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ABSTRACT

Sensitivity to wind behaviors has been observed in marginal fire behavior in the field and using high-complexity fire models. Here we use the
coupled atmospheric hydrodynamic-fire behavior model FIRETEC to simulate a marginal fire and develop 2028 one-dimensional time series
from the temperature of the solid fuel, the convective heat transfer, the magnitude of the horizontal winds, and the vertical wind velocity on
and around the leading edge of the fireline. We test each of these time series for chaotic signals using the Chaos 0-1 test that distinguishes
between chaotic and non-chaotic time series. We analyze the spatial relationships with the leading edge by including series built from in front
of and behind the leading edge of the fireline. We find that the length of the time step can cause a break in the determinism and, therefore, test
the series for stochasticity using permutation entropy. We find the leading edge of the fireline to be highly chaotic and spatially correlated.
We discuss some challenges in simplifying the time series for application with existing one-dimensional algorithms and discoveries that will
lead to future work.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0306306

The complexity of fire dynamics makes understanding and
predicting this phenomenon challenging. While the physics of
fire behavior has been and continues to be studied exten-
sively, examining fire using methods of nonlinear dynamics
may offer new insights into whole-system dynamics. We use a
hydrodynamic model of coupled atmosphere-fire behavior con-
figured for marginal fire conditions to develop thousands of
one-dimensional time series centered around the movement of
the leading edge of the fireline. We test these series for chaotic
or non-chaotic dynamics and stochastic or deterministic sig-
nals. We find that the leading edge of the fireline and locations
within the fire are chaotic, whereas positions in front of the
fireline tend to be more organized and non-chaotic. We also
examine the role that the temporal gap between entries in the
series has on the determinism of the simulation results. Since
fire is a three-dimensional system relying heavily on dynamic
atmospheric interactions between the fire activity and the sur-
rounding air, a time step commensurate with these dynamics is
necessary to capture local feedback and dependencies in only a

single dimension. Our analysis is constrained by the reduction
in dimension necessary for the use of the existing algorithms for
detecting chaos in time series. We discuss our results in detail,
along with the hypotheses for some of the unexpected dynamics
we observe.

I. INTRODUCTION

There is a widespread misconception that chaotic systems are
incomprehensible due to their complexity. In fact, chaotic systems
possess inherent structures and characteristics that reveal repetitive
patterns and deterministic behavior, even amidst apparent random-
ness. These systems are governed by mathematical rules, which,
when understood, can lead to meaningful predictions within cer-
tain constraints. Wildland fire in some scenarios has been posed as
possibly being a chaotic system as it can be sensitive to the details
of surrounding conditions,»” implying a “sensitivity to initial condi-
tions.” Yet, if all conditions are identical, it is reasonable to assume
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we would see the same fire behavior, implying a quality defined as
“determinism.” Thinking about wildland fire as a chaotic system is
particularly interesting because it adds critical context to our expec-
tations of fire predictability and framing for our fire modeling goals
given that the precise details of initial and boundary conditions for
wildland fire are seldom fully known. By mathematically defining
fire behavior as chaotic, we seek to discover relationships between its
system components and some underlying patterns that contribute to
the apparent irregularity of the system.

Oxygen, heat, and fuel are the three components that influence
fire dynamics.” However, the simplicity of this “fire triangle” can
be misleading, as various aspects of the fire environment influence
the feedback between these factors over a variety of temporal and
spatial length scales. For example, the topography of the fuel bed
influences the convection and radiative heat transfer."® Differences
in litter accumulation or treatments in a given area can change the
surface and ladder fuels and lead a lower-intensity fire to develop
into a high-intensity crown fire.””” The dynamic fire-atmosphere
interactions can lead to unique phenomena like fire whirls and
counter-rotating vortices in and around the flames.'’~"* These types
of heterogeneous and dynamic feedback influences on the basic
controlling factors of wildland fire exemplify chaotic behavior.

To further our understanding of fire dynamics, we need to
examine the macroscale behavior. Collecting sufficiently detailed
and comprehensive data in the field is challenging given the com-
plex multi-faceted, dynamic, and multi-scale interactions occurring
in the fire environment. However, we can use models that represent
feedback between basic physical processes to simulate emergent fire
behavior to provide some of this information. In particular, numer-
ical models offer us the ability to collect temporally evolving and
spatially explicit data associated with numerous dynamic aspects of
the fire environment and fire activity, allowing unique opportuni-
ties to study the feedback between the fire and its surroundings that
are currently very challenging with observations. It is important to
acknowledge the limitations of numerical models as they do not
represent the complete set of physical and chemical processes at all
relevant scales. Even though models may lack some of the physical
processes, the fact that modern physics-based wildfire models such
as the Wildland Fire Dynamics Simulator'’ and FIRETEC" focus on
representing basic physical processes in order to simulate aggregated
and emergent fire behavior including feedback between fire and
the surrounding atmosphere make them a valuable tool for study-
ing fire dynamics and a great complement to field and laboratory
observations.

There is some debate on the formal definition of chaos, but it is
generally accepted to include at least three features: sensitive depen-
dence on initial conditions, determinism, and aperiodic long-term
behavior.”~*" Sensitive dependence on initial conditions implies that
a very slight change in an initial condition can result in vastly dif-
ferent outcomes. Deterministic behavior implies that any noisiness
within the outputs are a result of the nonlinearity of the system, not
any stochastic components. Specifically, a unique input to a deter-
ministic system will always result in a corresponding unique output
for any number of trials, whereas a stochastic system may produce a
variety of outputs for any given input. Aperiodic long-term behav-
ior is characterized by trajectories that do not converge into any
kind of periodic behavior (i.e., limit cycles, stable fixed points, or
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quasiperiodic orbits). This is a secondary result of the combination
of determinism and sensitive dependence on initial conditions; since
no trajectory ends up exactly where any previous trajectory has been
(unique inputs lead to unique outputs), no matter how close those
trajectories are, there will be long-term divergence between them
(sensitivity to initial conditions).

