
parison, such that δoc = 1. Additional parameters used in these equa
tions are summarized as follows: 

βv =
σv

1 + σv
=

0.32χv

1 + 1.32χv
(17a)  

λv = βv(1+ χv) (17b)  

αv = βv
ρd

ρv
(17c)  

δoc =

{
1, open path IRGA

0, closed path IRGA (17d)  

4. Quantitative estimations of the errors of the original 
equations 

4.1. An overview of the GLEES dataset 

Eddy covariance data from the GLEES site (Frank and Massman, 
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2021) are used to give a quantitative example of the errors present in the 
original equations. When conducting the following quantitative esti
mations with these data, the vertical components of the equations are 
used to represent the theoretical 3D equations. This is because the ver
tical components are of major concerns among the flux community (for 
example Burns et al. 2021). 

This GLEES dataset contains half-hourly covariances between the 
vertical wind speed and the sonic temperature (w′T′

s), the water vapor 
(w′ρ′

v) and the static air pressure (w′p′

a) from April 1st, 2018 to 
September 30th, 2020 (43,872 data for each variable; one datum every 
half-hour). It also contains half-hourly mean values of water vapor mole 
fraction (χv), sonic temperature (Ts), water vapor density (ρv), ambient 
air pressure (pa) and air temperature (Ta) for the same period. 

Fig. 1 provides an overview of the seasonal variations and frequency 
distributions of the major variables that will be used in the following 
analyses, namely w′T′

s/Ts, w′ρ′

v/ρv, w
′p′

a/pa and χv. Note that the data of 
complete two years (from July 1st, 2018 to June 30th, 2020), rather 
than the whole dataset, are used for all the histograms showing fre
quency distributions in this paper. The approximate values of these 
variables can be estimated from panels (e) to (h) of Fig. 1 as: 

w′T ′

s

Ts
≈ − 3 × 10− 4 (

m⋅s− 1) (18a)  

w′ρ′

v

ρv
≈ 2 × 10− 3 (

m⋅s− 1) (18b)  

w′p′

a

pa
≈ − 3 × 10− 6 (

m⋅s− 1) (18c)  

χv ≈ 4 × 10− 3 (unitless) (18d)  

4.2. Errors of Eq. (B.28) 

Eq. (B.28) is the final aim of Eq. (B.24) and (B.25). It quantifies 
v′T′

a/Ta, which can be directly used to calculate NEE without the need of 
Ta data Eqs. (15) and ((16)). The equation of the absolute error caused 
by the original version of Eq. (B.28) is listed in Table 2 as: 

Δ
(

v′T ′

a

Ta

)

=
0.32χv

(1 + 1.64χv)
(
1 + 1.64χv + 0.32χ2

v

)

[

− χv(1+ 1.32χv)

(
v′T ′

s

Ts
+

v′ρ′

v

ρv

)

+
(
1+ 2.64χv + 1.32χ2

v

) v′p′

a

pa

]

(19) 

Fig. 2 shows the seasonal variations of the correct values of w′T′

a/Ta 

calculated by our Eq. (15) with the GLEES data (panel (a)), and those of 
the absolute errors (Δ(w′T′

a /Ta)) which are caused by the original Eq. 
(B.28) and calculated from Eq. (19) (panel (b)). While panels (c) and (d) 
of Fig. 2 present seasonal variations and frequency distributions, 
respectively, of the relative errors brought by the original Eq. (B.28). 

Comparing Figs. 2(a) and 1(a), we can approximately say that 
w′T′

a/Ta ≈ w′T′

s/Ts, which is consistent with our estimation in Eq. (15c). 
Fig. 2(b) shows that the absolute errors of the original Eq. (B.28) are 
mostly negative when estimating with the GLEES dataset. And we can 
see from Fig. 2(d) that the relative errors of Eq. (B.28) (compared to its 
correct version, Eq. (15)) are within the magnitudes of 0.1% (±1 ×

10− 3). 
Further analyzed in Fig. 3 are the seasonal patterns of the absolute 

errors of Eq. (B.28), which have been calculated with Eq. (19) and 
shown in panel (b) of Fig. 2. For ease of programming and analyses, we 
define the terms in Eq. (19) in the following way: 

Table 1 
Summary of the original and corrected versions of Eqs. (B.24), (B.25), and (B.28) in Massman and Lee (2002).  

