
Trees, Forests and People 17 (2024) 100627

Available online 14 July 2024
2666-7193/© 2024 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
nc-nd/4.0/).

Taper functions to predict the upper stem diameter of Chir pine (Pinus
roxburghii) in the mid-hills of Nepal

Pradip Saud a,b,*, Tolak R. Chapagain c,*, Shes K. Bhandari d, W. Keith Moser e

a Arkansas Forest Resource Center; College of Forestry, Agriculture, and Natural Resources, University of Arkansas at Monticello, 110 University Court, Monticello, AR
71656, USA
b Arkansas Center for Forest Business, University of Arkansas at Monticello, Monticello, AR 71656, USA
c Province Forest Directorate, Butwal, Lumbini Province, Nepal
d Institute of Forestry, Pokhara Campus, Tribhuvan University, Nepal
e Rocky Mountain Research Station, Forest Service, US Department of Agriculture, 2500 S. Pine Knoll Dr., Flagstaff, AZ 86001, USA

A R T I C L E I N F O

Keywords:
Maximum likelihood
Mixed-effects model
Autocorrelated errors
Variance function matrix
K-fold cross-validation

A B S T R A C T

A function that predicts the upper stem diameters of an individual tree is helpful in better quantifying the volume
and devising sustainable management of commercially and ecologically important species. This study compares
three forms of the taper equation (single, variable-exponent, and segmented) using destructive sample data
collected from 80 Chir pine (Pinus roxburghii Sarg.) trees across three adjacent stands in the Mid hills of Nepal. A
mixed-effects modeling approach was used to evaluate the 13 different taper functions, selecting the best
parameter association with the random effect to avoid overparameterization. Additionally, these models were
fitted to minimize errors by modeling correlation structure with continuous autoregressive correlation structure
of order 1 (corCAR1) and variance with a power variance function. All models were statistically significant at 5%
level in the likelihood ratio test when compared with the models fitted without these error minimization.
Furthermore, model performance (root mean square error, mean absolute error, and pseudo-R2) was evaluated
using k-fold cross-validation procedure. Although all taper functions described more than 95% of the variation in
upper stem diameter prediction, the single-form models of Bennett and Swindel (1972) and Amidon (1984), the
variable-exponent model form of Sharma and Zhang (2004), and the segmented model form of Max and Burkhart
(1976) explained more than 98% percent of the variability. Residual diagnostics indicated that Sharma and
Zhang’s (2004) model provided better constant and minimum errors in predicting the upper stem diameter along
the 8 to 20 m stem length, whereas other models exhibited higher residual errors. Despite model’s better per-
formance, variability along the upper stem diameter prediction would affect its applicability in estimating the
volume at any merchantable height of individual trees.

1. Introduction

The stem taper function, an allometric growth model, utilizes the
measurements of total height (H), diameter at breast height (D), and
height (h) above the ground at which upper stem diameter (d) is
measured to estimate the rate of change in diameter with increasing
height along the tree stem (Kozak et al., 1969; Max and Burkhart, 1976;
Ormerod, 1973; Pain and Boyer, 1996; Cao, 2009; Sharma and Parton,
2009; Lynch et al., 2017). Integration of taper equations allows for
predicting upper stem diameter, estimating accurate total volume, and
predicting timber yield, which is crucial for economic planning of
forestry operations and sustainable forest management (Garber and

Maguire, 2003; Sharma and Zhang, 2004; Lynch et al. 2017). These
equations also estimate biomass and carbon stocks in forests, which are
critical for understanding the role of forests in carbon sequestration and
climate change mitigation (Cao and Wang, 2011; Zhao et al., 2019).

Despite the development of many taper functions, their successful
applications have been limited due to variability in species and stem
shapes (Sharma and Zhang, 2004; Rojo et al., 2005; Arias-Rodil et al.,
2015; Arias-Rodil et al., 2017; Poudel et al., 2018). This variability is
often complex due to the stand characteristics that introduce challenges
in accurately defining tree form to predict the total and merchantable
volumes at any given height from the stump height (Farrar and Murphy,
1987; Clark et al., 1991; Jiang et al., 2007; Sharma and Parton, 2009;

* Corresponding authors.
E-mail addresses: saud@uamont.edu (P. Saud), chapagain.tolak@gmail.com (T.R. Chapagain).

Contents lists available at ScienceDirect

Trees, Forests and People

journal homepage: www.sciencedirect.com/journal/trees-forests-and-people

https://doi.org/10.1016/j.tfp.2024.100627

mailto:saud@uamont.edu
mailto:chapagain.tolak@gmail.com
www.sciencedirect.com/science/journal/26667193
https://www.sciencedirect.com/journal/trees-forests-and-people
https://doi.org/10.1016/j.tfp.2024.100627
https://doi.org/10.1016/j.tfp.2024.100627
https://doi.org/10.1016/j.tfp.2024.100627
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Trees, Forests and People 17 (2024) 100627

2

Ulak et al., 2022). Considering the region and tree species type,
numerous complex model forms have been attempted worldwide to
describe stem taper compatible for volume estimation, ranging from
simple to variable-exponent and segmented taper models. Over time,
these taper equation have been modified by imposing conditions to
reduce bias and provide a more accurate prediction for different tree
species.

