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Abstract
Puerto Rico (PR) and the US Virgin Islands (VI), two archipelagos located in the 
Caribbean region, possess forest ecosystems with high species diversity, which 
remain largely underrepresented in forest modeling research compared to temper-
ate forests. Accurately characterizing tree allometry is essential for monitoring for-
est status over time and predicting tree growth and yield in sustainable forest man-
agement. Height-diameter relationship models, denoted as H–D models, are widely 
used in forestry practice since they effectively reduce the time and cost of field data 
collection and provide quick estimates of the height of trees based on tree diameter 
at breast height. For diverse forests, mixed-effects models have often been proposed. 
In these models, fixed effects provide the predicted H–D curve for the population 
average (all species) while a calibrated prediction of H–D relationship for each spe-
cies can be made with the inclusion of both fixed and random effect terms. This 
study developed species-specific H–D relationship models for different forest types 
across PR and VI. A total of 25 parametric model candidates published in the litera-
ture were examined for each forest type on each archipelago, and the best-fit model 
in each forest type was selected to build a mixed model for a given forest type and 
archipelago. The mixed model was then used to generate species-specific predictions 
of total tree heights. Tree data used were collected from the permanent plots of the 
USDA Forest Service’s Forest Inventory and Analysis (FIA) program. A total of 419 
species with 51,166 observations were collected from eight forest types across the 
two archipelagos. The results highlight variations in H–D relationships across for-
est types and archipelagos, emphasizing the need for forest type–specific models to 
capture their unique ecological traits of species. Results show that three-parameter 
H–D models provide more accurate predictions than two-parameter ones. Carefully 
examining all possible combinations of placing the random effects when construct-
ing mixed models is suggested, which can improve model predictability for captur-
ing the H–D relationships for diverse species forests.
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Introduction

Accurately characterizing tree allometry is essential to monitor forest status over 
time and predict tree growth and yield in sustainable forest management. Height-
diameter relationship models, denoted as H–D models, are widely used in forestry 
practice since they effectively reduce the time and cost of field data collection, as 
well as provide quick estimates of the height of trees based on tree diameter at breast 
height. (Mehtätalo et  al. 2015). Over the past decades, various H–D models have 
been examined and proposed for different species and forest types in the literature 
(e.g., Fang & Bailey 1998; Huang et al. 1992; Mehtätalo et al. 2015; Ogana 2018; 
Zhang 1997). Among all H–D models, nonlinear regression is a widely-used statis-
tical method due to the flexibility of the model in capturing variable H–D curves 
(Arabatzis & Burkhart 1992; El Mamoun et al. 2013; Huang et al. 1992). In con-
trast to single-species forests, developing species-specific H–D models for diverse-
species forests is challenging, due to the small sample sizes of uncommon species in 
the population. To address this difficulty, several studies have transformed nonlinear 
regression models into mixed-effects models by adding species as a random effect 
(Kuehne et  al. 2020; Lam et  al. 2017; Yang et  al. 2022). In mixed-effects mode-
ling, the fixed effects represent the population-average H–D curve across all species, 
whereas the combination of fixed and random effects provides a calibrated species-
specific prediction of the H–D relationship (Calama & Montero 2004; Paulo et al. 
2011).

Puerto Rico (PR) and US Virgin Islands (VI), two archipelagos located in the 
Caribbean region, possess high species-diverse forest ecosystems. The forested 
lands in both archipelagos are mostly privately owned (85% in PR and 76% in VI) 
and support a wide array of plant and animal species, including many endemic spe-
cies to the Caribbean (Brandeis & Turner 2013a, 2013b). These forests were heav-
ily forested prior to European settlement (Wadsworth 1950), but they were continu-
ally degraded for timber, fuelwood, charcoal, and agriculture from the 17th until the 
mid-twentieth century. In 1951, only 6% of PR’s total land was covered by forest 
(Koenig 1953). In the latter half of the twentieth century, widespread abandonment 
of agricultural lands occurred due to the loss of agricultural export markets and 
changes in economic development policies (Rudel et al. 2000). The abandonment of 
agricultural lands in PR and VI along with very limited reforestation and forest land 
management triggered secondary succession, during which environmental gradi-
ents, disturbance regimes and species dispersal (both natural and human-mediated) 
facilitated the establishment of native and non-native species (Atkinson & Marín-
Spiotta 2015; Brandeis et al. 2007; Brandeis & Oswalt 2007; Lugo & Helmer 2004). 
By 1990, forest cover in PR increased to 32% of the total land area (cite) (Franco 
et al. 1999) and it was dominated by exotic species (Lugo et al. 2022). In 2009, for-
est area coverage of PR had increased to 54.7% (Brandeis & Turner 2013a). In the 
case of VI, forest areas continually decreased from 1990 to 2010 due to increasing 
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tourism-based economy, high population density and urbanization (Brandeis & 
Turner 2013b).

Considerable efforts have been made to develop quantitative methods for Car-
ibbean trees (e.g., Brandeis et  al. 2006; Brandeis & Randolph 2010; Brandeis & 
Turner 2013a, 2013b; Yang et al. 2022). With the increasing volume of data from 
remeasured permanent plots, new opportunities now exist to apply advanced mod-
eling techniques to these expanded datasets and to develop forest type-specific 
models that better reflect the ecological variation in H–D relationships across forest 
types and archipelagos (Paulo et al. 2011).