Eq. Original Corrected 

(B.24) 
T′

s = T′

a(1 + σv)+ σvTa

(ρ′

v
ρv

−
p′

a
pa

)

T′

s = T′

a(1 + σv) + σvTa

(
p′

v
pv

−
p′

a
pa

)

(7)

or 

T′

s = T′

a(1 + 2σv) + σvTa

(
ρ′

v
ρv

−
p′

a
pa

)

(11)

(B.25) 
v′ T′

a =
v′ T′

s
1 + σv

−
σv

1 + σv
Ta

(
v′ ρ′

v
F

ρv
−

v′ p′

a
pa

)

v′ T′

a =
v′ T′

s
1 + 2σv

−
σv

1 + 2σv
Ta

(
v′ ρ′

v
ρv

−
v′ p′

a
pa

)

(13)

(B.28) v′ T′

a
Ta

=
[ 1
1 + δocλv

]
v′ T′

s
Ts

−
[αv(1 + χv)

1 + δocλv

]
v′ ρ′

v
ρd

+
[βv(2 + χv)

1 + δocλv

]
v′ p′

a
pa  

v′ T′

a
Ta

=
1 + σv

1 + 2σv

v′ T′

s
Ts

−
σv

1 + 2σv

(
v′ ρ′

v
ρv

−
v′ p′

a
pa

)

(14a)

or 

v′ T′

a
Ta

=
v′ T′

s
Ts

− Γv

(
v′ T′

s
Ts

+
v′ ρ′

v
ρv

−
v′ p′

a
pa

)

(15)

Table 2 
Comparison of the original and corrected versions of Eqs. (B.24), (B.25), and (B.28) in Massman and Lee (2002) for open-path systems. In each equation, the Ta term is 
situated on the left-hand side.  

Eq. Original Corrected Original Minus Corrected 

(B.24) T′

a
Ta

=
T′

s
Ts

−
σv

1 + σv

(
ρ′

v
ρv

−
p′

a
pa

)
T′

a
Ta

=
1 + σv

1 + 2σv

T′

s
Ts

−
σv

1 + 2σv

(
ρ′

v
ρv

−

p′

a
pa

)

Δ
(T′

a
Ta

)

=
σv

1 + 2σv

T′

s
Ts

−
σv

1 + 2σv

σv

1 + σv

(
ρ′

v
ρv

−
p′

a
pa

)

(B.25) v′ T′

a
Ta

=
v′ T′

s
Ts

−
σv

1 + σv

(
v′ ρ′

v
F

ρv
−

v′ p′

a
pa

) v′ T′

a
Ta

=
1 + σv

1 + 2σv

v′ T′

s
Ts

−

σv

1 + 2σv

(
v′ ρ′

v
ρv

−
v′ p′

a
pa

)

Δ
(v′ T′

a
Ta

)

=
σv

1 + 2σv

v′ T′

s
Ts

+
σv

1 + 2σv

v′ ρ′

v
ρv

−
σv

1 + σv

v′ ρ′

v
F

ρv
+

σv

1 + 2σv

σv

1 + σv

v′ p′

a
pa 

(B.28) v′ T′

a
Ta

=
v′ T′

s
Ts

−
λv

1 + λv

(
v′ T′

s
Ts

+
v′ ρ′

v
ρv

)

+

[βv(2 + χv)

1 + λv

]
v′ p′

a
pa  

v′ T′

a
Ta

=
v′ T′

s
Ts

−
σv

1 + 2σv

(
v′ T′

s
Ts

+

v′ ρ′

v
ρv

−
v′ p′

a
pa

)