A simple taper function (Behre, 1923) has been modified from
quadratic (Matte, 1949) to a polynomial function (Kozak et al., 1969;
Ormerod, 1973; Demaerschalk, 1972; Clutter, 1980) to become
compatible with existing local volume equations. These simple taper
equations are commonly used to develop local volume tables. The
variable-exponent taper equation considers an individual tree form. It
describes the stem profile as a single continuous function, adjusting the
exponent from the ground to the top to represent the neiloid, paraboloid,
and other intermediate forms (Kozak, 1988; Riemer et al., 1995; Sharma
and Zhang, 2004; Poudel et al., 2018). Furthermore, the segmented
taper equation, which uses a step function, characterizes the entire stem
profile and reduces the bias by dividing the stem length into multiple
segments at inflection points (Max and Burkhart, 1976; Goulding and
Murray, 1976; Cao et al., 1980; Demarschalk and Kozak, 1977). This
segmented taper model uses different sets of model joints for the various
parts of the stem such that merchantable and total volume can be easily
estimated by direct integration of the taper equation (Max and Burkhart,
1976; Fang et al., 2000; Cao et al., 1980; Cao and Wang, 2015; Sabatia
et al., 2015). Conversely, variable-exponent taper functions require
some algebraic adjustments to establish the taper and volume relation-
ship because the models are developed empirically rather than being
geometrically compatible for integration (Clutter, 1980; Amidon, 1984;
Gordan, 1983; Lynch et al., 2017; Zhao and Kane, 2017; Zhao et al.,
2019).

Using separate sets of equations, such as cylindrical volume for
stump and cone volume for top sections, and Smalian’s formula for the
middle section, the volume of a tree can be easily estimated. To improve
volume estimation by providing better parameter estimates for the
prediction of upper stem diameter (d), the modeling of these taper
equations has considered the mixed-effects modeling approach. This
approach models the covariance structure of random effects and random
errors (Cao and Wang, 2011; Arias-Rodil et al., 2015; Saud et al., 2019;
Zhao et al., 2019). Model fitting for the taper equation violates the in-
dependence assumption because data are taken at the multiple mea-
surement points on each sample stem, leading to correlated
observations. Multiple d measurements at varying heights (h), that vary
with taperness and proportionality to D introduce autocorrelated errors
and provide weight of D, resulting in variability in residual errors. The
mixed-effects approach accounts for the correlation between the suc-
cessive measurements on the same tree and the heteroscedasticity error
by modeling the covariance matrix in predicting d as the random effects
component and the within-subject component and provides better
parameter estimations of a taper equation (Garber and Maguire, 2003;
Yang et al., 2009; Gómez-García et al., 2013; Zhao et al.. 2019; Hussain
et al., 2020).

Chir pine (Pinus roxburghii Sarg.), a widely distributed evergreen
conifer species, is one of the dominant tree species in subtropical forests
of the Indo-Pacific region (Singh and Kushwaha, 2011; Bisht et al.,
2014). It extends from Bhutan to the western Himalayas, at elevations
ranging from 450 m to 2300 m above sea level. In Nepal, the Chir pine
forest is distributed in the subtropical region at altitudes ranging from
1000 m to 2000 m (Jackson, 1994) and contributes 7.05% (11.62 m3

ha–1) in total standing volume and 8.45% in forest-type coverage (DFRS,
2015). This forest type is intensively managed for resin tapping and
timber production, such as building construction and furniture making.
Resin tapping from the trunk of living Chir pine trees is a commercial
activity that contributes to local community income and the national
economy (Paudyal, 2008). Additionally, Chir pine forest enhances
ecosystem services, such as carbon sequestration, greenery, and soil

conservation (Sharma et al., 2020).
Although studies on modeling the growth and yield of Chir pine

forest began in the early 1980s, only a few models are available to the
scientific community. For example, total and merchantable volume
equations (Joshi, 1984), biomass predictionmodel for a plantation stand
(Joshi, 1985), and volume equations and biomass prediction models
(Sharma and Pukkala, 1990). However, some models are either un-
available to the scientific community or limited to generating stem
volume tables from diameter and height measurements. For example,
the volume prediction model by Sharma and Pukkala (1990) is based on
timber volume to 10 cm (4 inches) and 20 cm (8 inches) top diameter
measurements, and total height. Other studies include the evaluation of
the growth of planted Chir pine (Rauntiainen, 1992), height-diameter
relationship (Sharma, 2009; Thapa et al., 2013), basal area growth
(Gyawali et al., 2015), growth performance to climate (Sigdel et al.,
2018; Tiwari et al., 2020), and allometric volume models (Aryal et al.,
2023). Though some stand and individual tree growth models for the
species have been developed, none of the studies has focused on
developing stem taper function to help improve the upper stem diameter
prediction and volume prediction of Chir pine. To ensure sustainable
resin tapping and meet timber demand, an approach of scientific forest
management requires species-specific individual tree or stand-level
growth models. Therefore, this study aims to evaluate the multiple
forms of taper equations by improving the residual errors and to provide
the best function to describe stem tapering in individual trees of Chir
pine. The results from this study are expected to be helpful in estimating
upper stem diameter, current and future volume (total and merchant-
able) and biomass.

2. Materials and methods

2.1. Study area

The study site represents the western hilly region of Nepal. The data
were collected from three Chir pine-dominated natural stands managed
by the local community as community forests (CFs) in the Palpa district
(Fig. 1). Our study sites were Rampokhari CF, Nayadevi CF, and Pakhure
CF. In these CFs, the dominant tree species is Chir pine (Pinus roxburghii),
and other associated species are Schima wallichii, Shorea robusta, Rho-
dendron spp., and Castanopsis spp. These CFs are adjacent to each other.
and represent a similar elevational range and topography. These forests
were selected to represent various tree size classes, stand densities, ages,
and site qualities. The elevations of the studied forests range from 960 m
to 1606 m above sea level, and the mean, maximum, and minimum
average annual temperatures are 19.6◦C, 26.3◦C, and 12.8◦C, respec-
tively. The mean total annual rainfall is 1581.5 mm (DHM, 2017).

