Agricultural and Forest Meteorology 336 (2023) 109479

4
L

LSEVIER

Contents lists available at ScienceDirect
Agricultural and Forest Meteorology

journal homepage: www.elsevier.com/locate/agrformet

Agricultural

an
Forest Meteorology

Review

Refinements of equations for the temperature-wind covariance in Massman

and Lee (2002)

Check for

updates

Hanshu Wang ?, Yaoming Ma *™%%%%" William J. Massman ¢, John M. Frank ®

@ College of Atmospheric Sciences, Lanzhou University, Lanzhou 730000, China

Y State Key Laboratory of Tibetan Plateau Earth System, Resources and Environment (TPESRE), Institute of Tibetan Plateau Research, Chinese Academy of Sciences,

Beijing 100101, China

€ College of Earth and Planetary Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

4 National Observation and Research Station for Qomolongma Special Atmospheric Processes and Environmental Changes, Dingri 858200, China
€ Kathmandu Center of Research and Education, Chinese Acadeny of Sciences, Beijing 100101, China

f China-Pakistan Joint Research Center on Earth Sciences, Chinese Academy of Sciences, Islamabad 45320, Pakistan

8 USDA Forest Service, Rocky Mountain Research Station, Fort Collins, CO, USA

ARTICLE INFO ABSTRACT

Keywords:

Temperature-wind covariance
Sonic temperature

Error correction for equations
Quantitative estimation

We present refinements for equations describing the temperature-wind covariance (' T,) reported by Massman
and Lee (2002); namely, Egs. (B.24), (B.25), and (B.28) in its Appendix B. The purpose of these equations is to
express the wind covariance of air temperature (T,) in terms of sonic temperature (Ts), as a sonic anemometer
directly measures the latter rather than the former. Results of the derivations are summarized in Tables 1 and 2,

and these refinements have been quantified using data from the Glacier Lakes Ecosystem Experiments Site

(GLEES).

1. Introduction

The eddy covariance (EC) method serves as a mainstream way to
measure gas fluxes in and out of an ecosystem (Burba 2022), which plays
a fundamental role in quantifying the surface-air exchange within the
atmospheric boundary layer. The validity of the EC method is based on a
series of theoretical works, among which Webb et al. (1980) (hereinafter
WPL80) is recognized as a milestone by the flux community. WPL80
proposed the original version of the WPL theory. The historical evolu-
tion of this theory has been summarized in Fuehrer and Friehe (2002)
and Lee and Massman (2011).

WPL80 derived the “density effect corrections” under the assump-
tions of steady state, horizontal homogeneity (which means only the
vertical components remain) and a zero mean vertical flux of the dry air
component. The last assumption, defined as the “governing constraint”
in WPL80, has become a controversial scientific question especially in
the past two decades. Fundamental works since then discarded the
assumption of a zero dry air flux, and extended the result of WPL80 to
non-steady state or horizontally heterogeneous conditions using the
constraint of mass conservation equations, such as Paw U et al. (2000),
Massman and Lee (2002), Leuning (2004, 2007), Lee and Massman

(2011) and Gu et al. (2012). Nevertheless, the validity of WPL80 under
steady state, horizontally homogeneous conditions is still proven by
these works. Recently, Kowalski et al. (2021) proposed a new set of
definitions to partition the total flux into turbulent and non-turbulent
transports considering the conservation of momentum, but still veri-
fied the overall correctness of the total flux after WPL corrections.

Among these works revising WPL80, Massman and Lee (2002), is the
first one to provide basic equations for the eddy covariance method in a
3D format based on mass conservation. The 3D equations proposed by
Massman and Lee (2002) (mostly in its Appendix B) are comprehensive
in all dimensions (x, Yy, 2, t), with detailed derivations and succinct ex-
pressions. It serves as an instructive work to demonstrate the EC basic
principles, and therefore has reasonably gained a high number of cita-
tions (554 citations till March 29, 2023; 10.1016/50168-1923(02)0010
5-3).

However, there are inaccuracies in Eqs. (B.24), (B.25), and (B.28) in
Appendix B of Massman and Lee (2002) that have not been reported by
the scientific community before. These three equations describe the
relationship between the ambient air temperature (T,) and the sonic
temperature (T;), with the latter being directly measured by a sonic
anemometer. The aim of these equations is to calculate the

* Corresponding author at: College of Atmospheric Sciences, Lanzhou University, Lanzhou 730000, China.