Therefore, the main objective of the study was to develop species-specific H–D 
relationship models for different forest types in PR and VI. The specific objectives 
include (1) identifying the best-fit fixed-effects model from 25 parametric candidates 
published in the literature for each forest type in each archipelago, and (2) building a 
mixed effects model based on the best-fit, fixed-effects model to provide species-spe-
cific predictions of total tree height from tree diameter at breast height. The method-
ology developed in this study can be used for predicting tree heights of different spe-
cies present in Caribbean forests, as well as for providing additional insights when 
constructing mixed effects models for diverse species forest ecosystems.

Materials and Methods

Study Area and Forest Types

Located between 18° 31’ and 17° 55’ N latitude and 65° 37’ and 67° 17’ W lon-
gitude (Fig. 1), Puerto Rico and the US Virgin Islands were selected for this study 
because they represent two of the most species-diverse forest ecosystems in the Car-
ibbean, encompassing a wide range of forest types and environmental gradients with 
relatively small geographic areas (Ewel & Whitmore 1973). Their forests vary sig-
nificantly over short distances due to rapid changes in moisture, temperature and 
elevation and exhibit substantial variation in structure, composition and successional 
stages as a result of differences in climate, topography, geology and land-use his-
tory (Brandeis et al. 2009; Ewel & Whitmore 1973). In addition, these island groups 
have a comprehensive forest inventory and monitoring permanent plot network with 
over 20 years of data collected (Brandeis et al. 2007; Brandeis & Oswalt 2007).

According to the 2019 forest inventory data published by Marcano-Vega 
(2023), a total of 289 tree species were recorded in PR, where forests occupy 
51.8% of the total land area. Small-diameter stands are predominant in the sub-
tropical dry forests, while larger-diameter stands are more common in the lower 
montane wet & rain forests. The forests on this archipelago (i.e. the main island, 
Culebra, Vieques, and Mona) can be categorized into six forest type groups: (1) 
subtropical dry forest, (2) subtropical moist forest, (3) subtropical wet & rain for-
est, (4) lower montane wet & rain forest, (5) moist karst forest and (6) intertidal 
mangrove forest — based on the Holdridge life zone classification (Ewel & Whit-
more 1973; Holdridge 1967) and FIA inventory data (Brandeis & Turner 2013a). 
Detailed forest classification maps of PR are provided in Helmer et  al. (2002) 
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and descriptions of each forest types and their dominant species are given below. 
More detailed information can be found in Brandeis & Turner (2013a).

(1)	 Subtropical dry forests: These forests are found in regions receiving 600 mm 
to 1100 mm of annual precipitation. Major tree species in these forests include 
Leucaena leucocephala, Bursera simaruba, Prosopis pallida, Coccoloba micro-
stachya, Bourreria succulenta, and Tabebuia heterophylla.

(2)	 Subtropical moist forests: This is the most extensive forest type in PR, occurring 
in areas with annual precipitation of 1000 mm to 2200 mm. This forest type 
spans a wide range of soil conditions, topography, and land uses, resulting in a 
diverse mixture of tree species such as Spathodea campanulata, Guarea guido-
nia, Andira inermis, Casearia guianensis, Tabebuia heterophylla, and Bursera 
simaruba.

(3)	 Subtropical wet & rainforests: These forests are found in areas with annual 
precipitation of 2000 mm to 4000 mm. The major tree species in this forest 

Fig. 1   Map of Puerto Rico and US Virgin Islands
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type include Guarea guidonia, Spathodea campanulata, Prestoea acuminata, 
Cecropia schreberiana, Inga vera, and Syzygium jambos.

(4)	 Lower montane wet & rain forests: These forests are located at elevations 
between 700 and 1000 m. Major forest species include Prestoea acuminata, 
Cecropia schreberiana, Micropholis garciniifolia, Henriettea squamulosum, 
Micropholis guyanensis, and Croton poecilanthus.

(5)	 Moist karst forests: These forests are located primarily in the northwestern (sub-
tropical moist annual precipitation) part of the main island of PR. The chemi-
cal disintegration of the limestone bedrock produces karst landforms, which 
frequently result in a rugged and dramatic topography. This forest type was 
inventoried only once, in 2002. The major tree species found in this area are 
Spathodea campanulata, Bursera simaruba, Guarea guidonia, Andira inermis, 
Tabebuia heterophylla, and Thouinia striata.

(6)	 Intertidal mangrove forests: These forests are found along coastlines and estuar-
ies. They contain less tree species diversity than other forest types and the major 
species are Avicennia germinans, Laguncularia racemosa, Rhizophora mangle, 
Conocarpus erectus and Prosopis pallida.

The VI archipelago is located about 40 miles east of PR in the northeastern Carib-
bean Sea and consists of St. Thomas, St. John, St. Croix, and several smaller islands. 
A total of 57.2% of the total area of VI is covered by forest and 121 tree species 
were recorded in the 2014 forest inventory (Marcano-Vega 2020). Similar to Puerto 
Rican forests, VI is primarily dominated by secondary forests. Approximately 81% 
of the forest area is covered by small diameter stands (< 12.7 cm diameter) and the 
remaining 19% is covered by medium to large diameter stands (> 12.7 cm diameter) 
(Marcano-Vega 2020). The terrain in VI is less diverse than in PR. The two forest 
types found in VI and their dominant species are detailed below. For more informa-
tion see Brandeis & Turner (2013b) and Marcano-Vega (2020).