Δ
(v′ T′

a
Ta

)

=
0.32χv

(1 + 1.64χv)(1 + 1.64χv + 0.32χ2
v )

[

− χv(1 + 1.32χv)
(v′ T′

s
Ts

+
v′ ρ′

v
ρv

)

+ (1 +

2.64χv + 1.32χ2
v )

v′ p′

a
pa

]
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Eχv =
0.32χv

(1 + 1.64χv)
(
1 + 1.64χv + 0.32χ2

v

) (19a)  

ETs = − χv(1+ 1.32χv)
v′T ′

s

Ts
(19b)  

Ev = − χv(1+ 1.32χv)
v′ρ′

v

ρv
(19c)  

Ep =
(
1+ 2.64χv + 1.32χ2

v

) v′p′

a

pa
(19d)  

Then, Eq. (19) is equivalently rewritten in a more concise way as Eq. 
(19e) below: 

Δ
(

v′T ′

a

Ta

)

= Eχv

(
ETs +Ev +Ep

)
(19e) 

Fig. 3 illustrates the magnitude of the vertical component of each 
term in Eq. (19e). It shows that the Ts term (ETs ) is very small, while the 
ρv and pa terms are much larger. The ρv term (Ev) dominates in summer, 
while the pa term (Ep) peaks in winter with a similar magnitude and 
identical sign. However, the values of parameter Eχv during summer are 
approximately four times larger than its values during winter, so the 
results obtained via solving Eqs. (19) or (19e) do not display notable 
peaks in winter (Fig. 2(b)). 

Diurnal variations of these errors may also be of interest. Fig. 4 
provides the seasonal mean diurnal variations for w′T′

a/Ta (the first 

Fig. 1. An overview of the half-hourly mean variables at GLEES to be used in the following quantitative estimations. Panels (a)–(d): seasonal variations of w′ T ′

s /Ts, 
w′ ρ′

v/ρv, w
′ p′

a/pa and χv, respectively, from April 2018 to September 2020. Panels (e) - (h): Histograms showing the frequency distributions of the same variables, from 
which the estimations of their magnitudes are derived as Eqs. (18a) – (18d); data from July 1st, 2018 to June 30th, 2020 are used for the histograms hereinafter. 

Fig. 2. The values of w′T ′

a/Ta and its absolute and relative errors resulted from the original Eq. (B.28). Panel (a): seasonal variations of the correct values of w′T ′

a /Ta 

calculated with Eq. (15). Panel (b): seasonal variations of the absolute errors (Δ(w′ T′

a /Ta)) in the original Eq. (B.28) calculated from Eq. (19). Panels (c) and (d): 

seasonal variations and frequency distributions, respectively, of the relative errors, Δ
(

w′ T′
a

Ta

)/
w′ T′

a
Ta

, caused by the original Eq. (B.28). 
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row), its absolute error (the second row) and its relative error (the third 
row) for the year 2019. 

In every season, w′T′

a/Ta peaks at noon with positive values and falls 
slightly below zero at night, similar to the diurnal patterns of the kinetic 
sensible heat fluxes (w′T′

a, not shown). The magnitude of the peak is 
largest in spring and smallest in winter. 

For the absolute error, Δ(w′T′

a /Ta), the mean diurnal values are 
negative all over the year with single peaks at noon (panels (5)-(8) in 
Fig. 4). The amplitude of the peak is maximum in summer, decreases in 
fall and reaches the smallest magnitudes in winter. In contrast, the 

relative error (panels (9)–(12) in Fig. 4), Δ
(

w′ T′
a

Ta

)/
w′ T′

a
Ta

, does not display 

any similar patterns in the seasonal mean diurnal variations as the w′T′

a 

/Ta covariance or its absolute error. For the whole year of 2019, the 
relative error fluctuates around zero within the magnitudes of ±2 ×

10− 3 with few exceptions in summer. 