E-mail address: ymma@itpcas.ac.cn (Y. Ma).

https://doi.org/10.1016/j.agrformet.2023.109479

Received 22 December 2022; Received in revised form 18 April 2023; Accepted 20 April 2023

Available online 5 May 2023

0168-1923/© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


http://10.1016/S0168-1923(02)00105-3
http://10.1016/S0168-1923(02)00105-3
mailto:ymma@itpcas.ac.cn
www.sciencedirect.com/science/journal/01681923
https://www.elsevier.com/locate/agrformet
https://doi.org/10.1016/j.agrformet.2023.109479
https://doi.org/10.1016/j.agrformet.2023.109479
https://doi.org/10.1016/j.agrformet.2023.109479
http://crossmark.crossref.org/dialog/?doi=10.1016/j.agrformet.2023.109479&domain=pdf
http://creativecommons.org/licenses/by/4.0/

H. Wang et al.

temperature-wind covariance (v'T,, termed as “temperature flux” in
Massman and Lee (2002)) with the covariance between the measured
sonic temperature and the wind speed (v T,).

This paper corrects the inaccuracies in these equations. Section 2
describes the typo in Eq. (B.24) and the resulting errors in Egs. (B.25)
and (B.28), and proposes the correct equations with detailed deriva-
tions. Section 3 summarizes the theoretical results in Section 2. Section 4
presents quantitative estimations for the errors in these equations using
data from the Glacier Lakes Ecosystem Experiments Site (GLEES), an
AmeriFlux site in southeastern Wyoming, USA (Burns et al., 2021; Frank
and Massman, 2021).

2. Corrections to Massman And Lee (2002)
2.1. Eq. (B.24)

Eq. (B.24) of Massman and Lee (2002) was originally written as
follows:

T =T.(1+3,) +51,Ta@7‘>’§)

v Pa

(B.24)

There exists a typographical error in Eq. (B.24), which is that p, (density
of water vapor) appears instead of p, (partial pressure of water vapor).
We will prove this claim in the following derivation.

Massman and Lee (2002) defined the sonic temperature T; as:

T, :Tu<l+0.32&) =T,(1+0,) 1
Pa
in which:
6, = 0322 2
pd

All symbols used here have the same meanings as those in Massman
and Lee (2002): T, is the ambient air temperature, p, is the ambient air
pressure (i.e. air pressure of the total moist air), and p, is the partial
pressure of water vapor.

We applied Reynolds decomposition to Egs. (1) and (2), where we
ignore the covariance term (ﬁp’a) and the second-order fluctuation
term (o’vp’ o/0vDg) as Massman and Lee (2002). This is equivalent to a
first-order Taylor expansion, where a logarithm is applied to Egs. (1) and
(2) as the first step of the expansion (see Appendix). As a result, we
produced the means and fluctuations of ¢, and T;. Overbars denote mean
values and primes refer to fluctuations.

For 5,:
5, =032 030 P _ 30 K ©)
Pa Pa+D, L+7,

where p, =p; +p, and ¥, =P, /Dy. Here p, is the mean partial pressure
of the dry air component (including COj, as in Massman and Lee
(2002)), and ¥, is the mean mole fraction of water vapor relative to dry

For 6,
‘s, s, "
5 b P
or
¢ =3, <F —’9) (4a)
v Pa
For T;
T,=T.1+3,) (5)
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and

FeEruta e n) ©
When considering Eq. (5), this becomes:
T;:?fl(l—i-ﬁv)-i-a,i(;—;—;—/“) %)

Eq. (7), which is equivalent to Eq. (6), is the correct version of Eq.
(B.24) in Massman and Lee (2002). Examination of this shows the typo
in Eq. (B.24): the p, term in Eq. (7) was wrongly replaced with p,. The
correct way to express p, with p, in Egs. (6) or (7) is described below.

What we need is the Ideal Gas Law of water vapor:

L =2 g, (8)

m,

p

where m, is the molecular mass of water vapor and R is the universal gas
constant. Conducting Reynolds decomposition on Eq. (8), we get:

’

o
Boeyl ©)

b, To P,
Then, by substituting Eq. (9) into Egs. (6) or (7) to eliminate p,, we get:

T T o, T ' ' 1+2, T o, ' '
Lym (Leln) LemL oo (5 A) g

T, T, 1+o,\T. p, p) 1+6, T, 1+6,\p, P,

or

T =T,(1+25,) + 5T, (’éf’é) an
pl’ p(l

Here, the p, in Eq. (7) has been replaced with p,, in the correct manner. It
should be noted that Eqs. (10) and (11) are equivalent to Eqs. (6) and
(7), and all four correct the error in Eq. (B.24). When p, is used instead of
Py, the difference between our Eq. (11) and the original Eq. (B.24) of
Massman and Lee (2002) lies in the parameters given for T/a, namely
(1+425,) instead of (1 + &y).

2.2. Eq. (B.25)

In this sub-section, we will firstly present the procedures to derive
Eq. (B.25) from Eq. (B.24), which were not demonstrated with enough
details in Massman and Lee (2002). Then we will prove that Eq. (B.25) is
incorrect based on the analyses of these procedures. Finally, we will
derive the correct version of Eq. (B.25) and compare it with the original
one.