2.2. Sampling and measurements

We consulted the Divisional Forest Office (DFO) of Palpa District to
help identify the natural stands of Chir pine that could represent the
different development stages (tree, pole, and sapling). Additionally, the
CF management plan provided by the community forest user groups
helped identify the variation in tree size within and between each forest
(Table 1). These three CFs were randomly chosen from a subset of all CFs
approved by the DFO for destructive sampling and measurements in the
context of ongoing tree felling as a part of forest improvement or tending
operation. Considering the different developmental stages and
geographical locations, we used a stratified random sampling technique
to establish 31 sample plots of 400 m2 in area (20 m x 20 m). These
sample plots were enough to represent the variations in stand condi-
tions, such as D (cm), H (m), stand densities (trees ha− 1), and basal area
(m2 ha− 1). The summary statistics of the Chir pine forests of these CFs
are shown in Table 1. Overall, the stand averages of D, H, basal area, and
density were 19.94 cm, 11.45 m, 21.20 m2 ha− 1, and 525 trees ha− 1,
respectively (Table 1).

P. Saud et al.
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2.3. Destructive sampling measurements

We selected healthy and undamaged trees with different size char-
acteristics to represent each stand development stage. Eighty trees (1 to
4 trees from each sample plot) were felled as as part of regular har-
vesting and thinning activities following CF’s management plan.
Selected Chir pine harvesting and measurement data were collected
between March and June 2022. The D of the selected tree ranges from
5.6 to 79.2 cm, and H ranges from 3.10 to 32.5 m. The descriptive sta-
tistics of all the destructively harvested sample trees are presented in

Table 2.
Before felling a tree, diameters were measured at 0.3 m, 0.8 m, and

1.3 m height above the ground using diameter tape to the nearest 0.1
cm. Once the tree felled, the d was measured at 2 m, linearly extending
from the large butt end of the stem, and subseqenlty at intervals of 1.5 m
along the tree stem . Depending upon the total length of a stem, the last
measurement interval (h) varied for the corresponding d. In addition,
when branches or any other irregularity occurred at the specified mea-
surement point along the stem, the diameter measurement was taken
immediately above the irregularity. The existing range of D and H and
the relative range of d/D and h/H are shown in Fig. 2 based on
destructive sampling.

Fig. 1. Location of the study area showing three Chir pine dominant community forests (CFs) in Palpa district, Nepal, where 31 sample plots were established, and
destructive sampling and measurement were carried out.

Table 1
Summary statistics (mean± standard deviation, minimum and maximum) of the
individual tree and stand-level attributes of natural Chir pine dominant com-
munity forests of the study sites.

Community
Forest

Statistics Tree attributes Stand attributes

D (cm) H (m) Basal area
(m2ha− 1)

Density
(trees
ha− 1)

Nayadevi Mean ±

Std dev
22.97 ±

6.41
14.92 ±

3.58
27.15 ±

2.81
608 ±

63
Min, Max 10.50,

39.30
6.30,
25.30

23.24,
31.73

525, 700

Rampokhari Mean ±

Std dev
18.74 ±

12.27
11.70 ±

5.0
22.01 ±

3.69
559 ±

167
Min, Max 5.80,

79.20
5.0,
32.50

18.05,
31.52

300, 875

Pakure Mean ±

Std dev
19.37 ±

11.01
9.25 ±

5.39
18.02 ±

7.45
463 ±

193
Min, Max 5.60,

52.50
2.80 ±

27.10
11.25,
39.28

125, 800

Overall Mean ±

Std dev
19.94 ±

10.80
11.45 ±

5.34
21.20 ±

6.48
525 ±

173
Min, Max 5.60,

79.20
2.80,
32.50

11.25,
39.28

125, 800

D = diameter at breast height; H = total tree height.

Table 2
Summary statistics (mean± standard deviation, minimum andmaximum) of the
destructively harvested sample trees according to diameter classes. D: diameter
at breast height (cm);H= total length of the stem (m), n: number of sample trees.

D class
(cm)

n D (cm) H (m)

Mean ± Std
dev

Min, Max Mean ± Std
dev

Min, Max

0-10 10 7.30±1.48 5.60,9.50 4.19±0.87 3.10, 5.30
10-20 14 16.08 ± 2.60 11.90,19.40 9.66±3.00 4.20, 14.60
20-30 8 24.78 ± 2.73 20.50,28.20 16.39 ± 3.40 10.90,

19.80
30-40 17 36.38±2.17 31.80,39.50 19.24±2.61 12.50,

23.20
40-50 22 44.63 ± 2.87 40.10,49.60 22.60±2.42 17.30,

27.10
50-60 5 51.80 ± 0.64 50.80,52.50 24.16 ± 2.97 20.70,

27.10
60-70 2 68.75 ± 0.49 68.40,69.10 31.70 ± 1.13 30.90,

32.50
70-80 2 75.35 ± 5.44 71.50,79.20 31.05 ± 0.92 30.40,

31.70
Overall 80 33.05±16.94 5.6, 79.2 17.24±7.74 3.10, 32.5

P. Saud et al.
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2.4. Taper equations

We selected thirteen commonly used and well-behaved taper equa-
tions to fit our data (Table 3) based on the model suggested by (Rojo
et al., 2005, Diéguez-Aranda et al., 2006; Li and Weisktittle, 2010; Ulak
et al., 2022). Among the included models for comparison, nine models
(M1-M9) were single taper form (Kozak et al., 1969; Bennett and
Swindel, 1972; Damerschalk, 1972; Omerod, 1973; Clutter, 1980;
Amidon, 1984; Pain and Boyer, 1996; Ounwkham, 2009), three models
(M10-12) were variable-exponent form (Sharma and Oderwald, 2001;

Sharma and Zhang, 2004; Sharma and Parton, 2009) and one model
(M13) was segmented form (Max and Burkhart, 1976). Although most of
the model forms were developed to predict the ratio d/D, we trans-
formed the equations to predict d.