(1)	 Subtropical dry forest: This forest is found in areas receiving 600 mm to 
1100 mm of annual precipitation. The major tree species are Leucaena leuco-
cephala, Swietenia mahagoni, Bourreria succulenta, Guapira fragrans, Trema 
micrantha, and Bursera simaruba.

(2)	 Subtropical moist forest: This forest is found in areas receiving 1000 mm to 
2200 mm of annual precipitation. Some of the major tree species include Leu-
caena leucocephala, Guapira fragrans, Bourreria succulenta, Acacia muricata, 
Maytenus laevigata, and Guettarda scabra (Brandeis & Turner 2013b).

In summary, a total of eight forested regions were examined in this work, includ-
ing six forest types in PR and two forest types in VI.

Permanent Sample Plots and Tree Data

The data utilized in this research were obtained from the USDA Forest Service, 
Forest Inventory and Analysis (FIA) program. The first forest inventory in PR was 
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done by establishing permanent sample plots in 1980 with the primary objective of 
assessing timber production potential (Birdsey & Weaver 1982). Permanent plots 
were established along a square systematic grid of 900 ha per square kilometer using 
the variable radius method with the inclusion of nested regeneration subplots of a 
fixed radius of 3.6 m (Birdsey & Weaver 1982). In 1990, a re-survey was carried out 
by using the 1980s’ survey method (Franco et al. 1999). In 2001, a new hexagonal 
sampling grid was generated, the inventory plot design was modified to capture the 
wide range of diverse forest types and sampling expanded to include all forested 
areas of PR and VI (Brandeis 2003). The first forest inventory of VI was conducted 
in 2004 (Brandeis and Turner 2013b). Following the initial inventories under the 
revised FIA design, permanent plots in PR were remeasured in 2009, 2014, 2019, 
and 2024, while remeasurements in VI occurred in 2009, 2014, and 2024. This 
study includes inventory data from PR spanning pre-hexagonal grid surveys (1980, 
1990) through 2019, as well as data from the VI inventories conducted in 2004, 
2009 and 2014. Data from the 2024 remeasurement cycle was not available at the 
time of analysis.

According to FIA procedures, forest land is defined as an area of at least 0.4 hec-
tares (1 acre) and 36.6 m (120 feet) in width, with at least 10% tree canopy cover 
(or potential cover) by live trees of any size, including areas that are regenerating 
after disturbance (USDA Forest Service 2017). Each permanent plot consists of 
four 7.3-m (24-ft) fixed radius subplots and four 2.1-m (6.8-ft) nested fixed radius 
microplots. All trees with a diameter at breast height greater than or equal to 12.7 cm 
(5 inch) are measured in each subplot and trees from 2.5 to 12.6 cm (1 to 4.9 inch) 
diameter at breast height are measured in each nested microplot. All permanent plots 
are revisited and remeasured every five to ten years. Land use, forest type, stand 
condition, regeneration status, tree density, stand origin, disturbance history and 
tree condition are recorded in each visit. The details of inventory procedures can be 
found in Bechtold and Patterson (2005).

For this study, data were compiled from the FIA TREE, COND and PLOT tables, 
which include information on tree size, height, damage, species identity, forest type, 
disturbance history, and plot attributes. The final dataset comprised 51,166 tree-
level observations from 447 plots across PR and VI including 419 species (Table 1). 
Trees found with a broken top or missing heights were removed from the dataset. 
For a given forest type, unknown tree species and species with only one observa-
tion were assigned to a single group, denoted as “others”. Multiple measurements 
from the same plots and trees across inventory cycles were retained, with all height-
diameter pairs modeled as independent observations, differentiating only by forest 
type, island and species in the mixed-effects framework. A summary of the data is 
presented in Table 1.

Model Building

Twenty-five nonlinear H–D models were selected from the published literature 
(Table  2), including well-established forms based on their frequent use, dem-
onstrated predictive performance in prior research and ability to accommodate 
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different curve shapes. In all selected models, the total tree height ( H , m) is pre-
dicted via a nonlinear function f (D) with diameter at breast height (D, cm) as a 
single predictor due to its ease of measurement and generally high accuracy in 
field settings. Fourteen model candidates include two parameters (a and b), and 
the remaining eleven have three parameters (a, b and c). The forms and references 
of all models are given in Table 2. For a given forest type in an archipelago, mod-
els were built in two steps. In the first step, the best-fit, fixed-effects model was 
selected, which was used for building mixed models in the second step. The best-
fit, mixed-effects model was then identified. Specifically,

Table 2   List of twenty-five selected model candidates where H is tree height (m), D is tree diameter at 
breast height (cm) and a, b, c are model parameters

Code Equation Reference

M1 H =
aD

(1+D)b
 Curtis (1967)

M2 H =
D2

(aD+b)2
Näslund (1936) & Peschel (1938)

M3 H = aexp(−bD−1) Schumacher (1939), Michailoff (1943), Curtis (1967) & Bur-
khart and Strub (1974)

M4 H = a[1 − exp(−bD)]  Meyer (1940) & Curtis (1967)
M5 H = aDb Stoffels (1953)
M6 H =

aD

b+D
Menten (1913), Bates and Watts (1980) & Huang et al. (1992),

M7 H = exp[a − b(D + 1)]−1  Wykoff et al. (1982)