Chaos theory is a cornerstone of modeling complex systems in
many genres of science’™”' including astrophysics,”~** geophysical
systems,”~*’ biological and medical sciences,””’' and has even been
used for the social sciences™ and building construction.”” The sci-
ences are particularly suited for chaos theory due to their high level
of complexity and interdependent processes. Measurement of these
inter-relationships and the effect each process has on the whole sys-
tem can be achieved through studying the nonlinear nature of the
dynamics.” Specifically, chaos theory and fractal analysis have been
used in seismology to model aftershocks and earthquake probabil-
ity”>* and has led to the development of wavelet transforms for
earthquake characterization.”” The fields of gravity and magnetism
have used chaos theory to find causative sources and characterize
their qualities for future prediction.”® Chaos theory has also been
used to examine a variety of qualities of fluid flow, including runoff
and river flow,”” chaotic advection in oceanic flow,”® and weather
prediction,'” and has found relationships between flow systems on a
global scale.” Chaos has been detected in tracking planetary orbits
and relationships between planetary bodies.””** In general, chaos
theory allows us to assess prediction possibility, evaluate model
validity,” identify key processes within the phenomenon,” and
determine the degrees of freedom in a process to assist in developing
simple systems of equations for representing these phenomena.”’

As with these other fields of study, studying wildland fire
behavior using chaos theory may help us interpret and under-
stand this system so as to develop more effective predictive models
and identify the key processes underlying unexpected behavior.
The identification of chaotic phenomena in large-scale fire mod-
els such as FIRETEC highlights the inherent complexities involved
in predicting fire dynamics over extended periods. These chaotic
behaviors can lead to significant variabilities in fire spread and
intensity, making it difficult to achieve accurate long-term forecasts.
Furthermore, these observations offer valuable insights into the
development of reduced-order models of fire dynamics. To enhance
their effectiveness, it is essential that these models incorporate non-
linear characteristics that reflect the chaotic nature of fire behavior.
By doing so, researchers can improve the fidelity of simulations, pro-
viding a more nuanced understanding of how various factors such
as fuel sources, meteorological conditions, and terrain interact and
influence the progression of wildfires. Ultimately, this could lead
to more robust predictive tools, better informing fire management
strategies and improving response efforts in real-world scenarios.

Previous work has identified some chaotic qualities in fire
behavior already. Through field collected data from nine burns on
different plots, Clements et al.' demonstrated sensitivity to initial
conditions when they observed that low-intensity fires are sensitive
to shifts in near-surface wind dynamics. Then Linn et al.” used one
of those experimental burns to inform a FIRETEC simulation to fur-
ther illustrate that small changes in the windfield can have a broad
effect on fire behavior, and Jonko et al.” used an ensemble approach
in which they compared 45 FIRETEC simulations with identical
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conditions except for small perturbations in the ambient wind field.
These studies clearly indicate that macroscopic fire behavior is sen-
sitive to small perturbations in wind conditions. This sensitivity is a
hallmark feature of chaos and nonlinear dynamics.

So far, there have been several studies done on the nonlinear
dynamics of fire behavior. Turcotte et al.”” found self-organized crit-
icality in the frequency of forest fires relating to the area burned,
promoting the concept of scale-invariance in fire occurrence. Self-
organization is a feature of some dynamical systems in which the
system parameters spontaneously adjust such that pattern forma-
tion occurs. Self-organized criticality implies that these parameters
automatically adjust to guide the system toward a phase transi-
tion when close to the critical point attractor, as defined in Bak
et al."’ Scale-invariant means that the spatial and temporal macro-
scopic behaviors do not change when control parameters are scaled
by a constant factor. Similarly, Ricotta et al. also examined self-
organizational trends in wildfire occurrence in Liguria, showing that
the ignition mechanism may have the most impactful effect on how
it organizes."

The most recent example of chaos theory applied to fire behav-
ior presents a discrete set of equations developed from a reaction-
diffusion equation, similar to the derivation of the Lorenz equations
for wind dynamics.'>"> The goal of that study was to predict the
transition from stable to unstable behavior in a wildfire for risk
assessment and Decision Support Systems. Mampel et al.*” assumed
that fire is chaotic due to the influence of the winds which are known
to be chaotic. To support this assumption and show that fire behav-
ior is mathematically chaotic, we use a hydrodynamic model of
coupled atmosphere-fire behavior called FIRETEC, configured for
marginal fire conditions. We develop 2028 one-dimensional time
series related to the movement of the leading edge of the fireline and
employ nonlinear time series analysis to detect the presence of chaos
in model-derived fire behavior."***

Algorithms designed for chaotic signal detection are typically
developed for univariate time series, and it is, therefore, necessary to
reduce the dimensionality of multidimensional data prior to apply-
ing these methods. This reduction, however, can alter the structures
and patterns in the data and introduce unexpected artifacts. For
instance, data generated by a simulation such as FIRETEC are dis-
cretized in both space and time, while the model itself operates
across three spatial dimensions in order to capture and resolve the
complex wind dynamics of the environment. Distilling this multi-
dimensional information into a single univariate series may alter
the perceived structure of the data in non-trivial ways, such as
introducing apparent stochasticity or obscuring pertinent features
of the underlying chaotic attractor. While such limitations cannot
be entirely avoided, we have taken care to mitigate their effects
by increasing the temporal resolution and rigorously testing the
reduced data for stochastic properties. Our methodological choices
regarding dimensionality reduction and their potential implications
for our results are discussed in detail in Sec. I1I.

Il. DATA

Over the last 60 years, wildland fire growth modeling has
evolved markedly. Most notable is the transition from purely
empirical models”~" to a more nuanced approach that incorporates
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physical processes, including hydrodynamics surrounding wildland
fires in the larger complex environment.'>'>*"** FIRETEC is one
such hydrodynamic model that has been utilized in numerous stud-
ies, including those examining fire propagation,™ fire effects,'>** and
the impact of fuel treatments.”” We choose this model because it
conserves mass, momentum, and energy, and features spatial and
temporal resolutions that are appropriate for analysis of the feedback
between fire and its surroundings.

To determine if chaotic signals are present in fire behavior, we
want to limit the different types of fires we study to avoid mixed
dynamics. We choose to study only the “heading” fire behavior that
occurs at the traveling front of the fire driven by local winds, ignor-
ing the flanking (lateral) and backing (opposed flow) fire growth.™
Our FIRETEC simulations are designed to target “marginal” scenar-
ios in which fire growth is at the tipping point of extinguishment
and sustained combustion. We choose these conditions because
the transition between these states tends to be highly sensitive to
atmospheric and surface conditions. The sensitivity to wind dynam-
ics observed in low-intensity fire field experiments' and previous
FIRETEC simulations™** inspires the possibility that a transition into
chaos is possible in these types of fires.