The original version of Eq. (B.25) presented in Massman and Lee
(2002) is

__ o
o 5 _ (V7 —
T — v s 0'7 7, vi)\, _v_pu
¢ 140, 1l+40, Py P

(B.25)

Eq. (B.25) can be readily deduced from Eq. (B.24) in two steps. First we
derive “the flux version of Eq. (B.24)” as:

177-,/ 5. _ S o
Ty M (L £
“ l1+0, 1+0, Py Pa

(B.24F)

It can be obtained by singling out T,, multiplying with v and
applying the Reynolds averaging for Eq. (B.24). Second we replace v'p),
with mF in Eq. (B.24p). Then Eq. (B.25) is produced.

However, as we have noted in the last section, Eq. (B.24) is incorrect.
So Eq. (B.25) is also flawed since it is derived from Eq. (B.24).

—_— ——F
Additionally, it is wrong to replace v'p, with vp, because
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——  ——F ——F
v'p, #v'p, . According to Massman and Lee (2002), v'p,, represents the
“complete flux” of water vapor including the WPL corrections. It can be
written specifically as:

W=V e (12a)
or

——F Vo VT v

vp, (VP ¥ VD

——=(14y, <,‘+_—”f_—“> (12b)
A VR

in which p, is the density of dry air (p; = p, — p,) and @, = p, /p, is the
mean mixing ratio of water vapor. Unless the last term in Eq. (12a)
——  —F - ——F
equals zero, it follows that v'p;,  v'p,, . Thus, replacing v'p), with v'p/, is
mathematically incorrect. It is also unnecessary to do so, given that our

final goal is to express v'T, in relation to v'p, (the raw flux of water

vapor) rather than WF, as pointed out by Eq. (B.28) in Massman and
Lee (2002):

VT, { 1 } VT, {au(l m)] T {ﬁv(z m)} v,
T, 1 + (saczv T.\ 1 + éuczv ljd 1 + Eaczv ﬁa

-

= B.28
T, ( )
As such, Eq. (B.25) must be incorrect.

The correct version of Eq. (B.25) can easily be derived from Eq. (11)
by following the same mathematical procedures to derive Eq. (B.25)
from Eq. (B.24) described at the beginning of this sub-section, without

substituting v p, with v,

T v'T, o, - (vVp VP

T = —— T, =———2 13
YT 1125, 1+2s, (p‘, pa) a3

Eq. (13) shown here is the correct version of Eq. (B.25). Comparing
Eq. (13) and Eq. (B.25) we can see that (i) the typographical error in Eq.
(B.24 ) creates a difference between the denominators (1+25,) and

(1 + &,); (ii) the mistake of replacing vy, with v’_p;,F is also shown

clearly.
2.3. Eq. (B.28)

Eq. (B.28) was directly derived from Eq. (B.25); however, since the
latter is wrong, Eq. (B.28) must also be incorrect.

In order to keep the equation concise, we do not introduce additional
parameters, such as @,, f,, and 4,, as performed by Massman and Lee
(2002). Instead, we express the revised version of Eq. (B.28) using only
Gy OF 7,

The purpose of Eq. (B.28) was to express the wind covariance of air

temperature (v'T,/T,) with that of sonic temperature (v'T; /Ts), given
that sonic anemometers directly measure T rather than T,. Eq. (B.24)
and (B.25) are intermediate steps towards Eq. (B.28). By multiplying Eq.
(13) with 1/T, and then employing Eq. (5), the correct version of Eq.
(B.28) can be produced, which directly satisfies this purpose:

1+2,\7, .
When considering Eq. (3) to replace the parameter of 5, with ¥,, we
obtain the following:

c\

T, 1+0, VT,

T, 1+2, T,

(14a)

T, 1413, VT 0327, (W W)

<

T, 1+1647, T,

— (14b)
Py Pa

Egs. (14a) or (14b) are both correct forms of Eq. (B.28).
To simplify the coefficients, we can rewrite Eqs. (14a) and (14b) as:

rT/ rT/ _ T
v_a:V_sir )+vpt7v_ﬁ (15)
Ta Ts' Ts Py Pa
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where

= G
" 1425,

0.327,
_ s 15
1+ 1.647, (152)

We can conduct a preliminary estimation for Eqs. (15) and (15a) ac-
cording to Egs. (18a)—(18d) in Section 4:

L~ ~ 107 (15b)
and

T TT

VT “ VT ; (15¢)

Egs. (14a), 14b) and ((15) are more succinct than the original Eq.
(B.28) in Massman and Lee (2002).

3. Comparison of the original and corrected versions of the three
equations

In Section 2, we corrected the typographical error in Eq, (B.24) of
Massman and Lee (2002) and the corresponding errors in Egs. (B.25)
and (B.28). To summarize, we list the original and corrected versions of
Eq. (B.24), (B.25), and (B.28) in Table 1. The formulae showing the
absolute errors of the original versions are listed in the “Original Minus
Corrected” column of Table 2, but these original versions of equations
have been slightly modified before subtraction to show the T, terms on
the left-hand side for several reasons below.