M8 H = a(
D

1+D
)
b  Huang et al. (2000)

M9 H = a(1 +
1

D
)
b  Curtis (1967)

M10 H = aDexp(−bD)  Huang et al. (2000)
M11 H = exp(a +

b

D
)  Staudhammer and LeMay (2000)

M12 H = a[log(1 + D)]b  El Mamoun et al. (2013)

M13 H = (a +
b

D
)
−5  El Mamoun et al. (2013)

M14
H = [(

a

D
)
b
]
−1  Ogana (2018)

M15 H =
D2

aD2+bD+c

Strand (1958)

M16 H =
a

1+bexp(−cD)
 Pearl and Reed (1920) & Huang et al. (1992)

M17 H = a[1 − exp(−bD)]c  Richards (1959) & Huang et al. (1992)
M18 H = a[1 − exp(−bDc)]  Weibull (1951) & Huang et al. (1992)
M19 H = aexp[−bexp(−cD)] Gompertz (1833) & Huang et al. (1992)
M20 H = aDbD−c  Sibbesen (1981) & Huang et al. (1992)
M21 H = aexp(−bD−c)  Lundqvist (1957) & Flewelling and Jong (1994)
M22 H = aexp(

−b

D+c
)  Ratkowsky (1990) & Huang et al. (1992)

M23 H =
a

1+
1

bDc

 Peschel (1938)

M24 H =
a

1+bD−c
 Huang et al. (2000)

M25 H = exp(a + bDc) Larsen and Hann (1987)
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Step 1.
Selection of the best-fit, fixed-effects model: Twenty-five, fixed-effect model can-

didates were fitted separately for each forest type using the nlsLM function in R 
(Elzhov et al. 2016). The best model was selected based on the combined rank of 
mean bias, root mean square errors and number of parameters. More detailed infor-
mation about the ranking approach is given in the section “Model evaluation and 
ranking.”

Step 2.
Selection of the best-fit, mixed-effects model: The form of the best model selected 

in step 1 for each forest type was used to build a mixed-effects model by adding 
species as a random effect1. In each forest type and archipelago, models were fit to 
all species, with species included as a random effect, allowing predictions across 
the full species pool. We examined all possible combinations of fixed and random 
effects and identified the best-fit mixed model using the same ranking approach as 
described in step 1. For example, model #1 proposed by Curtis (1967) is selected as 
the best model in step 1. Then, all possible mixed models are built based on the form 
of model #1. That is,

where asp and bsp are species-specific random effects, which follow a normal dis-
tribution with mean zero and variances �2

a
 and �2

b
 , respectively (i.e., asp ~ N(0, �2

a
 ) 

and bsp ~ N(0, �2

b
)). Mixed models were built using the nlme function in R (Pinheiro 

et al. 2017).

Model Evaluation and Ranking

Three criteria were used in model evaluation, including mean bias (MB), root mean 
square error (RMSE) and number of parameters. Formulas for computing RMSE 
and MB are given as:

(1)H =

(

a + asp
)

D

(1 + D)b

(2)H =
aD

(1 + D)(b+bsp)

(3)H =
(a + asp)D

(1 + D)(b+bsp)

RMSE =

√

√

√

√

1

n

n
∑

i=1

(Hi − Ĥi)
2

1   Notably, if the best fixed-effect model fails to converge in parameter estimation when building mixed 
models, the next best fixed-effect model will be selected.
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where n is number of observations, Hi is observed tree height, and Ĥi is predicted 
tree height.

The number of parameters for fixed-effect models was the total count of param-
eters in a model. In this study, the fixed-effects models include either two or three 
parameters. When comparing number of parameters for mixed-effects, both fixed- 
and random-effects parameters are included in the count. In our previous example, 
Eqs. 1 and 2 each have three parameters (2 fixed effects and 1 random effect) while 
Eq. 3 has four parameters (2 fixed effects and 2 random effects).

For a given forest type in an archipelago, models were ranked based on each of 
three criteria. Lower RMSE, closer to zero MB and fewer number of parameters 
were considered better. Then, the ranks from all criteria were summed to obtain 
a cumulative ranking score for each model. The model with the lowest total score 
was considered the best model which balanced the prediction accuracy and model 
parsimony.2

Results

Observed H–D Relationships

The subtropical moist forests in PR had the highest number of observations (20,386 
H–D pairs) and number of species (301 species) followed by subtropical wet & rain 
forests in PR (Table 1). The tallest tree H is recorded at 41.1 m and the largest tree D 
is recorded at 190.2 cm in subtropical wet & rain forests. In contrast, subtropical dry 
forests in PR were characterized by smaller trees with a mean D of 8.5 cm and mean 
H of 5.6 m (Table 1).

Among all forest types and both archipelagos, H–D relationships are positive 
and nonlinear, generally increasing at a decreasing rate as diameter at breast height 
increased (Fig. 2). As shown in Fig. 2, both subtropical moist and subtropical wet & 
rain forests showed greater variability with increasing tree height than other forest 
types in PR. When comparing the same forest type between two archipelagos, vari-
ation of H–D relationships was less pronounced in VI, where both subtropical dry 
and subtropical moist forests exhibited more compact H–D patterns (Figure 2).