A. FIRETEC

FIRETEC is an Eulerian Computational Fluid Dynamics model
simulating the spatiotemporal behavior of fire using Cartesian
(x, y, z) spatial coordinates. In order to simplify the fire scenario and
increase the robustness of our analysis, we use a simulation that rep-
resents a grass fire that is propagating in line with the primary wind
direction (see Fig. 1). We use horizontal resolution of 2 x 2 m? for
each cell. We have 41 vertical cells (z direction) employing a cubicly
stretched grid ranging from ~1.5m tall near the surface to =40 m
tall near the top of the domain, resulting in a total height of 615m.”!
We create a fire scenario where every location (x-coordinate) along
the fireline is exposed to the same macroscale fire environment as
every other location and, thus, they can all be taken as equal mem-
bers of an ensemble. In order to achieve sufficiently long time series
for our analysis, we use a 1200 cell long domain in the direction
of the primary wind direction (along the y-axis). Fuels (vegeta-
tion) are resolved in three dimensions at the model’s grid resolution
using a volumetric porous media with mass momentum and energy
exchange. The gas phase is characterized by fuel related parame-
ters such as moisture, surface area per unit volume, fuel height, and
density. We limit our fuel to homogeneous grass to reduce the num-
ber of variables that could affect the fire behavior and change our
results. The grass fuel is 0.3 m tall with a fuel density of 0.3 kg/m?
and 15% fuel moisture. FIRETEC represents fuels that are shorter
than the first vertical grid cell by distributing their bulk properties
(e.g., mass, volume, and drag elements) uniformly within that cell.
The model then incorporates fuel height in its calculation of wind
drag, so shorter fuels impose proportionally less drag on the flow.
The domain setup for five separate time steps can be seen in Fig. 1.

In order to establish the turbulent wind conditions, we repre-
sent the turbulence developed over a very long upwind fetch using a
400 x 2400 m* domain. We simulate a wind field where the primary
wind direction flows along the y-axis (2400 m long) of the domain
with an average speed of 6 m/s. Initially, the winds in this simulation
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FIG. 1. Diagram of FIRETEC setup showing five time steps in the simulation
visualizing the temperature of the solid, T > 500K. Moving from left to right,
the visuals move forward in time from 250 s through 850 s in 150 s increments.
Diagram shows the length and width of the domain along with the horizontal wind
directions (v and v), the primary wind direction (u), the measurement of the fireline
width, and the location of the ignition line.

are uniform across the domain. Turbulence is induced by randomly
placing blocks of vegetation in the lowest five layers of the domain
(1 < z < 5). These blocks, which are similar in concept to the baffles
used to accelerate turbulence development in wind tunnel exper-
iments, perturb the flow field, causing variation in the winds and
developing turbulence. We use this wind field to inform the fire sim-
ulation as initial and boundary conditions and to interact with the
fire-induced changes in turbulent flow.

During the fire, cyclic boundary conditions on the sides essen-
tially make the domain laterally infinite,”* allowing flow to pass
through the boundary on one side, and back into the domain on
the other side. This permits us to consider each x-coordinate as a
separate “fire event” for our time series and virtually eliminates any
lateral edge effects for the simulation that may interfere with the
study. We place an ignition line 100 cells away from the upstream
domain boundary. This distance ensures minimal boundary effects.
The ignition line has a thickness of 2 cells or 4 m. We “ignite” each
x € X along this transect by removing all fuel moisture and linearly
increasing the temperature of the solid, T, to 1000 K over the first
3.5 s of the simulation.”’

Since this ignition procedure is non-physical, we want to
exclude its effects from the analysis. Thus, we discard the initial
several minutes of the simulation, during which these impacts are
felt. We begin analysis once the fireline width has reached a pseudo-
steady state. The fireline width is defined as the distance between the
cells closest to and farthest from the ignition that have reached an
average temperature T > 500K, as is illustrated in Fig. 1. Figure 2
shows the average fireline width for each time step of our simu-
lation with a vertical line at 250, after which point the average
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FIG. 2. Average fireline widths for each time step; vertical line at 250 s shows the
starting point for each time series developed. Note that at 250 s, we have reached
a level average state after the initial ramping of the fire behavior due to ignition.

fireline width has stabilized. The end of the simulation is defined
to be before the fireline reaches the end of the domain. We record
simulation data from 250s through 950s after ignition, creating
7001 records per series with time difference of 0.1 s between records.
For the rest of this paper, we will refer to this time difference as
a “time step,” but we want to be clear that this output data “time
step” is not the same as the computational time step used for some
of the processes in FIRETEC, which was 0.001 s. This is the smallest
practical time step we were able to accommodate while still produc-
ing reasonably accurate data. This limitation is largely governed by
computational cost. Generally, FIRETEC will create 0.6 simulated
seconds per hour for this particular domain configuration, while
recording output for every time step. To decrease the time step in
this case would require significantly more time for the model to run
than is feasible.

The advantage of using FIRETEC for this analysis is the large
amount of information produced from the simulation. We use two
fire variables: the convective heat transfer (Q) and the tempera-
ture of the solid fuel (T); and two wind variables: the horizontal
wind magnitude (U = +/#? + v?) and the vertical wind velocity (w),
each defined in Table I. Each of these variables is computed as cell-
wide averages for each time step per cell in the 200 x 1200 x 41 cell
computational grid. The convective heat transfer, Q, is the thermal
energy transferred from the gas to the solid fuel in a cell due to the
movement of gas over the solid surface and has units W/m?®. T is
measured in Kelvin (K) and is defined as the temperature of the
combination of the grass and associated fuel moisture (the “solid”).
The wind variables both have units of m/s. For a detailed description
of the governing equations in FIRETEC for the variables we choose
to study, see Appendix A.

It must be explicitly acknowledged that FIRETEC is a large,
complex computational model whose inherent configurability con-
stitutes a meaningful limitation that warrants careful consideration
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TABLE |. Table showing each variable from FIRETEC used in our analysis. We use a
cell defined as (x, y) with x e X ={1,2,3,...,200} andy € Y ={1,2, 3, ..., 1200}.