4.3. Errors of Eq. (B.25) 

Some researchers may be interested in determining the temperature- 

wind covariance (v′T′

a) rather than the covariance divided by the mean 
air temperature (v′T′

a/Ta) as Eq. (B.28) calculates. Indeed, the 
temperature-wind covariance could be directly calculated using Eq. 
(B.25) in Massman and Lee (2002). However, the original Eq. (B.25) 
contains errors which have been illustrated and corrected in Section 2.2. 
Here we compare three different formulations of v′T′

a that are involved 
in Section 2.2.  

(1) Eq (B.24F), “the flux version of Eq. (B.24)” mentioned earlier in 

Section 2.2. It is generated by using v′ρ′

v instead of v′ρ′

v
F 

in the 
original version of Eq. (B.25). It can be rewritten as a function of 
χv in the following equation: 

v′T ′

a =
1 + χv

1 + 1.32χv
v′T ′

s −
0.32χv

1 + 1.32χv
Ta

(
v′ρ′

v

ρv
−

v′p′

a

pa

)

(B.24v)    

(2) The original form of Eq. (B.25) in Massman and Lee (2002). By 

substituting v′ρ′

v
F 

with raw fluxes as Eq. (12b), we produce a 
version of Eq. (B.25) that is almost equal to Eq. (B.28), with the 

Fig. 3. Seasonal variations of the vertical component of each term in Eq. (19e). These terms help to explain the seasonal patterns of Δ(w′ T ′

a /Ta) which have been 
calculated by Eq. (19) and shown in Fig. 2(b). 

Fig. 4. Seasonal mean diurnal variations of w′ T ′

a/Ta (panels (1)-(4)), its absolute error, Δ(w′ T ′

a /Ta) (panels (5)-(8)), and its relative error, Δ
(

w′ T′
a

Ta

)
/

w′ T′
a

Ta 
(panels (9)- 

(12)) (MAM: March, April and May. JJA: June, July and August. SON: September, October and November). 
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only difference of 1/Ta (Section 2.3). And it can also be rewritten 
as a function of χv: 

v′T ′

a =
1 + χv

1 + 1.64χv + 0.32χ2
v
v′T ′

s −
0.32χv(1 + χv)

1 + 1.64χv + 0.32χ2
v
Ta

v′ρ′

v

ρv

+
0.32χv(2 + χv)

1 + 1.64χv + 0.32χ2
v
Ta

v′p′

a

pa

(B.25v)    

(3) Eq. (13) that we derived in Section 2.2, which is the correct version 
of Eq. (B.25). This can also be expressed as a function of χv: 

v′T ′

a =
1 + χv

1 + 1.64χv
v′T ′

s −
0.32χv

1 + 1.64χv
Ta

(
v′ρ′

v

ρv
−

v′p′

a

pa

)

(13v)   

The absolute errors of Eqs. (B.24v) and (B.25v) are calculated as 
follows by equation sets (20) and (21), respectively:  

(1) (B.24v) – (13v):  

For simplicity, we define the following terms: 

Cχv =
0.32χv

(1 + 1.32χv)(1 + 1.64χv)
(20a)  

CTs = (1+ χv)v
′T ′

s (20b)  

Cv = − 0.32χvTa
v′ρ′

v

ρv
(20c)  

Cp = 0.32χvTa
v′p′

a

pa
(20d)  

Then we can express Eq. (20) equivalently in the following way: 

Δ
(
v′T ′

a

)
= Cχv

(
CTs +Cv +Cp

)
(20e)  

If we consider that χv ∼ 10− 3 as Eq. (18d), then: 

Δ
(
v′T ′

a

)
≈ 0.32χv⋅v

′T ′

s − (0.32χv)
2⋅Ta⋅

v′ρ′

v

ρv
+ (0.32χv)

2⋅Ta⋅
v′p′

a

pa
(20f)    

(2) (B.25v) – (13v):   

Similarly, we define the following terms: 