Selection of Model Candidates Across Forest Types and Archipelagos

The performance of 25 model candidates varied across forest types and archipelagos. 
As indicated in Table 3, three-parameter models were the top three best models for all 

MB =
1

n

∑n

i=1
(Hi − Ĥi)

2   In cases where multiple models had the same total rank, we applied a hierarchical decision rule in 
model selection. First, we selected the model with the fewest total parameters. If parameter counts were 
equal, the model with the lowest RMSE was chosen. If RMSEs were also equal, we selected the model 
with mean bias closest to zero.
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forest types and archipelagos, except for subtropical dry forests in PR. Models 19 and 
22 ranked the first in four of the six forest type groups in PR: subtropical wet & rain, 
moist karst, subtropical moist, and lower montane wet & rain forests respectively. In VI, 
the same three models were selected for both forest types (i.e., Models 17, 18 and 22). 

Fig. 2   Observed height-diameter pairs across different forest types in two archipelagos: Puerto Rico (PR) 
and the US Virgin Islands (VI). H represents tree height (m) and D represents tree diameter at breast 
height (cm)
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Specifically, Model 22 ranked highest in subtropical dry forests, while Model 17 was 
the top model in subtropical moist forests. Among all top models across forest types and 
archipelagos, RMSE values range from 1.6520 (Model 25 in subtropical dry forests) to 
3.1893 m (Model 22 in lower montane wet & rain forests) in PR (Table 3) and range 
from 1.4570 (Model 22 in subtropical dry forests) to 1.8758 m (Model 17 in subtropical 
moist forests) in VI. Regarding prediction bias, MB values range from −0.0048 (Model 
19 in subtropical wet & rain forests) to 0 m (Model 22 in subtropical moist forests) in PR 
and range from 0.001 (Model 17 in subtropical moist forests) to −0.0002 m (Model 22 in 
subtropical dry forests) in VI. Performance of all 25 model candidates across each forest 
type in both archipelagos are given in supplementary material from Table S1 to Table S8.

Table 3   The top three best fixed-effects models selected from 25 model candidates across all forest types 
in Puerto Rico (PR) and the US Virgin Islands (VI). Model performance was ranked based on three crite-
ria: mean bias (MB), root mean square error (RMSE) and number of parameters. The total rank was the 
sum of ranks across three criteria

Archipelago Forest type 
group

Model RMSE MB Parameters Total rank

Value Rank Value Rank Numbers Rank

PR Subtropical dry M25 1.6520 1 −0.0003 1 3 2 1.3
M20 1.6520 1 −0.0007 2 3 2 1.7
M14 1.6520 1 −0.0009 7 2 1 3.0

Subtropical 
moist

M22 2.6124 1 0.0000 1 3 2 1.3

M15 2.6133 2 0.0034 2 3 2 2.0
M17 2.6139 3 0.0058 5 3 2 3.3

Subtropical wet 
& rain

M19 3.0543 1 −0.0048 3 3 2 2.0
M22 3.0599 2 0.0018 2 3 2 2.0
M15 3.0629 3 0.0003 1 3 2 2.0

Lower montane 
wet & rain

M22 3.1893 1 0.0035 1 3 2 1.3
M16 3.1926 2 −0.0061 2 3 2 2.0
M20 3.2193 4 0.0066 3 3 2 3.0

Moist karst M19 3.1634 1 −0.0026 2 3 2 1.7
M22 3.1675 2 0.0025 1 3 2 1.7
M15 3.1695 3 −0.0077 3 3 2 2.7

Intertidal man-
grove

M16 1.9707 1 −0.0002 3 3 2 2.0

M19 1.9713 2 0.0002 2 3 2 2.0
M15 1.9781 6 −0.0002 1 3 2 3.0

VI Subtropical dry M22 1.4570 3 −0.0002 1 3 2 2.0
M17 1.4560 1 0.0005 5 3 2 2.7
M18 1.4568 2 0.0008 7 3 2 3.7

Subtropical 
moist

M17 1.8758 1 0.0011 2 3 2 1.7

M22 1.8763 2 −0.0001 1 3 2 1.7
M18 1.8770 3 0.0023 7 3 2 4.0
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Mixed Model Construction

The best-fit, fixed-effect model was used as the base form to construct mixed mod-
els. For a given forest type and archipelago, all possible combinations of placing the 
random effects along with the model parameters were examined. It was found that, 
when adding random effects to all model parameters for the three parameter models, 
the parameter estimation failed to converge. Table  4 shows all converged models 

Table 4   Fit statistics for mixed effects models across forest types in two archipelagos (Puerto Rico and 
US Virgin Island). Models differ by random component structure (a, b, c) and are ranked by RMSE, 
mean bias (MB), and number of parameters. Lower total ranks indicate better overall fit