2.5. Model fitting

Thirteen commonly used taper functions were fitted to our data and
evaluated for their performance.We used a nonlinear mixed-effects
modeling approach to account for the correlation of the diameter

Fig. 2. Scatter plot of total height and diameter at breast height (a) and the relative height plotted against relative diameter (b).

Table 3
Different forms of taper equations used in the study, M1- M9 are single taper equations, the M10-12 variable-exponent, and the M13 is the segmented form.

Model Equations References

M1
d = D

{

β0 + β1

(
h
H

)

+ β2

(
h
H

)2
+ β3

(
h
H

)3
+ β4

(
h
H

)4
}

+ εij Ounekham (2009)

M2
d = β0

{
D(H − h)
H − 1.3

}

+ β1(H − h)(h − 1.3)+ β2H(H − h)(h − 1.3)+ β3(H − h)(h − 1.3)(H + h + 1.3)+ εij Bennett and Swindel (1972)

M3
d = β0

{
D(H − h)
H − 1.3

}

+ β1

⎧
⎨

⎩

(
H2 − h2

)
(h − 1.3)

H2

⎫
⎬

⎭
+ εij

Amidon (1984)

M4
d =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Dβ0 ×

(
H − h
H − 1.3

)β1
√

+ εij Ormerod (1973)

M5 d = 10β0Dβ1Hβ2 (H − h)β3 + εij Demaerschalk (1972)
M6 d = β0Dβ1Hβ2 (H − h)β3 + εij Clutter (1980)
M7

d =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

D2 ×

{

β0

(
h
H
− 1
)

+ β1

(
h2

H2 − 1

)}√
√
√
√ + εij

Kozak et al. (1969)

M8
d = β0

{

1 −

(
h
H

)3
}

+ β1ln
(
h
H

)

+ εij Pain and Boyer (1996)

M9
d = D

(
H − h
H − 1.3

)β0
+ εij, β0 > 0 Ormerod (1973)

M10

d =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

β0 × D2 ×

[
h
1.3

]2−

{

β1+β2∗
h
H+ β3

(
h
H

)2
}

×
H − h
H − 1.3

√
√
√
√
√

+ εij

Sharma and Zhang (2004)

M11

d = D

⎧
⎪⎪⎨

⎪⎪⎩

β0

(
H − h
H − 1.3

)(
H
1.3

)β1+β2
h
H+ β3

(
h
H

)2⎫
⎪⎪⎬

⎪⎪⎭

Sharma and Parton (2009)

M12
d =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

D2
(

h
1.3

)(2− β0)

×

(
H − h
H − 1.3

)
√

+ εij Sharma and Oderwald (2001)

M13
d = D

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ̅̅̅

β1

(
h
H
− 1
)

+ β2

((
h
H

)2
− 1

)

+ β3

(

α1 −
h
H

)2
I1 + β3

(

α4 −
h
H

)2
I2

√
√
√
√

I1 = 1 if
h
H

≤ α1; otherwwise 0; I2 = 1 if
h
H

≤ α2; otherwwise 0

Max and Brukhart (1976)

Note: D= diameter at breast height;H= total height; d= upper stem diameter at height h; h= height of tree from ground where the d is measured; and β0, β1, β2, β3, β4
are the parameters to be estimated.
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measured at different heights of the same tree. In this modeling
approach, D, H, and h were considered the fixed effect parameters, and
the individual-tree variation was considered as random effects. A
random effect of an individual tree was modeled on all individual pa-
rameters of models to obtain a better model fit. The model fit with the
lowest Akaike Information Criterion (AIC) value for a parameter asso-
ciation of the random effect was selected for further modeling of errors
using autocorrelation structure and variance function.Values of all the
parameters and fit statistics were estimated using the nlme package
(Pinheiro et al., 2018) in Rversion 4.0.5 (R Core Team, 2021). The pa-
rameters of the model fitting convergence were reported.

The structure of a general nonlinear mixed-effects model with con-
stant variance is as follows:

yij = f
(
ϕij, υij

)
+ εij (1)

where,

• i = 1…..k is the number of individual trees;
• j= 1.……, n is the number of upper stem diameter measurements for
the ith tree;

• ϕij is modeled as a non-linear mixed-effects model ϕij = Aijβ + Bibi,
where Aij is an individual-specific design matrix for combining fixed
effects; Bi is an individual-specific;design matrix for combining
random effects;

• υij is the vector of covariates in the model;
• bi is a vector of random effects associated with tree i and;
• εij,is a vector of random errors describing additive noise.

Since upper stem diameters were measured at different height in-
tervals along the stem, autocorrelation may exist between d measure-
ments and non-constant error variance due to stem diameter size at the
breast height. Such autocorrelation and heteroscedasticity of variance
structure could affect model prediction, and modeling such error
structures reduces the predicted mean square errors of a model within a
mixed-effect modelling framework (Valentine and Gregoire, 2001;
Trincado and Burkhart, 2006; Li and Weiskittel, 2010; Saud et al. 2016;
Saud et al., 2019). Therefore, we fitted the nonlinear mixed effect model
with the first order of continuous autoregressive correlation structure
(corCAR1) and power variance (Pinheiro and Bates, 2000; Cryer and
Chan, 2008). We used the likelihood ratio to evaluate the statistical
significance of corCAR1 and variance structure, assuming the nested
model structure (Pinheiro and Bates, 2000).

The corCAR1 structure was selected because it assumes the auto-
correlated errors decrease with time and allows to model autocorrela-
tion for unequally spaced time covariates (Arias-Rodil et al., 2015;
Adamec et al., 2019). The construction of taper equation requires the
measurements of d at different h along the stem for each tree. These
multiple observations within each tree are spatially correlated and form
longitudinal data structure, violating the assumption of independent
errors (Rojo et al., 2005; Diéguez-Aranda et al., 2006; Yang et al., 2009).
While measuring d along the stem, the selection of h points is often
unequally spaced, which is equivalent to measurements taken at
different time points in a time series, thus introducing inherent auto-
correlation in the longitudinal data. However due to the difference in
total height between trees and the exclusion of branches location along
the stem, the measurements points could be irregular and unbalanced,
which are typical characteristic of forestry data. Thus corCAR1, which
models continuous-time autoregressive structure and does not requires
equally spaced time intervals, was selected to address the autocorrela-
tion of the measurements.