Dχv =
0.32χv

(1 + 1.64χv)
(
1 + 1.64χv + 0.32χ2

v

) (21a)  

DTs = − χv(1+ χv)v
′T ′

s (21b)  

Dv = − χv(1+ 1.32χv)Ta
v′ρ′

v

ρv
(21c)  

Dp =
(
1+ 2.64χv + 1.32χ2

v

)
Ta

v′p′

a

pa
(21d)  

and rewrite Eq. (21) as: 

Δ
(
v′T ′

a

)
= Dχv

(
DTs +Dv +Dp

)
(21e)  

Still considering χv ∼ 10− 3 for approximation, we get: 

Δ
(
v′T ′

a

)
≈ − 0.32χ2

v ⋅v′T ′

s − 0.32χ2
v ⋅Ta⋅

v′ρ′

v

ρv
+ 0.32χv⋅Ta⋅

v′p′

a

pa
(21f) 

Fig. 5 presents the seasonal variations of the correct version of w′T′

a 

calculated by Eq. (13) (panel (a)), and its absolute errors, Δ(w′T′

a), 

caused by Eqs. (B.24F) and (B.25) and calculated from Eqs. (20) and 
(21), respectively (panel (b)). Frequency distributions of Eqs. (20) and 
(21) are shown by histograms in panels (c) and (d), respectively. Fig. 5 
(b) shows that while Eq. (B.25) has a smaller magnitude of errors than 
Eq. (B.24F) in the quantitative estimations with GLEES data, it contains 

one additional source of error in formula (v′ρ′

v
F 

instead of v′ρ′

v, see Sec

tion 2.2 for details). It means that the error of replacing v′ρ′

v with v′ρ′

v
F 

in 
Eq. (B.25) partly cancels out the error of mistaking pv for ρv in Eq. (B.24F) 
(see Section 2.2 or Table 1 for details). 

Fig. 6 denotes the dominant terms in the vertical components of Eqs. 
(20) and (21). The Ts term (CTs ) dominates the errors calculated by Eq. 
(20) (Fig. 6(a)). However, for Eq. (21), the Ts term (DTs ) is very small; 
instead, the ρv and pa terms have a much greater magnitude and the 
same sign (Fig. 6(b)). Fig. 6(b) and Fig. 3(a) are similar because Eqs. 
(B.25) and (B.28) are almost equivalent (Section 2.3). 

We can further explain the results in Figs. 5 and 6 with the approx
imate magnitudes of the w′T′

s/Ts, w′ρ′

v/ρv, w
′p′

a/pa covariances and χv at 
this site, as shown in Fig. 1 and Eqs. (18a)–(18d). 

Eq. (20f), which is a close approximation of Eq. (20), can be further 
estimated as below: 

Δ
(
v′T ′

a

)
=

0.32χv

(1 + 1.32χv)(1 + 1.64χv)

[

(1+ χv)v
′T ′

s − 0.32χvTa

(
v′ρ′

v

ρv
−

v′p′

a

pa

)]

(20)   

Δ
(
v′T ′

a

)
=

0.32χv

(1 + 1.64χv)
(
1 + 1.64χv + 0.32χ2

v

)

⋅
[

− χv(1 + χv)v
′T ′

s − χv(1 + 1.32χv)Ta
v′ρ′

v

ρv
+
(
1 + 2.64χv + 1.32χ2

v

)
Ta

v′p′

a

pa

] (21)   
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0.32χv⋅w
′T ′

s ≈ 0.32χv⋅Ta⋅
w′T ′

s

Ts
≈ 0.32 ×

(
4× 10− 3)× 300 ×

(
− 3× 10− 4)

≈ − 1 × 10− 4 (
K⋅m⋅s− 1)

(22a)  

− (0.32χv)
2⋅Ta⋅

w′ρ′

v

ρv
≈ −

(
0.32 × 4 × 10− 3)2

× 300 ×
(
2 × 10− 3)