As pointed out in Section 2.3, the purpose of these three equations
was to calculate the wind covariance of T, in terms of T, because sonic
anemometers directly measure the latter rather than the former.
Further, calculating the net ecosystem exchange (NEE) of a particular

trace gas component (c) requires v'T,/T, more directly than v'T,, as
shown by the Eq. (1) in Burns et al. (2021) (horizontal exchanges
ignored):

h - -
ap wp, o o WT, P

NEE = [ L<4 -7, 1 L
/a A+ wp, =Pl +7,) = 7 +p.(1+7,) T +u‘ﬁwpv

0

(16)

where h is the measurement height, p, the mean density of component c,
w the vertical velocity, and y, the ratio of the molecular weight of dry air
to that of water vapor.

For these reasons, we rearrange the equations to show T, /T, or v'T,/
T, on the left-hand side and other terms on the right-hand side, as shown
in Table 2. We also note that we choose an open-path system for com-
parison, such that §, = 1. Additional parameters used in these equa-
tions are summarized as follows:

_ 5 0.327,

= =" 1
b= G T T 132, (7a)
A =p,01+7,) (17b)
a,=p 17¢)

P,

| 1, open path IRGA

Ooc {0, closed path IRGA a7d)

4. Quantitative estimations of the errors of the original
equations

4.1. An overview of the GLEES dataset

Eddy covariance data from the GLEES site (Frank and Massman,
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Table 1
Summary of the original and corrected versions of Egs. (B.24), (B.25), and (B.28) in Massman and Lee (2002).
Eq. Original Corrected
(B.24) _ , , _ /p
T = T,(1+ )+ 5 Ta(2 ’?) T =T,(1+3)+5 a<ﬁlf{i) 7)
Py Pa vy Pa
or
T, = T,(1+25,) + 5,Ta (7 &) 11)
Oy Pa
(B.25) : VT, & - (VP VD o _ VT, 5 = (Y, VD
VT, =+~ —To| ————=* v, = G, e\ 5 ") %)
1+6, 1+0 Py Do 1+26, 1+ 20, Py D
(B.28) VT, _ = ] VT X +gv>} T {Bv(z +7@)} A VT, _1+5, YT, 5 (i - l) (142)
Tq 1+ 6ochv] Ts 1+ 6ochv | Pa 1+ 8ocdv | Pa T, 1+20, T 1+ 20y \ p, DPq
or
LT (LT ) g
T, T Ts Py Da
Table 2

Comparison of the original and corrected versions of Egs. (B.24), (B.25), and (B.28) in Massman and Lee (2002) for open-path systems. In each equation, the T, term is

situated on the left-hand side.

Eq. Original Corrected Original Minus Corrected
®20) T, T, 3 <p7;7&) T, _1+5 T, & CL'_ A(L>: &% T, & o CL/VJL;)
T, T, l1+o,\p, P, T, 1+26, T, 1+26,\p, T, 1+26, T, 1+26,14+06,\p, D,
)
Da
(B.25) v'T, _ i7 oy <m B &> v;Ta _ 1+0, V:I's7 A(V'Ta _ oy ﬁJr oy E7 oy m oy G5, Vp,
T, T, 1+36,\ p, Do To 1420, T T, 1+25, T, 1+26, p, 1+ p, 1+26,1+35, P,
(-
1+ 20, Py DPa
B28) VT, VT, 1, (VT, VJ T, YT, & (VT VT, 327 VT,V
P v A (VJ+V,”V>+ Yie P O (VJ+ A(VJ): _ 03%, - —;V(1+1.32;7V)(V,S+V,ﬂ)+(1+
T, T, 14+4\Ts 7Py T, T, 1+25, \ T, T, (1+41.647,)(1 + 1.647, + 0.3272) T, 7y
By (2 +?V>] A Vo, W) _ 2 W]
[ 1+ | Pa Py Da 2 V) A

2021) are used to give a quantitative example of the errors present in the
original equations. When conducting the following quantitative esti-
mations with these data, the vertical components of the equations are
used to represent the theoretical 3D equations. This is because the ver-
tical components are of major concerns among the flux community (for
example Burns et al. 2021).

This GLEES dataset contains half-hourly covariances between the
vertical wind speed and the sonic temperature (w'_Ts), the water vapor
(W’_/J;) and the static air pressure (w’_p;l) from April 1st, 2018 to
September 30th, 2020 (43,872 data for each variable; one datum every
half-hour). It also contains half-hourly mean values of water vapor mole
fraction (f,), sonic temperature (Ts), water vapor density (p,), ambient
air pressure (p,) and air temperature (T,) for the same period.