Trees grown in high density have a lower taper ratio than those
grown in low-density or open space. Therefore, we assumed that D of a
tree regulates variability in the upper stem diameter (d) and taperness.
Although relative height (Tricando and Burkhart, 2006; Li and Weis-
kittel, 2010) and relative height and diameter (Valentine and Gregoire,

2001; Li and Weiskittel, 2010) can be considered as power variance, we
selected only the weight of D as the power variance function to model
the heterogeneity in residuals (Saud et al., 2016; Saud et al., 2019).

The structure of corCAR1 and the power variance function is shown
below. corCAR1 models the correlated errors (εit) as:

εij = ϕ1εih− 1 + ωih (2)

where ω is an additional error and ωit ∼ iid N
(
0, σ2w

)
,

i is the individual tree, h is the measurement point (lag), and φ is the
autocorrelation between lags. The correlation "rho" (ρ) between re-
siduals of an observation pair declines exponentially with the number of
d measured at h apart, i.e., ρ = ϕh

.
Power variance function

var
(
εij
)
= σ2

⃒
⃒vij
⃒
⃒2δ (3)

Error variance (εij) was modeled, where υij is the D covariate and δ is
the power parameter. The variance function assumes heterogeneity with
in-tree variance as a function of D.

2.6. Model evaluation

The competing equation form for the best parameter association with
the random effect within a model were evaluated using the likelihood
ratio test (χ2). The model which produces the lowest AIC value when
fitted with the first order of corCAR1 and power variance was selected as
better fit model. A model-equation form with only random effects and
with modeling of error structures were also compared using the likeli-
hood ratio test. We conducted k-fold cross-validation for the mixed-
effect models with error structures. Considering the sample size, we
chose k =5 folds to ensure that the model does not suffer from high
variance and high bias. This approach uses k-1 folds to fit the data and
remaining fold as validation set, which is equivalent to an 80/20% split
of the whole data. The fitted taper functions were evaluated using
different criteria, including the significance of estimated parameters (at
a 5% level of significance); fit index (FI) as the coefficient of determi-
nation (pseudo-R2) (higher values indicate better models) (Eq. 4); root
mean squared error (RMSE; lower values indicate better models) (Eq. 5)
(Montgomery et al., 2001); and AIC (lower values indicate better
models) (Eq. 6) (Akaike, 1974; Burnham and Anderson, 2002); mean
absolute error (MAE; lower the value, better a model fit) (Eq. 7). The FI is
also called pseudo-R2, which measures the goodness of fit of the
nonlinear model (Saud et al., 2016). The distribution of residuals was
plotted against the predicted upper stem diameter to evaluate whether
the taper function had asystematic bias. Residuals were also plotted
against the predictor variables and examined for evidence of bias. The
best taper functions within and between the three different from were
selected using the above evaluation criteria.

FI = 1 −

∑n
i=1(yi − ŷi)2

∑n
i=1(yi − yi)2

(4)

RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑n

i=1(yi − ŷi)2

n

√

(5)

AIC = − 2ln(L) + 2p (6)

MAE =

∑n
i=1|yi − ŷi|

n
(7)

where yi = observed d,ŷi= predicted d, yi= mean of d, L = maximum
likilhood function, and p = number of parameters. The model with the
lowest values for the goodness of fit was considered the best.
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3. Results

Mixed-effects model fitted with the random effect associated with
the individual tree for taper equations showed reduced AIC values at
different parameters within a model (Table 4). A likelihood ratio, the
goodness of model fit, indicated that the location of parameters signif-
icantly differs with random effects association. A significant reduction in
the model AIC value was found in the models; M1-M4, M7, M8, M10,
M11, and M13. The model with a lower AIC value was due to the sig-
nificant association of random effect at different parameter locations (p
< 0.001). However, the likelihood ratio test values were not signifi-
cantly different among the parameters of the model when AIC values
were similar, such as M2 (β1 and β2), M5 (β1, β2, and β3), M6 (β1, β2, and
β3).

3.1. Taper equation and performance

All selected models with random effects associated with different
parameters were fitted with the corCAR1 structure and power variance
function. The parameter estimates and fit statistics (FI, RMSE, MAE, and
AIC) for the taper functions evaluated in this study are presented in
Table 5. The parameter estimates of all models were significantly
different and described a variation of more than 95% in predicting d at
the specific height of a stem (Tables 5 & 6). The models fitted with only
the random effect associated with the individual tree showed better
variability (FI) and smaller error (RMSE, MAE) than those fitted with
corCAR1 and power variance. As expected, the likelihood test of all
models fitted with corAR1 and power variance significantly differed
from the random effect model. This improvement was due to adding
parameters in a nested structure to a model that further showed an in-
crease in the positive coefficient and a decrease in the negative coeffi-
cient. All equations fitted with corCAR1 and power variance showed a
significant reduction in the variability due to the random effect of an
individual tree in predicting upper stem diameter.