≈ − 1 × 10− 6 (
K⋅m⋅s− 1)

(22b)  

(0.32χv)
2⋅Ta⋅

w′p′

a

pa
≈

(
0.32 × 4 × 10− 3)2

× 300 ×
(
− 3× 10− 6)

≈ − 1 × 10− 9 (
K⋅m⋅s− 1) (22c) 

Eqs. (22a)–(22c) explain why the Ts term (CTs ) dominates in Eq. (20), 
as shown in Fig. 6(a). Also demonstrated is the approximate value of Eq. 
(20) shown in Fig. 5(c), as ( − 1) × 10− 4 (K⋅m⋅s− 1). 

Similarly, For Eq. (21f): 

− 0.32χ2
v ⋅w′T ′

s ≈ − 0.32χ2
v ⋅Ta⋅

w′T ′

s

Ts

≈ − 0.32 ×
(
4 × 10− 3)2

× 300 ×
(
− 3× 10− 4)

≈ 5 × 10− 7 (
K⋅m⋅s− 1) (23a)  

− 0.32χ2
v ⋅Ta⋅

w′ρ′

v

ρv
≈ − 0.32 ×

(
4 × 10− 3)2

× 300 ×
(
2 × 10− 3)

≈ − 3 × 10− 6 (
K⋅m⋅s− 1) (23b)  

0.32χv⋅Ta⋅
w′p′

a

pa
≈ 0.32 ×

(
4 × 10− 3) × 300 ×

(
− 3 × 10− 6)

≈ − 1 × 10− 6 (
K⋅m⋅s− 1) (23c) 

Based on Eqs. (23a)–(23c), the Ts term can be ignored in Eq. (21) as 
shown in Fig. 6(b). And the values of Eq. (21) can be estimated as [ − 3, −
1] × 10− 6 (K⋅m⋅s− 1), which is demonstrated by Eqs. (23b) and (23c) and 
shown in Fig. 5(d). It is smaller than the magnitude of Eq. (20) by one to 
two orders, which corresponds with Fig. 5(b). 

Despite what is noted above, the values of w′T′

s/Ts, w′ρ′

v/ρv, w
′p′

a/pa 
and χv may not be equal among different sites. Thus, independent esti
mations are recommended for other sites if one wants to determine the 
magnitudes and dominant terms of the errors in the temperature-wind 
covariance brought by the original Eq. (B.25). 

5. Conclusions 

This paper corrects the typographical error in Eq. (B.24), and the 
resulting mathematical and logic errors in Eqs. (B.25) and (B.28), which 
were presented by Massman and Lee (2002). The purpose of these 
equations was to calculate the air temperature-wind covariance (v′T′

a) 

Fig. 5. Seasonal variations of the correct values of w′ T′

a and its 
absolute errors, Δ(w′ T′

a); frequency distributions for the latter. 
Panel (a): the correct values of w′ T′

a calculated by Eq. (13). Panel 
(b): Δ(w′ T ′

a) caused by Eq. (B.24F) (black line, left axis; calcu
lated with Eq. (20)) and Eq. (B.25) (red line, right axis; calcu
lated with Eq. (21)), respectively; note the scale difference 
between the two y-axes. Panels (c) and (d): histograms showing 
frequency distributions of Eqs. (20) and (21), respectively.   

Fig. 6. Seasonal variations of the major terms in Eqs. (20) and (21) (vertical components only). Panel (a): CTs , Cv and Cp in Eq. (20e); note the scale difference 
between the two y-axes. Panel (b): DTs , Dv and Dp in Eq. (21e). 
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with the directly measured sonic temperature-wind covariance (v′T′

s), 
raw water vapor flux (v′ρ′

v), and pressure-wind covariance (v′p′

a). We 
present detailed derivations of the correct equations and the absolute 
errors brought by the original versions. These theoretical results are 
sequentially listed in the main text, and summarized in Tables 1 and 2. 