Ml Fireline Location Y (x)

Variable Description Units

Q Convective heat transfer: the transfer of W/m?
thermal energy from the gas to the
solid within a given cell.
T Temperature of the combination of the K )
fuel and the water within the grass : ]
within a given cell. D Unburnt Fuel Area
U Magnitude of the horizontal wind m/s .
trajectories, u,, and v, for a given D Fire Area

cell; /uiy + viy. D Burnt Area

w Velocity of the vertical wind trajectory m/s
for a given cell.

when interpreting the findings presented in this study. Given that
the model encompasses a broad array of adjustable parameters
and toggleable capabilities, alternative configurations could plau-
sibly yield divergent outcomes, and no single configuration can be
presumed to produce universally generalizable results. The authors
are fully cognizant of this constraint and underscore that a truly
exhaustive, configuration-spanning analysis—one capable of sub-
stantiating claims of broad generalizability—would demand a level
of computational resources that renders it prohibitive within the
practical boundaries of the present investigation.

B. Time series

FIRETEC output is Eulerian (values recorded at fixed locations
associated with each computational cell per time step). To determine
the presence of chaotic behavior in the changes for each variable
through time and space, we choose a Lagrangian style time series
to track the evolution of quantities at specific positions relative to
the moving fire front (not relative to the fixed computational grid).
To convert the Eulerian data to a Lagrangian format, we define
a moving reference frame associated with the traveling fire front.
We track the movement of the fireline through time for specific
positions in the computational grid (each x-coordinate). The fire-
line, referred to hereafter as Y(x), is defined as the series of spatial
streamwise positions (y-coordinates) farthest from the ignition line
that achieve a temperature of the solid T > 500 K for each time step
s € §={250.0,250.1,...,950.0}. Figure 3 shows a snapshot of 280 s

FIG. 3. Top down visualization of the time step related to 280 s from the FIRETEC
simulation. The fireline location is defined as Y;(x) for the y-coordinate at location

into the simulation. Note the broad area with active combustion XeX={510,15,...,195) attimes € S = {250.0,250.1, .. ., 950.0}. F, (x)
(T = 500K) in black. The white line at the top of the black area is the value of the variable v € V = {Q, T, U, w} at location Y;(x). The fireline
depicts the leading edge of the fire (Y;(x)) as it progresses upward. location is in off-white, the unburnt fuel area is in green, the burnt area is in brown,

Using the fireline, Y,(x), we develop a variety of time series and the locations that are actively on fire are in black. The small white box is blown

that investigate the fire behavior from several perspectives. Table II Up'belowtoishowithe timaiserieslocations asioffsets fromiihe firsline.

gives a list of the time series developed from the x-coordinates in

the domain. We use coordinates that are perpendicular to and inline choosing every five cells, we limit the possibility of redundancy in

with the direction of movement of the fireline, referred to as the “pri- our time series due to overlap.

mary wind direction” in Fig. 1. The three sets of series described in For the equations that follow, we define these sets,

Table IT are created using every 5th cell from 5 < x < 195 and each

of the four variables is described in Table I and in Appendix A. By V={QT,Uw} 6]
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TABLE Il. Table showing the various time series types we developed for this study
that use each x-coordinate as a separate fire event. v represents the variable for the
time series, n shows the offset from Y(x), for all time steps s. See Egs. (5) and (6).

Name Description

F,(x) Values of each variable v € V for the fireline locations

I,,(x) Values of each variable for cells in front and behind
in line with F, (x)

L,,(x) Values of each variable for the fireline locations and

lateral cells to the left and right, perpendicular to
F,(x)

which contains the matrices of variables that are produced by the
simulation in the Eulerian grid and used to develop each of the
Lagrangian series. Each of these variable matrices is 200 x 1200
cells, recorded from the FIRETEC simulation for each time step in
the bottom vertical layer (z = 1). Then,

X = {5,10,15,...,195}, )

defines the 39 x-coordinates used in this analysis. Likewise, the
spatial offset coordinates for each time series N are defined such that

N={-3,-2,-1,1,2,3}. (3)

The fireline, Y;(x), is defined as the y-coordinate for the fireline at
time step s for a particular x-coordinate, such that T(x) > 500 K.

The base set of time series are built from the values of each vari-
able at the fireline (in the Lagrangian frame moving with fire front),
(x, Y;(x)),

Fy(x) = {v(x, Ys(x) }ses - 4

We include a modified version of F, defined as F, in which
we only consider every other time step in S, such that
$* = {250.0,250.2,...,950.0} and F,(x) = {v(x, Y (x))},cs+ for sen-
sitivity testing purposes only, not to be included in the final test
results.

The first set of series, I, ,(x), tracks each variable for the three
coordinates with the same x position as the movement of F,(x), in
front and behind F,(x) Vn € N,

Iv,n(x) = {V(x’ Ys(x) + ”)}ses . (5)

The second set of series, L, , (x) shows the value at corresponding lat-
eral coordinates (same y position) to the left or right of each specific
F,(x) forallv € Vandn € N,

Lv,n(-x) = {V(x + n, Ys(x))}ses- (6)

Note that each v € V, n € N, and x € X produces different
series for each of these types, resulting in a total of 2028 different
time series (507 per variable) used in this study. The above equa-
tions are visualized in Fig. 3. See Appendix A for more information
on the governing equations used in FIRETEC.

Ill. METHODS

We quantify chaotic behavior in a wildland fire model by apply-
ing ergodic theory and Fourier Analysis, through the use of the
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Chaos 0-1 test (CO01), developed in 2004 by Gottwald and Mel-
bourne.” We assess the effect of the dimensional reduction by
testing for stochasticity in our time series design using a model
developed in 2021 by Boaretto et al.,” that calculates Permutation
Entropy (PE) and compares it to known stochastic systems. Both
of these methods are described in detail in the publications cited
above and we give a general description of the concepts behind them
below.