Fig. 1 provides an overview of the seasonal variations and frequency
distributions of the major variables that will be used in the following

analyses, namely w' T, /Ts, W o, /5,, W p, /P, and 7,. Note that the data of
complete two years (from July 1st, 2018 to June 30th, 2020), rather
than the whole dataset, are used for all the histograms showing fre-
quency distributions in this paper. The approximate values of these
variables can be estimated from panels (e) to (h) of Fig. 1 as:

WTT ~ =3 x 107 (mes") (182)
Wﬁ—p ~2 x 107 (ms™") (18b)
“;‘:’; ~ =3 x 1078 (mes) (18¢)
7, =4 x 1073 (unitless) (18d)

4.2. Errors of Eq. (B.28)

Eq. (B.28) is the final aim of Eq. (B.24) and (B.25). It quantifies
m/ T,, which can be directly used to calculate NEE without the need of

T, data Egs. (15) and ((16)). The equation of the absolute error caused
by the original version of Eq. (B.28) is listed in Table 2 as:

(ﬁ) _ 0.327, {
T.) (1+1.647,)(1 + 1.647, +0.327%)
-7+ 1.32;7,,)<TS+ Py

K v

> + (142647, +1.327) v}_f’“

a

(19)

Fig. 2 shows the seasonal variations of the correct values of TE/TQ
calculated by our Eq. (15) with the GLEES data (panel (a)), and those of
the absolute errors (A(W'T, /T,)) which are caused by the original Eq.
(B.28) and calculated from Eq. (19) (panel (b)). While panels (c) and (d)
of Fig. 2 present seasonal variations and frequency distributions,
respectively, of the relative errors brought by the original Eq. (B.28).

Comparing Figs. 2(a) and 1(a), we can approximately say that
WT, /T, =~ WT,/T,, which is consistent with our estimation in Eq. (15c¢).
Fig. 2(b) shows that the absolute errors of the original Eq. (B.28) are
mostly negative when estimating with the GLEES dataset. And we can
see from Fig. 2(d) that the relative errors of Eq. (B.28) (compared to its
correct version, Eq. (15)) are within the magnitudes of 0.1% (£1 x
1073).

Further analyzed in Fig. 3 are the seasonal patterns of the absolute
errors of Eq. (B.28), which have been calculated with Eq. (19) and
shown in panel (b) of Fig. 2. For ease of programming and analyses, we
define the terms in Eq. (19) in the following way:
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o ; : i () Py — : ; ()
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=
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J10* () 10% (d)
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& \ 1
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© : : : , . : 0
a000 -
2000 ~
1000 +
o
20 s [ 5 10 15 zo 25 Y
w'T, 10* w'p, 10?
—* (m-s!) Pr (m-s)
T, 2
10000 @ ()
& om0 .|
£ 6000
= 1000+
S 4000
= 2000 soor
&
0 o
-6 -5 -4 -3 -2 -1 0 1 2 0 2 4 6 8 10 12 14 16

w'p, 10" Y. (unitless) x103

% (m-s")
Da

Fig. 1. An overview of the half-hourly mean variables at GLEES to be used in the following quantitative estimations. Panels (a)-(d): seasonal variations of w'T; /Ts,

w'p,/p,, WP, /P, and 7,, respectively, from April 2018 to September 2020. Panels (e) - (h): Histograms showing the frequency distributions of the same variables, from
which the estimations of their magnitudes are derived as Eqs. (18a) — (18d); data from July 1st, 2018 to June 30th, 2020 are used for the histograms hereinafter.

c10® : ‘ ‘ @ . ®)

-

- 25
Jan2018 2018 Jan2018 Jul2010 Jan2020  Juy2020  Jan2021 Jan 2018 Jul 2018 Jan2019  Jul2019 Jan2020  July2020  Jan 2021

10? (c) (d

) (m-s7h)

10000

:

g

§

g

frequencyiunitless)

JaN2018 JW2018 2019 Ju2019  Jan2020  Juy2020  Jan2021

Fig. 2. The values of W' T, /T, and its absolute and relative errors resulted from the original Eq. (B.28). Panel (a): seasonal variations of the correct values of W T, /Tq
calculated with Eq. (15). Panel (b): seasonal variations of the absolute errors (A(w'T, /T,)) in the original Eq. (B.28) calculated from Eq. (19). Panels (¢) and (d):

seasonal variations and frequency distributions, respectively, of the relative errors, A(E) / "’I;", caused by the original Eq. (B.28).
0.32y,
By, = e T ) AT
(1+1.647,) (1 + 1.647, +0.327,) A( = ) =E, (Er, +E, +E,) (19¢)
By — —7.(1+1327) VT, (19b) Flg. 3 illustrates the magnitude of the vertlc.al component of each
T, term in Eq. (19e). It shows that the T; term (Er,) is very small, while the
o p, and p, terms are much larger. The p, term (E,) dominates in summer,
B, = —7.(1+1327.) v_pv (19¢) w./vhﬂe' the pa term (E,) peaks in winter with a similar 'magmtude and
P, identical sign. However, the values of parameter E, during summer are
L approximately four times larger than its values during winter, so the
_ VP results obtained via solving Eqs. (19) or (19¢e) do not display notable
E, = (142.647, + 1.327) == 19d o .
’ ( Lt X“) D (19d) peaks in winter (Fig. 2(b)).