Among the single taper function, M2 and M3 showed better-fit sta-
tistics accounting for the amount of error due to autocorrelation and
variance structure than other compared models (Table 5), as well in the
k-fold cross validation (Table 7). Other models, such as M7, M8, andM9,
showed strong autocorrelation (ϕ > 0.87) and a higher amount of
variance weight (M7; var

(
εij
)
= 0.41) in the error structure of those

models resulting in increased RMSE and MAE value. Similarly, among
the variable-exponent model form, M10 showed better-fit statistics with
comparable M11 (Table 5& 7). However, the M12 showed more error in
prediction due to high autocorrelation (ϕ = 0.89) and power variance

(var
(
εij
)
= 0.43

)
. The segmented model form (M13) also showed

improved parameter estimates but indicated high autocorrelation of the
error structure (Table 6). Overall, the M10, the variable-exponent model
form, was a better taper equation with higher FI, lower RMSE, MAE, and
AIC value than the competing single taper form (M2, M3) and a
segmented model (M13) even in k-fold crossvalidation (Table 7).

3.2. Residual diagnostic

The residual analysis of the selected model showed similar trends
with a slight difference in the variability with the increasing fitted values
(Fig. 3). The M2, M3, and M10 showed higher standardized residual
values. In contrast, the M13 did not show such pattern but more
funneling toward the higher fitted values. Further, plotting the residuals
against the h suggested the segmented equation, M13, had higher errors
in d than other models (Fig. 4). The variable-exponent model (M10)
showed a more condensed prediction error centering the zero than the
single taper equation along 8-20 m stem length. This result suggests that
other models would produce high errors in estimating volume when
these models are used to predict upper stem diameter. This diagnostic
analysis of residuals indicated that the M10 is the best among the
competing models, M2, M3, and M13.

4. Discussions

This study is the first to offer a different form of taper equation for
the natural forest stand of Chir pine distribution in the Himalayan re-
gion, including Nepal, India, Pakistan, and Bhutan. Three different
forms of taper equations fitted with nonlinear mixed-effects modeling
approaches were found well fit to predict the upper stem diameters of an
individual tree of a natural stand of Chir pine. The single taper equation
form performed better than other forms, as further confirmed by k-fold
cross validation procedure. We found that the variability in predicting
upper stem diameter was inconsistent along the length of a stem, which
would eventually influence the volume or biomass estimation for ac-
counting potential carbon sequestration in the region. Along the Chir
Pine distributional range, studies that either use or develop allometric
equations for estimating volume or biomass suggest that tree height
exhibits higher variability in predicting total volume or biomass
compared to diameter. For example, allometric equations using diam-
eter at breast height have been reported as strong predictors for
explaining higher variability in Pakistan (Khan et al., 2014; Ali et al.,
2020), India (Jain et al., 2021), and Nepal (Aryal et al., 2023). However,
adding total height to the model only marginally improved performance
due to the higher variability in height measurements. Tenzin (2017)
developed a form factor for Chir pine in Bhutan also indicated that
diameter and height explained only 43% variability in characterizing
the shape of a tree. Indeed, the height growth of Chir Pine, influenced by
density, altitudinal variation, and climate along the distributional range,
affects estimating total productivity, which significantly contributes to
variation in biomass and carbon estimation (Rana et al., 1989; Sigdel
et al., 2018; Tiwari et al., 2020; Kumar et al., 2021).

Unlike the plantation stand of other pine species around the world,
variability in the natural stand of Chir pine showed a large magnitude of
RMSE > 1.5 cm, although the FI was more than 95% in all models.
Similar to our result, Li and Wieskittel (2010) reported RMSE of 1.6 to
2.2 cmwhen comparing multiple taper equations for the natural stand of
White pine (Pinus strobus L.) in the Acadian Region of Canada. Tricando
and Burkhart (2006) also reported the lowest precision for the taper
equation in the natural stand of Loblolly pine (Pinus Taeda L.) compared
to intensively managed loblolly pine plantations in the USA. Because of
differences in the stand density, age, and site, the size and height of a
tree would exhibit huge variation, offering different stem shapes
compared to plantation stand. However, the model fitted to the plan-
tation pines species has a reasonably lower value of error than natural

Table 4
Akaike Information Criteria (AIC) value of taper equation forms fitted with a
single random effect (σk) associated with the different positions of parameters
(β) within a model.

Equation form Model AIC value

σkβ0 σkβ1 σkβ2 σkβ3 σkβ4

Single M1 4890* 4931 5233 5403 5496
Single M2 5120 4657* 4659 4595 -
Single M3 5327 4596* - - -
Single M4 5293 4822* - - -
Single M5 5292 5287 5286* 5352 -
Single M6 5296 5287 5286* 5351 -
Single M7 6063 5431* - - -
Single M8 5908* 6829 - - -
Single M9 4914 - - - -
Variable M10 5126 4889 4380* 4600 -
Variable M11 5345 5336 4559* 4615 -
Variable M12 5461 - - - -
Segmented M13 - 4987 4776* 5488 5575

* Random effects associated with a parameter were significantly different in
the likelihood ratio test within a model, except for the M2, M5, and M6, where
the AIC value was similar.
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stands, such as Loblolly pine in the USA (Cao, 2009; Sabatia and Bur-
khart, 2015; Lynch et al., 2017); Radiata pine (Pinus radiata D. Don) in
New Zealand (Goulding andMurray, 1976; Sabatia and Burkhart, 2015),
Spain (Arias-Rodil et al., 2015), Australia (Bi and Yong, 2001), Jack pine
(Pinus mariana Lamb.) in Canada (Sharma and Patron, 2004); Scot pine
(Pinus sylvestris L.) in Turkey (Özçelik and Brooks, 2012).