There are a variety of methods for detecting the presence of
deterministic chaos in a time series. The most well-known include
estimating the maximal Lyapunov exponent, for which there exist
several algorithms,””*'=*" and calculating fractal dimensions.””** The
process for calculating Lyapunov exponents measures the sensitiv-
ity to initial conditions by finding the rate of divergence between
two trajectories that begin infinitesimally close together. The Lya-
punov exponent is then defined as the exponential rate of divergence
between these two points: a positive Lyapunov exponent indicat-
ing divergence and, therefore, chaos while a negative Lyapunov
exponent indicating convergence and representing non-chaotic
dynamics. Most often, the techniques used in calculating Lyapunov
exponents and fractal dimensions require determining two parame-
ters: the embedding dimension, the minimum dimension needed to
reconstruct a topologically equivalent attractor to the attractor in the
underlying data, and a time delay that removes any temporal corre-
lations in the time series to avoid oversampling of the data which
could suppress any chaotic signals. These parameters form the basis
for phase-space reconstruction of the dynamical system underlying
the time series. If we collect every possible state of a given dynam-
ical system, we can define the “phase space” for that system, and
using that space, we can track how the system behaves through time
by following how the system moves through that phase space. Lya-
punov exponents and fractal dimensions can be highly sensitive to
the choices of these parameters and accurately redefining the phase
space. Reliable evaluation of the values for these parameters from
data can be extremely challenging for shorter time series, especially
in the presence of noise.”>***> Complicating things further, with a
short time series, a time delay embedding can reduce the length of
the series even further which increases the potential for lack of con-
vergence in the method. On the other hand, without the embedding,
we risk oversampling the data that flattens out the dynamics and can
lead to false results.

The FIRETEC configuration employed in this study has been
explicitly parameterized to suppress all stochastic processes within
the model. However, it is argued that residual stochasticity may
nonetheless manifest in the output time series as an artifact of
the dimensional reduction procedure applied during preprocess-
ing, as well as the constraints imposed on the inter-point spacing
of the series. This emergent stochasticity, if present, poses a non-
trivial methodological concern, as the CO1 test is agnostic to the
deterministic or stochastic nature of the underlying process and
is, therefore, susceptible to yielding false positives when applied
to stochastic time series. Consequently, it is deemed necessary to
rigorously assess the stochastic character of the resultant output
prior to drawing conclusions from the CO1 statistic. A detailed dis-
cussion of the theoretical basis for this methodological decision,
along with the corresponding diagnostic framework, is deferred to
Sec. 111 B.
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We choose the CO1 and PE tests to reduce misrepresentation
of our results due to the number of series to be tested, the length of
our time series, and the difficulty in calculating specific parameters,
including time embedding parameters necessary for convergence of
the more classical methods such as Lyapunov exponents or frac-
tal dimensions. First, our study involves 2028 time series requiring
some automation in the methods used. Second, each of our series
contains 7001 data points, which is a relatively “short” time series
for an unknown system and may not be long enough to represent
the full spectrum of the chaotic behavior.”” To ensure detection of
the attractor, a short time series must adhere to a few very spe-
cific requirements including having shorter length scales, a folding
mechanism inherent inside the attractor, and no noise that is of suf-
ficient length to interfere with the calculations.®” Since there is no
guarantee that the chaotic attractor within fire behavior will pos-
sess these features, we would not be able to trust any results from
the more classic methods with these shorter time series. Finally, the
techniques used in calculating Lyapunov exponents and some fractal
dimensions require determining embedding parameters that form
the basis for phase-space reconstruction of the dynamical system
as described above. By reducing the number of chosen parameters
for this study, we reduce the possibility of misrepresentation in our
results. In light of these challenges, we choose to use the C01 and PE
tests for this study.

A. The 0-1 test

The chaos 0-1 test (C01) has been successfully applied to exper-
imental data, demonstrating its robustness in identifying chaotic
phenomena in different real-world settings.”~"* CO1 analyzes the
asymptotic growth rate between time steps in a given series.””’>"*

1. Description of the steps in the test

The test involves four steps to calculate the asymptotic growth
rate between values through time. The advantage of the CO1 test lies
within the single value output and the visualizations for each step in
the process. To illustrate the usefulness of the method, we use the
logistic map”” with a parameter known to be stable (u = 3.5), and
one known to be chaotic (1 = 3.91). In Fig. 4, the column on the left
corresponds to the stable parameter, and the column on the right to
the chaotic. Each row represents a step in the process and the graphs
clearly depict different behaviors for chaotic or stable systems.

For this description, we have reproduced all equations from
Gottwald and Melbourne’s 2016 paper.” The first step translates
each of the time series data points using the sine and cosine func-
tions, similar to using the power spectra. Consider a time series
¢(s), s=1,...,n. Then, we translate for each c € {C,},

pe(n) =Y () cos(sc) q(m) =Y _p(s)sin(so), (7
s=1 s=1

where we define {C,},
T 4r
{C, ig)l €Rr [g)?] N (8)

where values are randomly chosen from a uniform distribution
and applied to this interval, then sorted from smallest to largest.
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Figures 4(a) and 4(b) show graphs of the translated data for
u =35 [4(a)] and p = 3.91 [4(b)]. In Fig. 4(a), the stable behav-
ior is structurally symmetric and organized, where in 4(b) we see the
disorganization of the time series caused by the chaos.

The second step in the process is to calculate the mean squared
displacement for the p’s and ¢’s for each ¢ € {C,}. To avoid under-
sampling, we define n,,, as the closest integer to the total number of

time steps divided by 10: ., = N//10and foreachn € [1,.. ., nuy],
we calculate
1 N 2 2
M (m) = Jim =3 [po(s+m = pa©] +[g46+m) = 4]
s=1
9)

We then normalize the mean squared displacement using the
squared mean of the series and an oscillation factor,

1 o ' (cn)
— cos(cn
Vosc(c,n) = <N ;‘P(S)) m, (10)
such that
Dc(n) = Mc(n) - Vosc(cs T’l). (11)

The second row in Fig. 4 shows the mean squared displacement
in black and the normalized version in red. Figure 4(c) shows the
stable case and Fig. 4(d) the chaotic. Note that if we fit a line to either
the black or red lines they will have the same slopes which indicates
that this normalization process does not affect the growth rate we
seek, with Fig. 4(c) showing a general downward or decreasing trend
and Fig. 4(d) showing an increasing trend.

Finally, we calculate the asymptotic growth rate for the nor-
malized mean squared displacement using a correlation method.
Assuming we have n = {1,2,3,...,n,} and D, = {D.(n)},%, we
calculate

- cov(n, D
K. = corr (#n,D,) = __covmDd , (12)

var (1), var (D.)
where we use a typical covariance equation,

Neut

> (a(s) — @)(bis) — b) (13)

s=1

cov(a,b) =
cut

and var(a) = cov(a, a). To avoid possible resonance for various c, we
define the K value to be the median value of all calculated K, which
discounts any outliers in the results.