Quantitative estimations discussed in Section 4 are achieved using a 
dataset obtained at GLEES. We present seasonal and mean diurnal var
iations and frequency distributions of the absolute and relative errors 
brought by the original Eq. (B.28) to the w′T′

a/Ta covariance. Our result 
shows that when the original Eq. (B.28) is used to estimate w′T′

a /Ta, 
errors are produced with a magnitude of 0.1% of the covariance itself, 
which is very small. We subsequently present quantitative discussions of 
all three versions of Eq. (B.25) that calculate the temperature-wind 
covariance (v′T′

a). By analyzing the magnitudes of the major variables 
at GLEES, we explain the magnitudes and dominant terms of the errors 
when calculating w′T′

a with Eqs. (B.24F) and (B.25). 
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Appendix: the equivalence of the first-order Reynolds decomposition and first-order Taylor expansion 

When deriving Eqs. (3) and (4) from Eq. (2), we truncated the Reynolds decomposition to the first-order, as we have pointed out in Section 2.1. The 
covariance term (σ′

vp′

a) and the second-order fluctuation term (σ′

vp
′

a/σvpa) are ignored in this Reynolds decomposition process, which arrives at the 
same results of the “first-order Taylor expansion”. To make this equivalence clearer, we will present detailed derivations from Eq. (2) to Eqs. (3) and 
(4) in this Appendix using the first-order Reynolds decomposition and Taylor expansion, respectively. 

We start from Eq. (2): 

σv≝0.32
pv

pa
(2) 

(1) To use the rigorous Reynolds decomposition rules and remaining to the first order, we firstly rewrite Eq. (2) equivalently as: 

σvpa = 0.32pv (A1)  

Then applying Reynolds decomposition: 
(
σv + σ′

v

)(
pa + p′

a

)
= 0.32

(
pv + p′

v

)
(A2) 

Eq. (A2) after Reynolds averaging arrives at: 

σvpa + σ′

vp′

a = 0.32pv (A3) 

Subtracting Eq. (A3) from Eq. (A2), and dividing the result with σvpa, we get 

σ′

v

σv
= 0.32

p′

a

σvpa
−

p′

a

pa
−

σ′

vp
′

a − σ′

vp′

a

σvpa
(A4)  

Thus, we arrive at the mean and fluctuating values of σv. σv is derived from Eq. (A3) rigorously as: 

σv = 0.32
pv

pa
−

σ′

vp′

a

pa
(A5)  

and the equation of σ′

v that is similar to Eq. (4), as: 

σ′

v

σv
= 0.32

p′

v

0.32pv − σ′

vp′

a

−
p′

a

pa
−

σ′

vp
′

a − σ′

vp′

a

σvpa
(A6)  

If we ignore the covariance term (σ′

vp′

a) and the second-order fluctuation term (σ′

vp
′

a/σvpa) in Eqs. (A5) and A6), then we get Eqs. (3) and ((4) in the 
main text: 

σv = 0.32
pv

pa
(3)  

σ′

v

σv
=

p′

v

pv
−

p′

a

pa
(4) 

(2) Using the “first-order Taylor expansion”: 
The first-order Tayler expansion includes the zero-order Taylor expansion, which means: 
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σv(x0)≝0.32
pv(x0)

pa(x0)
(A7) 

where x0 is the “base point” in Taylor expansion. If we regard the mean values of the above variables as their values of the x0 point, then we get Eq. (3). 
To get the first-order expansion, we firstly apply logarithm to Eq. (2) as: 

lnσv = lnpv − lnpa + ln0.32 (A8)  

Then conducting the first-order derivative, we get 

dσv

σv
=

dpv

pv
−

dpa

pa
(A9) 

And if we regard the fluctuations of the three variables above (σ′

v, p
′

v and p′

a) to be small enough, then we can replace the differential terms in the 
numerators with the fluctuations, just as Eq. (4). 

Thus, the first-order Reynolds decomposition and Taylor expansion arrive at the same results, which means they are equivalent. 
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