Mixed-effects modeling with the autocorrelation and variance
structure provided improved parameter estimates and a smaller error
(
εij
)
error than the mixed-effects model without error structure

(Table 5). As expected, the variability in prediction error contributed to
the structure of residual errors associated with the random effect of an
individual tree. Studies on taper equations have shown a better model
performance when more than two parameters are considered for
random effects (Trincando and Burkhart, 2006; Sabatia and Burkhart,
2015; Arias-Rodil et al., 2015). Considering more than two random ef-
fects in the model introduces the between-tree variations (Arias-Rodil
et al., 2015); however, in the destructive sampling, only one or two
sample trees are harvested from different plots, and all samples do not
belong to the same plot. In such a case, the between-tree variation does
not exist because the plot-level random effect associated with the
selected tree for harvesting is equivalent to the between-tree variation
for that stand. Instead of inclusion of this between-tree variation and
overparameterization of a mixed-effects model, we also fitted the nested
random effect of the site on an individual tree that did not show any
difference in the coefficient estimates and error with just a single
parameter of random effect. In such case, the mixed-effects model
indicated that the variation between trees due to the plot (Eqs. 2, 5, 6, 7,
& 9) could be minimized (σk < 0.01) because of high
autocorrelation(ϕ > 0.80) and variability from the D

(
var
(
εij
)
> 0.24

)

that influence the prediction of d.
The residual distribution of the selected model along the relative

height was similar in pattern to Trincado and Burkhat (2006) fitted to
loblolly pine. The increasing error for d with the relative height could
produce a negative bias in the volume estimation (Arias-Rodil et al.,
2015). Nevertheless, the performance of a taper equation could vary
between species, and the choice of equation form selected to fit a species

Table 5
Parameter estimates and fit statistics of the single (M1-M9) and variable-exponent taper function models (M10-M12) fitted with random effect (σk) and including
modeling error structure of corCAR1 (ϕ) and power variance (var

(
εij
)
).

Model Parameter estimates Errors Fit statistics

β0 β1 β2 β3 β4 εij σkβ ϕ var
(
εij
)

FI RMSE MAE AIC

M1 1.138 -1.870 5.045 -7.804 3.595 2.152 0.056 b0 - - 0.982 2.104 1.600 4890
1.154 -2.384 7.015 -10.425 4.719 0.936 0.035 b0 0.867 0.295 0.972 2.621 1.912 3927*

M2 1.019 0.071 -0.004 0.003 - 1.864 0.001 b3 - - 0.986 1.820 1.321 4595
1.044 0.100 -0.008 0.004 - 0.978 0.001 b3 0.751 0.228 0.982 2.070 1.528 4106*

M3 1.012 0.931 - - - 1.874 0.479 b1 - - 0.986 1.822 1.323 4596
1.037 0.778 - - - 0.842 0.434 b1 0.740 0.271 0.983 2.007 1.531 4149*

M4 2.013 1.347 - - - 2.088 0.327 b1 - - 0.983 2.029 1.470 4822
2.025 1.429 - - - 0.715 0.251 b1 0.787 0.345 0.977 2.342 1.756 4182*

M5 0.201 0.979 -0.803 0.702 - 2.692 0.013 b1 - - 0.971 2.636 2.000 5287
0.192 0.972 -0.821 0.743 - 0.812 <0.000 b1 0.851 0.360 0.958 3.197 2.342 4197*

M6 1.590 0.979 -0.803 0.702 - 2.692 0.013 b1 - - 0.971 2.634 2.001 5287
1.557 0.972 -0.821 0.743 - 0.813 <0.000 b1 0.851 0.359 0.958 3.196 2.342 4198*

M7 -1.806 876.3 - - - 2.393 912.1 b1 - - 0.978 2.304 1.774 5431
-1.150 4.883 - - - 1.042 0.008 b1 0.928 0.411 0.886 5.247 3.482 4457*

M8 22.836 -4.089 - - - 3.123 13.587 b0 - - 0.963 3.010 2.156 5908
24.279 -2.655 - - - 1.741 14.207 b0 0.951 0.268 0.943 3.704 2.497 4339*

M9 0.649 - - - - 2.192 0.158 b0 - - 0.981 2.131 1.504 4914
0.725 - - - - 0.931 <0.000 b0 0.870 0.344 0.955 3.314 2.368 4240*

M10 0.989 2.131 0.721 -1.054 1.679b2 0.229 b2 - - 0.989 1.634 1.147 4380 M10
0.989 2.124 0.710 -1.059 0.596b2 0.203 b2 0.753 0.322 0.988 1.702 1.202 3769*

M11 0.907 0.035 0.115 0.159 1.825b2 0.095 b2 - - 0.987 1.775 1.319 4559 M11
0.946 0.034 0.145 0.256 0.861 0.081 b2 0.741 0.258 0.983 1.981 1.519 4104

M12 2.088 - - - 2.921b0 0.076 b0 - - 0.966 2.854 1.934 5461 M12
2.108 - - - 0.680b0 0.029 b0 0.897 0.432 0.950 3.501 2.408 4056

* Likliehood ratio test significance for the model fitted with corCAR1 and power variance than a model with only a random effect model. Subscript b with a number
indicates the parameter in the model associated with the random effect.

Table 6
Parameter estimate of the Max and Burkhart (1976) segmented taper function
fitted as mixed-effects model and with corCAR1 and power variance structure.

Parameters Mixed-effects corCAR1 and variance
Coefficients Coefficients

β1 -3.566 -4.085
β2 1.621 1.955
β3 -1.724 -2.014
β4 43.16 46.417
α1 0.703 0.729
α2 0.081 0.081
εij 2.048 1.105
σk 0.102 0.073
Φ - 0.870
var
(
εij
)

- 0.240
AIC 4776 3866*
FI 0.98 0.975
RMSE 2.00 2.470
MAE 1.536 1.808

Table 7
Model fit statistics (RMSE, MAE and FI) of the taper equation forms based on the
k= 5-fold cross-validation of the mixed-effect model with error structure.