The third row of graphs in Fig. 4 [Figs. 4(e) and 4(f)] show the
calculation of the growth rate. We can see that the growth rate in the
stable case is declining which indicates this stability, and the growth
rate for the chaotic case is increasing, confirming the presence of
chaos. The test translates the data using one hundred randomly gen-
erated translation variables between 7/5 and 47 /5 defined above
as {C,}. We use the median growth rate for each of these transi-
tion variables so as to avoid resonance or outliers. The last row in
Fig. 4 shows the calculated growth rate for all ¢ € {C,}. We can see
in Fig. 4(g) that the calculated growth rate for stable behavior in
the logistic map is close to 0 when we discount the outlier. For the
chaotic case in Fig. 4(h), all of the values are within [0.95, 1] which
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indicates chaos as this interval can be defined as “close to 1.” In
Fig. 4(g), we can see that one of the values is significantly higher than
the others. This is most likely due to resonance developed by the spe-
cific ¢ value correlating with that jump. Using the median value for
the final K, avoids any interference with these outlier values.

2. Description of the results

The results of the CO1 test are represented by the variable K, as
defined by the original authors Gottwald and Melbourne.” Accord-
ing to their publications,”’*"* the test results indicate chaos if the
resulting number K is “close to 1” and non-chaotic if K is “close
to 0.” We seek a more explicit set of values to clearly indicate the
results for this test. In Fig. 5, we use the logistic map and plot the K
results and the corresponding Lyapunov exponents. We can see that
as the Lyapunov exponents increase, the K values also increase to
well above the midline of 0.5. As described in Ref. 76, time series that
lie on the “edge of chaos,” sometimes referred to as “weak” chaos,
can be difficult to distinguish as the chaotic signals can be convo-
luted with noise or a general lack of structure in the series. This style
of chaos is represented with very low Lyapunov exponents, like those
that are less than 0.19 for u values below 3.6 in Fig. 5. On the other
hand, “high” chaos, as represented in Fig. 5 as Lyapunov exponents
above 0.27 (4 > 3.65), are very clearly marked with a C01 test result
of K > 0.9. As we lack a priori knowledge of the noisiness of our
series or the general structure of the series in relation to the chaotic

Lyap Exp

C01 Output (K)

36 3.65 3.7 3.8 3.9

Logistic parameter p

FIG. 5. Output for the C01 test compared with the logistic map Lyapunov expo-
nents. Shows the inconclusive and inaccurate CO1 test results for very small
Lyapunov exponents indicating very weak chaos. Black outlines indicate posi-
tive Lyapunov exponents that correlate to C01 test results below 0.9. Red dotted
lines indicate the thresholds for the K conclusions in which K > 0.5 indicates
chaos, 0.1 < K < 0.5 indicates an inconclusive result, and K < 0.1 indicates
non-chaotic behavior. K > 0.9 is presented as a stronger threshold for a positive
result. The light blue line at . = 3.6 shows the threshold for inaccurate C01 test
results for weak chaos below this value of .
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signals we are looking for, we choose to include an “inconclusive”
range for the results, in which case more examination is needed for
official results. We choose the following ranges: the test identifies
the system as chaotic (K > 0.5) or non-chaotic (K < 0.1) and we
include an “inconclusive range” for K € [0.1,0.5). As described in
the Gottwald and Melbourne paper from 2008,” this does not nec-
essarily infer the absence of chaotic dynamics in the system but that
the results require a more in-depth analysis of the steps in the pro-
cess before concluding the existence of chaos.”” Since we use the test
on 2028 series and, therefore, evaluating each series individually is
not feasible for the purposes of this project, we choose the inconclu-
sive range to avoid any false positive results. It should be noted that
different choices for these thresholds could affect the results, and
this is examined extensively in Sec. IV.

B. Chaotic or stochastic: The PE test

The FIRETEC program is configured to remove all stochas-
tic processes from the simulation and is, therefore, programmati-
cally deterministic. However, the time series creation process may
introduce stochasticity through at least two pathways. (i) We are
projecting a high-dimensional data onto a univariate time series.
Projecting higher-dimensional data into lower dimensions can make
it appear noisy due to the “curse of dimensionality,” where dis-
tances become less meaningful, points crowd the center, and noise
can get amplified. (ii) While collecting data, we also vary the length
of the time step, and a deterministic signal, if undersampled, can
appear stochastic or random because the lack of detail hides its
underlying predictable pattern, blurring the deterministic nature
into apparent randomness. To accurately capture determinism in a
signal, the sampling rate has to be high enough. For example, per
the Nyquist-Shannon theorem,” to avoid aliasing and preserve sig-
nals’ predictable nature, the sampling rate must be at least twice the
highest frequency. Therefore, we hypothesize that this lack of spa-
tial resolution, along with the time step length, may contribute to
stochasticity in our results. The CO1 test was designed to identify
deterministic chaos and may give a false positive result when tested
on stochastic time series.””’* Thus, we felt it is necessary to test that
the design of the series we developed from these data maintains
the determinism from the model. We use a Permutation Entropy
(PE) test that recognizes stochasticity with two possible outcomes.
According to the original developers of the test, the test classi-
fies dynamics as stochastic when € < 0.1 or deterministic when
Q>0.1."

Permutation entropy relies on ordinal analysis to find com-
mon repeating patterns based on the natural order to a system. For
instance, the alphabet has the order a-b-c-d-etc., not p-z-a-r-... or
any other combination of letters. Using this “natural order,” we can
find the likelihood that particular arrangements of letters arise in
words by representing these arrangement patterns as a permuta-
tion, or a numerical sequence showing their order according to the
natural order of the letters. The permutation entropy is then the
likelihood of the permutations occurring within the sequence.””*

For instance, consider the series {B, D, A, C, E}. If we split the
series into sequences of length r = 3, we have {B, D, A}, {D, A, C},
and {A, C,E}. We then use ordinal analysis to assign a permu-
tation to each sequence based on the order of the letters and
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which come before or after the others in alphabetical sequence.
The list of permutations for » = 3 includes r! = 3! = 6 possibili-
ties: 123, 231, 312, 213, 321, 132. Consider our first permutation:
{B, D, A}. Since A is the lowest letter in alphabetical order, we assign
ita 1. B is the next highest letter, so it becomes 2, and then D is now
3. This makes the permutation, {B, D, A} = 231. Similarly, we have
{D, A, C} =312 and {A, C, E} = 123. We then calculate the permu-
tation entropy of order r for the series as Zf‘zl —pilog, (p:), where r!
is the total possible permutations of r and p; = the probability of the
ith permutation.”