Diurnal variations of these errors may also be of interest. Fig. 4
Then, Eq. (19) is equivalently rewritten in a more concise way as Eq.

(19) bel provides the seasonal mean diurnal variations for w' Ta/Ta (the first
e) below:
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Fig. 3. Seasonal variations of the vertical component of each term in Eq. (19¢). These terms help to explain the seasonal patterns of A(w'T, /T,) which have been

calculated by Eq. (19) and shown in Fig. 2(b).

@uaz9

0 GIsoNz0t9 .10t (4) Dec 2019 - Feb 2020

' (MAM2019 a0t
5 Ve 5
oo / \w /\
/ / -
/ \ / \‘\ / \\
/ \ / / \
s / / \ / \
1% /' \ / \ / \
[ R _ A IR N
) PR 2 6 0 n o 4 b w2 w om 2 S0 4 8w w @
10 (5) MAM 2019 1 10 (7) SON 2019 10 (&) Dec 2019 - Feb 2020
il \\\.\_,»/N 197N /M | T i
ol | 0 | 0
\ /= - :
; . \ / | s h
o \ / B
\ /
\ f . N
\“ /
/
./ .
e w w o m Se i = T e w wm o wm Se i w o wm
@MAMZ019 10 (19) 3R 2019 100 (nsonz2019 ip® (12) Dee 2019 - Feb 2020
] | )
[} | |
‘L. | ‘f\‘ “‘ \ 1 . 1 I A
\ | 1 (- | — A
AV ey Lyl | o M o “4‘ SV b
\/
~. 1| H 1 1

3 2

Hour of Day

w12 % @™ 2 a4 8 12 ® =

Fig. 4. Seasonal mean diurnal variations of w' T, /T, (panels (1)-(4)), its absolute error, A(W T, /T,) (panels (5)-(8)), and its relative error, A (WLTTJ“) WT—T“ (panels (9)-
(12)) (MAM: March, April and May. JJA: June, July and August. SON: September, October and November).

row), its absolute error (the second row) and its relative error (the third
row) for the year 2019.

In every season, w' T, /T, peaks at noon with positive values and falls
slightly below zero at night, similar to the diurnal patterns of the kinetic
sensible heat fluxes (W' T,, not shown). The magnitude of the peak is
largest in spring and smallest in winter.

For the absolute error, AWT, /T,), the mean diurnal values are
negative all over the year with single peaks at noon (panels (5)-(8) in
Fig. 4). The amplitude of the peak is maximum in summer, decreases in
fall and reaches the smallest magnitudes in winter. In contrast, the

relative error (panels (9)-(12) in Fig. 4), A (WT—TJ“) / WLTTJ“

a

, does not display

any similar patterns in the seasonal mean diurnal variations as the w'T,
/T4 covariance or its absolute error. For the whole year of 2019, the
relative error fluctuates around zero within the magnitudes of £2 x
10~3 with few exceptions in summer.

4.3. Errors of Eq. (B.25)

Some researchers may be interested in determining the temperature-

wind covariance (v'T,) rather than the covariance divided by the mean
air temperature (v'T,/T,) as Eq. (B.28) calculates. Indeed, the
temperature-wind covariance could be directly calculated using Eq.
(B.25) in Massman and Lee (2002). However, the original Eq. (B.25)
contains errors which have been illustrated and corrected in Section 2.2.

Here we compare three different formulations of v'T, that are involved
in Section 2.2.

(1) Eq (B.24y), “the flux version of Eq. (B.24)” mentioned earlier in
Section 2.2. It is generated by using v_pv instead of HF in the
original version of Eq. (B.25). It can be rewritten as a function of
%, in the following equation:

0327, ~ (Vi Vp.
1+1327,°\ 5, P

.
= T

- ’ B.2
RS P, A (B.24v)

(2) The original form of Eq. (B.25) in Massman and Lee (2002). By

substituting WF with raw fluxes as Eq. (12b), we produce a
version of Eq. (B.25) that is almost equal to Eq. (B.28), with the
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only difference of 1/T, (Section 2.3). And it can also be rewritten
as a function of y,:

o 1+7, 7 03%(+7) v,
141647, +0327° ° 1+ 1.647, +0327 “ P,

03%,2+7) VP,
1+ 164y, +0327. “ B,

(B.25v)

(3) Eq.(13)thatwe derived in Section 2.2, which is the correct version
of Eq. (B.25). This can also be expressed as a function of f,:

13v)

47 o Mﬂfo?fﬁ%

'T, = VT, — B
Pl T T 164y, 11647, ‘\ B, Bl

The absolute errors of Egs. (B.24,) and (B.25,) are calculated as
follows by equation sets (20) and (21), respectively:

(1) (B.24,) - (13,):

0.327,
1+ 1.327,)(1 + 1.647,)

AT = ¢ (142, VT, —0.32,T, (V/_J” ’%ﬂ

For simplicity, we define the following terms:

0.327,
C, = Y 2

% T 1+ 1.327,)(1 + 1.647,) (202)
Cr,=1+7, VT, (20b)
C, = —0.327,T. (20¢)

pV
C, = 0327,T,La (20d)
p[l
Then we can express Eq. (20) equivalently in the following way:
A(VT,)) =C,, (Cr, +C, +GC,) (20e)
If we consider that 7, ~ 1072 as Eq. (18d), then:
A(VT) ~ 0.327,vT — (0.32;7‘,)2-Ta~v; Y 1 (0.327,)> T, L (209)
v Pa

(2) (B.25,) - (13,):

0.3%,
(1+1.647,)(1 + 1.64%, + 0.3277)

7+ 7 W T —7.(1 + 1.32;@)7]5“ + (1 +2.647, + 1.322)T, L

v a

A(VT,) =
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Similarly, we define the following terms:

0.327,

D, = 21a
(1 + 1.647,) (1 + 1.647, +0.327°) (212)
Dy, = 7,1+ 7T, (21b)
D, = —7.(1+ 1.32;7V)Tav!_)” v (21¢)
- o\ VP,
D, = (1+2.647, +1.327.)T, - (21d)
and rewrite Eq. (21) as:
A(VT,) =D, (Dy, +D,+D,) (21e)
Still considering 7, ~ 1072 for approximation, we get:
— 2 o VL -
AWVT,)) ~ —03272V'T, — 03277 Ty —L+ 0.327, To— (219
y Pa

Fig. 5 presents the seasonal variations of the correct version of w'T,
calculated by Eq. (13) (panel (a)), and its absolute errors, A(W'T,),

(20)

caused by Egs. (B.24p) and (B.25) and calculated from Egs. (20) and
(21), respectively (panel (b)). Frequency distributions of Eqs. (20) and
(21) are shown by histograms in panels (c) and (d), respectively. Fig. 5
(b) shows that while Eq. (B.25) has a smaller magnitude of errors than
Eq. (B.24p) in the quantitative estimations with GLEES data, it contains

. . ——F ——
one additional source of error in formula (v'p, instead of v'p), see Sec-

tion 2.2 for details). It means that the error of replacing v'p,, with mF in
Eq. (B.25) partly cancels out the error of mistaking p, for p, in Eq. (B.245)
(see Section 2.2 or Table 1 for details).

Fig. 6 denotes the dominant terms in the vertical components of Egs.
(20) and (21). The T term (Cy,) dominates the errors calculated by Eq.
(20) (Fig. 6(a)). However, for Eq. (21), the T term (Dr,) is very small;
instead, the p, and p, terms have a much greater magnitude and the
same sign (Fig. 6(b)). Fig. 6(b) and Fig. 3(a) are similar because Egs.
(B.25) and (B.28) are almost equivalent (Section 2.3).

We can further explain the results in Figs. 5 and 6 with the approx-
imate magnitudes of the w'T,/Ts, w'p, /p,, W, /P, covariances and ¥, at
this site, as shown in Fig. 1 and Egs. (18a)—(18d).

Eq. (20f), which is a close approximation of Eq. (20), can be further
estimated as below:

2D
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Fig. 6. Seasonal variations of the major terms in Egs. (20) and (21) (vertical components only). Panel (a): Cr,, Cy and C, in Eq. (20e); note the scale difference

between the two y-axes. Panel (b): Dr,, Dy and D, in Eq. (21e).

_a.WTTw(mz X (4% 107) x 300 x (—3x107%)

0.327, W T, ~ 0.327,-

~-1 x107* (K-m~s’1)

(22a)
—(0.32;7‘,)2-Ta~wﬁpw—(0.32 x 4 x107)" x 300 x (2 x107%)
~ -1 x107° (K-ms™)
(22b)
(0.327,* T ola ~ (032 x 4 x 107) x 300 x (=3 x 10°°)
~—1 x107° (K-ms™") (22¢)

Egs. (22a)—(22c) explain why the T; term (Cr,) dominates in Eq. (20),
as shown in Fig. 6(a). Also demonstrated is the approximate value of Eq.
(20) shown in Fig. 5(c), as (— 1) x 10™* (K-m-s71).