Archipelago Forest types Random 
Compo-
nent

RMSE MB Parameter Total rank

Value Rank Value Rank Number Rank

PR Subtropical 
dry

a 1.2530 1 −0.0033 1 4 1 1.0
b 1.2575 2 −0.0081 2 4 1 1.7

Subtropical 
moist

a & b 2.2575 1 −0.0021 2 5 2 1.7

a & c 2.2658 2 −0.0004 1 5 2 1.7

a 2.3098 4 0.0031 3 4 1 2.7

b & c 2.2937 3 −0.0033 4 5 2 3.0

b 2.3732 5 0.0052 6 4 1 4.0

c 2.4467 6 0.0044 5 4 1 4.0

Subtropical 
wet & rain

a 2.7082 3 −0.0090 1 4 1 1.7

a & b 2.6602 1 −0.0153 3 5 2 2.0

c 2.7186 4 −0.0143 2 4 1 2.3

b & c 2.6913 2 −0.0188 5 5 2 3.0

b 2.7671 5 −0.0165 4 4 1 3.3

Lower mon-
tane wet & 
rain

a 2.4115 3 −0.0064 3 4 1 2.3

b 2.4631 4 −0.0063 2 4 1 2.3

c 2.5009 5 −0.0001 1 4 1 2.3

a & b 2.3731 1 −0.0101 5 5 2 2.7

a & c 2.3985 2 −0.0098 4 5 2 2.7

Moist karst a 2.8725 1 −0.0024 1 4 1 1.0

c 2.9067 2 −0.0222 2 4 1 1.7

b 3.0549 3 −0.0404 3 4 1 2.3

Intertidal 
mangrove

a 1.9225 1 −0.0001 1 4 1 1.0

c 1.9374 2 −0.0033 3 4 1 2.0

b 1.9707 3 −0.0002 2 4 1 2.0
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across forest types and archipelagos. The top-ranked model was achieved when the 
model was fitted with the random parts added along with parameter “a” for all for-
est types in both archipelagos except for subtropical moist forests in PR. Notably, 
Model 17 ranked highest (Table 3) for subtropical moist forests in VI, but conver-
gence failed during parameter estimation when constructing mixed models. Thus, 
Model 22, the second-best model, was selected.

Table  5 shows the estimates of variances for mixed models across forest types 
and archipelagos. The subtropical moist forest in PR exhibited a larger variance in 
random effects (species) (�2

a
= 49.00, �2

b
= 21.36 ). In contrast, the subtropical dry 

forest in PR showed the lowest model variance 
(

σ2 = 1.60
)

 and the species-level 
random effect variance (�2

a
= 0.05) . These patterns are supported by the observed 

versus predicted tree heights in Fig. 3. A strong positive relationship is evident in 
PR subtropical dry forest and PR lower montane wet & rain forest, where data points 
fit the 1:1 prediction line more closely than other forest types.

Table 4   (continued)

Archipelago Forest types Random 
Compo-
nent

RMSE MB Parameter Total rank

Value Rank Value Rank Number Rank

VI Subtropical 
dry

a 1.2785 4 −0.0017 3 4 1 2.7

b 1.2931 5 −0.0016 2 4 1 2.7

c 1.3233 6 0.0007 1 4 1 2.7

a & b 1.2520 1 −0.0023 5 5 2 2.7

a & c 1.2569 2 −0.0017 4 5 2 2.7

b & c 1.2638 3 −0.0047 6 5 2 3.7

Subtropical 
moist

a 1.6084 1 0.0021 3 4 1 1.7

b 1.6725 2 −0.0011 2 4 1 1.7

c 1.7466 3 0.0003 1 4 1 1.7

Table 5   Estimates of variances for mixed-effects models among forest type and archipelagos. Variances 
of species-specific random effects were represented as �2

a
 and �2

b
 (see definition in “Model building”), and 

the random error is denoted as �2

Archipelago Forest type �2
a

�2
b

σ2

PR Subtropical dry 0.0485 - 1.6004
PR Subtropical moist 49.0033 21.3648 5.1829
PR Subtropical wet & rain 7.6138 - 7.4110
PR Lower montane wet & rain 22.4869 - 6.0279
PR Moist karst 6.0499 - 8.6232
PR Intertidal mangrove 0.8519 - 3.7637
VI Subtropical dry 3.7734 - 1.6646
VI Subtropical moist 6.0210 - 2.6621
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Fig. 3   Observed versus predicted tree heights across various forest types in Puerto Rico and the US Vir-
gin Islands. The red 1:1 line represents the perfect model prediction
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Comparison of Mixed and Fixed‑Effects Models

Mixed models with species as a random effect can increase prediction precision 
compared to fixed models across all forest types (see Tables  3 and Table  4). For 
example, in the subtropical moist forest of PR, RMSE decreased from 2.6124 (fixed-
effects) to 2.2575 (mixed-effects), representing a 13.6% reduction. In addition, by 
using mixed models, species-specific predictions can be made. As shown in Fig. 4, 
fixed models can only produce an average H–D curve for a given forest type, while 
mixed models can be used for capturing the variation of H–D curves among species.

Species‑Specific Prediction

For a given forest type and archipelago, species-specific model coefficients for the 
most abundant species (i.e., the one has the most count of observations) are given in 
Table 6. Coefficients for all other species are given in supplementary materials from 
Table S9 to Table S16. As shown in Table 6, Leucaena leucocephala accounts for 
three of the eight combinations (subtropical dry forests in PR and both forest types 
in VI), followed by Spathodea campanulata for two combinations (subtropical moist 
and moist karst in PR). Guarea guidonia, Prestoea acuminata and Avicennia germi-
nans are found in subtropical wet & rain, lower montane wet & rain and intertidal 
mangrove, respectively.