Equation form Model Fit statistics

RMSE MAE FI

Single M1 2.5106 1.8809 0.9731
Single M2 2.0004 1.5289 0.9827
Single M3 2.0165 1.5638 0.9829
Single M4 2.3441 1.7767 0.9765
Single M5 3.1078 2.2956 0.9587
Single M6 3.1080 2.2958 0.9587
Single M7 5.0904 3.4646 0.8901
Single M8 3.4772 2.4222 0.9494
Single M9 3.2698 2.3532 0.9552
Variable M10 1.7261 1.2337 0.9873
Variable M11 1.9884 1.5424 0.9832
Variable M12 3.4167 2.3878 0.9501
Segmented M13 2.3155 1.7552 0.9774
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may show a high or low error in predicting d along the length of a stem.
For example, Sharma and Oderwald (2001) fitted Eq.(12) and Eq.(13) to
the natural stand of loblolly pine grown in North Carolina, USA. Their
study demonstrated a similar pattern in estimating the bias and preci-
sion with increasing relative height (h/H), as observed in the Fig. (3) for
Eq.(10) and Eq.(13). Likewise, Sharma and Zang (2004) also found that
Eq.(10) had a smaller error than the Eq.(13) fitted to the planted Jack
pine (Pinus banksiana Lamb) in Canada. Because of such variability, a
model fit error is often compared at the percentage of a relative height
(Max and Burkhart, 1976; Arias-Rodil et al., 2015; Zhao et al., 2019).

The performance of the variable-exponent form was found to be
better than the segmented model because the parameter estimates of β0
largely regulates the butt diameter and depends on the D of an indi-
vidual tree. The estimate of β0 describes the shape of the conifer tree. In
the segmented equation, the points of inflection (α1,α2) regulate the
prediction ofd at varying h along the stem. Because of this, the
segmented equation could provide a smaller error depending on ther-
ange in the D and H of a species (Cao, 2009; Sabita and Burkhart, 2015;
Lynch et al., 2017) when the Eq.(13) fitted to relatively smaller ranges of
D and H than our dataset. Sabaita and Burkhart (2015) found that Eq.
(13) produced RMSE of 1.3 cm for Loblloy pine while it was of 4.29 cm
for Radiata pine, where the maximum value of D and H of Radiata pine

was two times that of Loblolly pine. It helped us to conclude that Eq.(13)
might not perform better for fitting taller trees, as we noticed in our
study. It is also further supported by the work of Sharma and Zhang
(2004) for pine and fir species in Canada and Ulak et al. (2022) for
Shorea robusta in Nepal, where the variable-exponent model performed
better than segmented and single-from, respectively, while fitting with
the trees of average height greater than 17-19 m, similar to our study.
Rojo et al. (2005) also reported a variable-exponent model that per-
formed better than other taper equations for the natural stand of Mari-
time Pine (Pinus pinaster) in Spain. A study by Özçelik and Brooks (2012)
also indicated that the fit index was better for the three commercial
pines of Turkey fitted with the Clark segmented model (Clark et al.,
1991) than Eq.(13), where the average height was greater than 17 m.
This Clark model has four segments to combine the butt section, lower
stem, middle stem, and upper stem, while Eq.(13) has only two seg-
ments. A segmented taper equation with more than two segments would
better predict stem diameter (Valenti and Cao, 1986). However, Amidon
(1984) reported Eq. (13) had less bias compared to single-variable form
(Eqs. 2, 3, 5& 7) for the natural stand of Ponderosa pine (Pinus ponderosa
Doug.), but reported Eq.(3) and Eq.(5) has less bias than Eq.(13) for the
Sugar pine (P. lambertiana Dougl.) trees felled from mixed conifer forest
of California, USA. It could be possible because the taper equation was

Fig. 3. Standardized residual against the fitted value of the selected taper equations model. The single taper equations (a & b, M2 and M3), variable-exponent (c,
M10), and the segmented equation (d, M13).

P. Saud et al.



Trees, Forests and People 17 (2024) 100627

9

fitted using the crossectional cuts of the stem, and D and H range from
15-81 cm and 7-40 m for Ponderosa pine. Indeed, those minimum values
were larger thanD (5.6 – 79.2 cm) andH (3.1- 32.5 m) in our data, which
indicates a better fit for a merchantable size tree.

Studies showed that the taper equation performed better when the
stem diameter was measured inside the bark rather than outside, but the
model performance could vary by tree species (Sharma and Patron,
2009; Sharma and Zhang, 2004; Li and Wieskitell, 2010). However, our
study includes only the diameter measured outside the bark, which
could be a reason for showing a higher RMSE value. Further, most of the
taper equations were modeled as the ratio of dD or d2

D2 which helps yield a
marginal reduction in RMSE (Sharma and Zhang, 2004) as the right
hand of the side of the equation condition the variable in the ratio form.
However, the performance of the equations could be improved using the
stem density variable (Sharma and Patron, 2009; Ulak et al., 2022) and
crown ratio (Valenti and Cao, 1986; Jiang et al., 2007; Li and Weiskittel,
2010). In our study, the variability could be due to some difference in D
and H among the site because of the high stem density; some sites had
larger trees than others. In the future, including stem density and crown
ratio in the taper equation could help provide a better parameter
estimate.

5. Conclusion

In this study, we developed a taper function for one of the most
important timber species (Chir pine) in the mid-hills of Nepal,
employing the data from 80 individual trees across three forest stands.
Thirteen different taper functions of three forms (single, variable-
exponent, and segmented) were compared using mixed-effect
modeling by selecting the best parameter association with the random
effect to avoid overparameterization. Models were further fitted to
minimize errors by modeling the variance and the correlation structure
and model performances were validated using k-fold cross-validation
procedure The taper function of Sharma and Zhang (2004) best pre-
dicted diameter at different stem heights among the candidate taper
functions. The taper function developed in this study could be useful in
predicting upper stem diameters, merchantable volumes, total volume,
biomass, and carbon of individual trees in natural forest stands of Chir
pine in Nepal.
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