Since our number system also has a natural order, the PE test
finds ordinal relations between the values of our time series and cal-
culates the probability of these patterns. When investigating time
series with numerical values, we can see that a permutation of 123
indicates that the data are monotonically increasing and 321 indi-
cates monotonically decreasing. Similarly, a permutation of 213 or
312 reveals a local minimum while permutations 132 or 231 reveal
a local maximum. Using ordinal analysis with a higher order, like
r = 6, we can organize the data to find how often the data show
a local maximum followed by a local minimum, or other common
patterns that could exist. This approach gives a quantity of complex-
ity or irregularity of the system and how it changes between time
steps.®

The test involves comparing the permutation entropy of a set of
stochastic series built from flicker noise to the permutation entropy
of our series.”’ Flicker noise is a well known stochastic process where
the noise is generated from a power spectrum in which the frequency
is inversely proportional to the spectral density.” The test calcu-
lates the permutation entropy of our time series of order r = 6 and,
according to Boaretto et al.,* if the values are similar to those of the
flicker noise, (< 0.1 difference) then the time series is designated as
stochastic. If the values differ (>0.1), the time series is designated as
deterministic. Boaretto et al.”’ tested this method on multiple known
stochastic and chaotic systems as well as some empirical datasets
to show the validity of the method. We illustrate the PE test using
50 normally distributed random series and the logistic map with 50
parameter values (1) evenly spaced between 3.5 and 4.0, as originally
done in Boaretto et al.”’ Figure 6 shows that the PE output is close
to 0 for the normal random series, strongly indicating stochasticity.
The logistic map also accurately presents as deterministic for all runs
with u € [3.5,4] in which the system toggles between deterministic
chaos and stability.

IV. RESULTS AND DISCUSSION

In the following figures, we represent all 507 series for each
variable v € V = {Q, T, U, w} divided into 39 series at the Fireline,
F,(x), one for each x-coordinate with x € X = {5,10,15,...,195}
per variable, v, and 234 for the I, ,(x) and L, ,(x) series, one for each
offset coordinate n € {—3, —2, —1, +1, +2,+3} (Sec. II B).

Figure 7 summarizes the results for all 2028 time series and
shows how each result for the tests is distributed among the vari-
ables. We see that the majority of the series are chaotic with 61.2%
of the COI test results showing chaos. The PE test results are highly
deterministic with 98% of the series showing determinism. The
highest variance in results from the CO1 test occurs in T, while the
stochasticity from the PE test results is only showing in the vertical
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FIG. 6. Output for the Permutation Entropy test used to distinguish between
deterministic and stochastic behavior. The logistic results show deterministic
behavior for each of 50 runs in which the run number relates to evenly spaced
parameter values for u € [3.5,4.0]. The random results show that all 50 normally
random series accurately showed stochastic behavior. The Lyapunov exponents
presented are calculated from the logistic map for each of the . values described
above. The exponents are a measurement of the rate of divergence between
two points that begin very close together. A positive Lyapunov exponent implies
divergence, while a negative Lyapunov exponent implies convergence.

wind velocity, w. Q exhibits deterministic chaos more often than
the other three variables. In the following subsections, we dive into
these results and hypothesize about the motivating factors for some
of these outcomes.

A. Determinism and stochasticity

If a series is deterministic, we can construct a “deterministic
map” that inputs a unique value at a particular time step, applies the
map, and outputs a corresponding unique value for the next time
step with reasonable accuracy. We can see from the bar charts in
Fig. 7 that according to the results from the PE test, the fire-induced
variables T and Q are entirely deterministic, along with the hori-
zontal wind magnitude, U. The vertical wind velocity, w, however,
shows approximately 8% of the runs as stochastic, showing a PE
test result of 2 < 0.1. From previous work on wind dynamics done
by Lorenz,"” we know the winds are chaotic in the real world. We
hypothesize that the length of the time step, the dimensional reduc-
tion, and the spatial resolution for the FIRETEC model contributes
to the stochasticity in our results, as discussed in Sec. I11 B.

To evaluate this hypothesis, we test the sensitivity of our tests
to the length of the time step. Unfortunately, due to the extreme
computational expense of creating the simulations using FIRETEC,
we are restricted from increasing the sampling frequency in our
simulation, so we do a minor sensitivity test by decreasing our sam-
pling rate and analyzing the effect on the results of this test. To do
this, we test a time series built from every other time step for each
x-coordinate in F,, doubling the length of the time step, from 0.1's
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to 0.2. These series, F,, have only 3500 time steps instead of the orig-
inal 7001. We find that the CO1 test results are very similar for the
short and longer series as can be seen in the top panel of Fig. 8 with
a mean difference in values on the order of 1072. The PE test results,
however, are significantly lower than with the longer series with a
mean difference in values on the order of 10~! (Fig. 8, bottom panel),
indicating a sensitivity to the length of the time step for this stochas-
ticity test. While this would be beyond the scope of the present work,
future studies should verify this finding by examining the parameter
space, including time step length.

B. Variable and spatial analysis

We note that the spatial resolution for these simulations is 2 m
x 2m per cell, which can be considered large for some of the sub-
grid turbulent structures in the flow field. When we choose a single
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FIG. 8. Results for F, and Fy with the regular time series and another in which

only every other time step was used (IEU and f:W). Note that the C01 test does not
show sensitivity to the length of the series whereas both shorter time series for
these variables show significantly more stochasticity than the longer series.

value to represent the wind behavior for the entire cell we may be
losing information critical to the wind dynamics. In addition to that,
we are using the infinite fireline described in Linn et al..”” Accord-
ing to Canfield et al,”* changes that could result from this “infinite”
fireline include pushing the winds through the fireline rather than
being redirected around it, as happens with shorter firelines. Thus,
the structure of our infinite fireline may be contributing to the lack
of chaos showing in U and the increased stochasticity in w.