Regarding prediction accuracy, absolute MB values ranged from 0.0025 to 
0.0829 m, and RMSE values ranged from 1.0751 to 3.0297 m (Table 6). When com-
paring species-specific prediction with overall model, bias and precision are depend-
ent on species. Take subtropical dry forests in PR for example. Absolute MB was 
recorded as 0.0033 m for the overall model, but it increased to 0.0296 m for Leu-
caena leucocephala. However, for subtropical wet & rain forests in PR, absolute MB 
dropped from 0.0090 m in the overall model to 0.0043 m for Guarea guidonia. Sim-
ilar for prediction precision, RMSE of 1.9225 m was recorded for the overall model, 
which decreased to 1.6113  m for Avicennia germinans for intertidal mangrove in 
PR. A decline of precision level was found for lower montane wet & rain forests 
where RMSE of 2.4115 m increased to that of 2.6411 m between the overall model 
and Prestoea acuminata.

Fig. 4   Height–diameter (H–D) relationships across major forest types in Puerto Rico (PR) and the US 
Virgin Islands (VI) based on nonlinear mixed-effects models. Solid red curves represent H–D relation-
ships predicted from fixed effects, whereas gray curves depict species-specific predictions including spe-
cies as a random-effects. Gray points denote observed H–D. pairs

▸



Journal of Forestry	



	 Journal of Forestry

Discussion

Comparison of H–D Relationships Across Forest Types and Archipelagos

The H–D relationship is typically nonlinear with the height curve increasing more 
rapidly in earlier stage of growth than in the later stages (Huang et al. 1992; Sharma 
& Yin Zhang 2004). Among both archipelagos and all forest types, H–D relation-
ships exhibited a nonlinear pattern, generally increasing at a decreasing rate as diam-
eter at breast height increased. This trend is consistent with established allometric 
theory and previous findings in the literature (Mehtätalo et al. 2015). H–D relation-
ships varied notably among forest types in both PR and VI, which could be influ-
enced by species composition, forest structure site conditions and light availability 
(Yang et al. 2022). Subtropical moist and subtropical wet & rain forests in PR exhib-
ited taller trees and greater H–D variability, possibly due to high species diversity 
and structural complexity (Brandeis et al. 2007). The dominance of broadleaf ever-
green species (e.g., Guarea guidonia, Spathodea campanulata) adapted to humid 
environments (Brandeis & Turner 2013b) showed wider height ranges and more 
dispersed H–D patterns. In contrast, intertidal mangrove and subtropical dry forests 
showed more concentrated H–D patterns maybe due to lower species diversity and 
similar diameters and heights among individuals (see lower standard deviations of H 
and D compared to other forest types in PR in Table 1). Prediction accuracy of the 
final model is lower in moist karst forest and subtropical wet & rain forest than other 
forest types. It may be because of the strong variation in soil depth, water reten-
tion and exposure in the moist karst forest area and the high environmental diversity 

Table 6   Statistics and estimated model parameters for the most abundant tree species across forest types 
in Puerto Rico (PR) and the US Virgin Islands (VI). For each species, sample size (N), root mean square 
error (RMSE), mean bias (MB), and parameter estimates (a, b, c) are given

Archipelago Forest type Species N RMSE MB a b c

PR Subtropical dry Leucaena leuco-
cephala

808 1.0850 0.0296 4.58 −3.65 −0.16

PR Subtropical moist Spathodea cam-
panulata

2615 3.0297 0.0201 26.78 19.87 7.63

PR Subtropical wet 
& rain

Guarea guidonia 1710 2.4712 0.0043 18.80 1.76 0.07

PR Lower montane 
wet & rain

Prestoea acumi-
nata

623 2.6411 −0.0148 13.37 17.37 7.62

PR Moist karst Spathodea cam-
panulata

165 3.0280 −0.0829 19.55 1.84 0.09

PR Intertidal man-
grove

Avicennia germi-
nans

183 1.6113 −0.0155 11.65 2.51 0.17

VI Subtropical dry Leucaena leuco-
cephala

802 1.1218 −0.0025 14.66 10.08 5.59

VI Subtropical moist Leucaena leuco-
cephala

302 1.0751 −0.0342 16.57 11.95 6.12
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(microclimatic effect) and shallow soil depth in lower montane wet & rain forest 
(Brandeis & Turner 2013a).

As noted in the “Results” section, variation of H–D relationships in VI was less 
than PR, where both VI subtropical dry and subtropical moist forests exhibited more 
compact H–D patterns. It’s likely due to more complex forest structure and broader 
ecological gradients in PR (Brandeis & Turner 2013a; Yang et al. 2025). Another 
reason may be due to the higher site productivity and broader forest recovery in PR 
after agricultural decline (Lugo et al. 2022; Rudel et al. 2000). These variations in 
H–D relationships highlight the importance of developing forest-type-specific mod-
els that can effectively capture the unique ecological characteristics of species within 
each forest type and archipelago.

Comparison of 25 Model Candidates for Characterizing H–D Relationships

Among 25 model candidates evaluated, Models 22 (Ratkowsky 1990) and Model 19 
(Gompertz 1833) consistently delivered the most accurate predictions across mul-
tiple forest types. These models performed well likely due to their flexibility to 
capture the asymptotic nature of tree growth, particularly in forests where tree 
heights tend to level off at larger diameters. These models can capture the sigmoi-
dal or exponential saturation patterns found in tropical and subtropical forests and 
it makes them good choices for modelling forest allometry (Mehtätalo et al. 2015). 
As reported by Huang et al. (1992), Model 22 was particularly well suited to predict 
tree heights of deciduous tree species. We extended this work to evergreen subtropi-
cal forests (Brandeis & Turner 2013a, 2013b) and it performed well in most of the 
forest types.