Similarly, For Eq. (21f):

0327 WT, ~ —0.327 -TH-WTTS
~ =032 x (4x107)" x 300 x (=3x107%)

~5 x 1077 (Kms™)

(23a)

PP 032 x (4x107)7 x 300 x (2 x107Y)

—0.32¢% T, —
~ -3 x107° (Km-s™") (23b)
0327, Tale 2032 x (4 x 107) x 300 x (=3 x107)
~ -1 x107° (K-ms™) (230)

Based on Egs. (23a)-(23c¢), the T, term can be ignored in Eq. (21) as
shown in Fig. 6(b). And the values of Eq. (21) can be estimated as [ — 3, —
1] x 1075 (K-m-s7!), which is demonstrated by Eqgs. (23b) and (23c) and
shown in Fig. 5(d). It is smaller than the magnitude of Eq. (20) by one to
two orders, which corresponds with Fig. 5(b).

Despite what is noted above, the values of W T, /Ts, w'p, /p,, Wp, /D,
and 7, may not be equal among different sites. Thus, independent esti-
mations are recommended for other sites if one wants to determine the
magnitudes and dominant terms of the errors in the temperature-wind
covariance brought by the original Eq. (B.25).

5. Conclusions

This paper corrects the typographical error in Eq. (B.24), and the
resulting mathematical and logic errors in Eqs. (B.25) and (B.28), which
were presented by Massman and Lee (2002). The purpose of these

equations was to calculate the air temperature-wind covariance (v'T,)
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with the directly measured sonic temperature-wind covariance (v'T;),

raw water vapor flux (m), and pressure-wind covariance (m). We
present detailed derivations of the correct equations and the absolute
errors brought by the original versions. These theoretical results are
sequentially listed in the main text, and summarized in Tables 1 and 2.

Quantitative estimations discussed in Section 4 are achieved using a
dataset obtained at GLEES. We present seasonal and mean diurnal var-
iations and frequency distributions of the absolute and relative errors

brought by the original Eq. (B.28) to the w'T, /T, covariance. Our result
shows that when the original Eq. (B.28) is used to estimate wiTa /T,
errors are produced with a magnitude of 0.1% of the covariance itself,
which is very small. We subsequently present quantitative discussions of
all three versions of Eq. (B.25) that calculate the temperature-wind

covariance (v'T,). By analyzing the magnitudes of the major variables
at GLEES, we explain the magnitudes and dominant terms of the errors
when calculating w'T, with Egs. (B.24y) and (B.25).
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Appendix: the equivalence of the first-order Reynolds decomposition and first-order Taylor expansion

When deriving Egs. (3) and (4) from Eq. (2), we truncated the Reynolds decomposition to the first-order, as we have pointed out in Section 2.1. The

covariance term (¢',p’,) and the second-order fluctuation term (¢ ,p ,/5,P,) are ignored in this Reynolds decomposition process, which arrives at the
same results of the “first-order Taylor expansion”. To make this equivalence clearer, we will present detailed derivations from Eq. (2) to Egs. (3) and
(4) in this Appendix using the first-order Reynolds decomposition and Taylor expansion, respectively.

We start from Eq. (2):

6,50.322>
Pa

(2)

(1) To use the rigorous Reynolds decomposition rules and remaining to the first order, we firstly rewrite Eq. (2) equivalently as:

o.p. =0.32p,

Then applying Reynolds decomposition:
(@ +0,) (Pa+r,) =0.32(p, +p,)
Eq. (A2) after Reynolds averaging arrives at:

5vﬁa + 0-,vp,a = 032?’»

(A1)

(A2)

(A3)

Subtracting Eq. (A3) from Eq. (A2), and dividing the result with 5,p,, we get

O _ g3 Lla Pu_ Oluc o,

o, 6D, Da 0P,

(A4)

Thus, we arrive at the mean and fluctuating values of o,. G, is derived from Eq. (A3) rigorously as:

5 T
5, =032 %P
pa pll

and the equation of a;, that is similar to Eq. (4), as:

SV SR L S

lep/u - O-,Vp,a
o 032, ~0.p, Pa P

(A5)

(A6)

If we ignore the covariance term (¢',p',) and the second-order fluctuation term (¢ Vp'a /6vPy) in Egs. (A5) and A6), then we get Eqgs. (3) and ((4) in the

main text:
7, =0322

p{l
5 _p. b,
6y Dy DPa

(2) Using the “first-order Taylor expansion™:

3

C)

The first-order Tayler expansion includes the zero-order Taylor expansion, which means:
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def, Dy (XU)
o, (xo)_o.32p7a ) (A7)

where Xy is the “base point” in Taylor expansion. If we regard the mean values of the above variables as their values of the x, point, then we get Eq. (3).
To get the first-order expansion, we firstly apply logarithm to Eq. (2) as:

Ino, = Inp, — Inp, + In0.32 (A8)

Then conducting the first-order derivative, we get
do, _dp. _dpa

——— (A9)
6y Py P

And if we regard the fluctuations of the three variables above (o,, p, and p,) to be small enough, then we can replace the differential terms in the
numerators with the fluctuations, just as Eq. (4).
Thus, the first-order Reynolds decomposition and Taylor expansion arrive at the same results, which means they are equivalent.
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