Selecting an appropriate model is critical and should be based on ecological con-
ditions, data quality and forest structure (Mehtätalo et  al. 2015). Generally, three-
parameter models provide more accurate predictions for all forest types due to their 
added flexibility in capturing diverse growth patterns. While some researchers pre-
fer two-parameter models for their simplicity and better convergence properties 
(Mehtätalo et  al. 2015), three-parameter models offer greater flexibility and allow 
for a more comprehensive representation of the underlying relationships (Lebedev 
& Kuzmichev 2020). Based on the results, these models are recommended as a first 
attempt for fitting H–D relationships.

Species‑Specific Predictions Using Mixed‑Effects Models

Species often demonstrate different allometric responses depending on forest type, 
suggesting the need for further refinement, either by modeling forest type as an addi-
tional random effect or by fitting species specific models within each forest type 
(Paulo et al. 2011). We chose to fit species-specific models within each forest type to 
better capture unique growth patterns and avoid pooling across ecologically distinct 
forest types, which could mask important differences. This would more accurately 
reflect how environmental factors and species traits interact.
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Substantial species variation was observed across forest types and island groups 
highlighting the importance of considering ecological context during modeling. For 
example, Leucaena leucocephala is found in subtropical dry forests of PR and VI, 
but with different growth patterns and model coefficients. This indicates that spe-
cies performance is influenced by site specific environmental factors, emphasizing 
the need for context specific modeling approach (Kuehne et al. 2020). The use of 
nonlinear mixed effects models allows for species-level predictions by using species 
as a random effect, which is particularly effective in ecosystems with higher species 
richness where fixed effects models fail to capture interspecific variation (Calama & 
Montero 2004; Kuehne et al. 2020; Temesgen et al. 2008). Notably, a key limitation 
of using mixed models is that pooling data from all species may not produce the 
optimal predictions for each species (Yang et al. 2025). However, by pooling data, 
mixed-effects models are advantageous for characterizing H–D relationships for rare 
species by leveraging data from others (Gelman & Hill 2007; Mehtätalo et al. 2015).

We used only diameter at breast height to predict tree height, as it is easier to 
measure and typically provides the highest accuracy during field measurements. To 
increase prediction accuracy, some researchers have included environmental vari-
ables (Yang et  al. 2022), competition index (Jha et  al. 2023), structural variables 
(e.g. stand density, canopy structure) (Ratcliffe et al. 2016), stand and site attributes 
(e.g. elevation, stand age, site index) (Temesgen et al. 2015) in the model. Incorpo-
rating these additional variables into future mixed effects models may improve the 
prediction accuracy in complex and diverse forest ecosystems. Lastly, species was 
used as a single variable when constructing the random effects. Further studies may 
consider adding more variables (e.g., forest type, functional trait) in random effects 
or constructing a nested structure of random effects (e.g., species under forest type) 
(Paulo et al. 2011) but increasing model complexity may increase the risk of overfit-
ting and reduce model generalizability.

In this study, a mixed modeling approach was used to provide calibrated predic-
tions of H–D relationships for species in a given forest type and archipelago. A list 
of estimated coefficients by species among forest types and archipelagos can be 
found in “Supplementary Material”. In practice, the proposed method can be applied 
to build H–D models for diverse species populations, or practitioners can use the 
species-specific coefficients provided in this study when predicting tree heights is 
needed. As mentioned previously, with the inclusion of random effects, this tech-
nique allows users to model diverse species populations, especially for species with 
only a few observations. Technically, species-specific coefficients can be estimated 
for species with only one observation, but the estimates may not be reliable. Thus, 
we grouped species with less than two observations into a single category, named 
“others”. The coefficients for this group can be used for rare species or previously 
unobserved species3. When using the coefficients of this group, practitioners should 

3   The H–D relationships of the unobserved species can also be predicted using only fixed effects.
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interpret such predictions cautiously and consider collecting additional data for 
underrepresented species when possible. In addition, the predefined threshold was 
set to provide the maximum number of species for species-specific calibration. An 
alternative way to select a threshold for species grouping is to select the value with 
the least prediction bias and greatest precision by evaluating all possible thresholds, 
which is suggested for a next step of this study.

Lastly, model evaluation was conducted using the same dataset employed for 
model fitting. The absence of an independent validation dataset should be considered 
when interpreting the results. Future studies could address this limitation by apply-
ing the model to independent datasets to better assess model robustness. In addi-
tion, the potential temporal autocorrelation of the repeated measurements could be 
handled via a bootstrap resampling technique to strengthen model inference. Cluster 
bootstrapping is advantageous to handle correlated data structure (Yang et al. 2022).

Conclusion

This study developed species-specific H–D relationship models for different for-
est types across PR and VI, which is crucial for improving forest management and 
growth predictions in the Caribbean region. Our findings demonstrate that well-
established models from literature can be effectively adapted for use in these unique 
ecosystems, offering more accurate predictions of tree height by accounting for both 
fixed and random effects. These models serve as valuable tools for forest manage-
ment in the structurally complex and species-rich tropical and subtropical forests 
of the Caribbean region, which remain largely underrepresented in forest modeling 
research. Moreover, the species-specific models developed here can be applied 
beyond the study area to predict tree heights for species within similar forest types. 
Expanding these models could improve their accuracy and applicability to different 
ecological contexts across the region.
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