We design these series based on the leading edge of the fire-
line, the point at which combustion initially occurs in the fuel. As
can be seen in Fig. 9, all of the Fy series (the horizontal winds) are
non-chaotic or inconclusive and the other three variables are clus-
tered with Fq (convective heat transfer) showing all deterministic
chaos and the most clustered values for all series. F,, (vertical wind
velocity) is also all chaotic from the C01 test, but four series show
stochastic behavior with €2 slightly less than the threshold for the
test, 0.1. Fr (temperature) shows a high level of determinism from
the PE test, but 5 of the 39 series have an inconclusive CO01 test.

There is a strong spatial similarity between the outputs for both
tests involving the two fire variable series, Fr and Fq (Fig. 9), show-
ing the relationship between the temperature of the solid, T, and
the temperature’s inclination to travel through the gases from one
solid fuel to a neighboring cell. We observe high correlations in the
outcomes with a Pearson correlation coefficient of 0.742 for our
CO1 results and 0.811 for the PE results. This means when we see
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FIG. 9. Results per variable for F, (x) for all variables v € V = {T, Q, U, w} and
all 39 spatial coordinates x € X = {5, 10,15, . .. 195}. Top panel represents the
C01 output (K) and bottom panel shows PE output (£2).

a local maximum or minimum in F;, there is often a correspond-
ing local maximum or minimum in Fr (Fig. 9). The magnitude of
these spikes in the C01 result values (K) is much larger in Fr, but the
changes in values between neighboring spatial coordinates have sim-
ilarities. Since the F(, values are all close to 1, which is the maximum
boundary result for this test, we hypothesize that the magnitude of
changes between spatial coordinates are suppressed when the val-
ues approach that maximum. In the lower panel of Fig. 9, we can see
similar local maximum and minimum correspondence for these two
variables as well in the PE (2) output. For this determinism result,
the magnitudes of the changes are more closely related, presumably
because neither set of results is approaching a boundary for the test.

The results are separated by variable and colored by series type
in Fig. 10 where we observe a cluster in the bottom right corner of
each panel corresponding to Q and w. For T, Q, and U, this cluster
is limited to the lateral series results (L,,) and shows a higher C01
test result (stronger chaotic signals) and a lower PE test result (more
stochasticity). The lateral series use spatial locations directly perpen-
dicular to the movement of the fireline for the x-coordinate of F, (x).
Because of this construction, these cells may be within the combus-
tion zone at times and in the preheating zone at other times during
the course of the series, depending on the structure of the front wave.
This means these series are experiencing phase changes within the
series, possibly resulting in more chaotic signals. The lateral series
(Ly,,) are also showing more stochasticity than the inline series (I,,),
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series.

which could also be explained by the phase changes occurring. How-
ever, only in w does the PE signal reduce enough to show a clear
stochastic result. The w variable is also the most tightly clustered at
the bottom right of the graph with all series types very close together,
showing that those series were 100% chaotic according to the C01
test with only 61.5% of them being deterministic. As we discuss in
Sec. IV A, it is reasonable to assume that many of these stochastic
signals would show as deterministic if we were to shorten the length
of the time step.

The four variables we investigate for this project are not entirely
independent. The behavior of Q is heavily dependent on the wind
variables U and w as well as the temperature of the gas and the tem-
perature of the solid, T. Similarly, T is directly affected by the con-
vective heat transfer Q from the surrounding air (see Appendix A 3).
Although we separate these components to develop the time series
for testing, we must also investigate the results of all four variables
together for each type of series. We examine 507 sets of series, each
set consisting of all four variables for each series type and location.
Even though we have 59.2% of all separate series that are both deter-
ministic and chaotic, we find that none of the time series had all four
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variables simultaneously exhibit determinism and chaos with U fail-
ing 99% of the time. Discounting U, the other three variables show
deterministic chaos 43% of the time with T failing most often.

The Inline series (I,,,) shows the most variance in the C01 test
results spanning all three possible outcomes almost equally in T,
and with Q showing mostly chaos with a few inconclusive and non-
chaotic results, and U showing mostly non-chaotic results (Fig. 10).
To investigate this further, we split the Inline series into those from
in front of the fireline in the preheating zone (1 < n < 3) and those
behind it (—3 < #n < —1) within the combustion zone. Figure 11
shows that for both fire behavior variables T and Q, the series from
within the combustion zone are showing far more chaos than those
in front of the fireline. Since temperature in front of a fire can jump
as much as 1000K in just a few meters,”” we see that in the pre-
heating zone, the temperature series are less chaotic as they rise
to the ignition temperatures. Once ignition occurs and combustion
processes ensue, the chaotic signals increase as expected. This dis-
crepancy does not occur with the U horizontal wind magnitudes,
however, which we assume is due to the entrainment processes
drawing the winds through the combustion zone from in front and
behind the fireline. Since the vertical winds are intricately involved
in the three-dimensional flow field and turbulence in the atmo-
sphere, we hypothesize that as the combustion zone approaches the
spatial locations in front of the fireline, Wildland Fire Entrainment
(WFE) induced flow fields emerge and the ambient winds align with
these entrained flows that are drawn into the fireline due to buoy-
ant forces.”>** This action appears to organize the horizontal wind
magnitude as there is no stochasticity or chaotic signals for U in
this region, but it also appears to induce stochasticity in the vertical
wind velocity, w. WFE is an established phenomenon that is known
to impact combustion zone ventilation and, thus, flame characteris-
tics as well as fire spread and the behavior of merging fire lines, "
and this is a reasonable hypothesis for the organization and lack of
chaotic signals present in this region.

From the work of Drossel and Schwabl,” Ricotta et al," and
Turcotte et al.,”” we know that fire tends toward certain organiza-
tional patterns. In fire dynamics, this includes fire whirls'* and the
development of counter-rotational vortices which lead to towers and
troughs, a specific phenomenon that can be seen when viewing fire
behavior in these marginal conditions.” The high level of correla-
tion between F, and the I, series indicates that there is a relationship
between the fireline and those corresponding coordinates in front
and behind the line, which could be indicative of this self-organizing
behavior. It is plausible that since we are using univariate time series,
the variance in behavior is showing these towers and troughs inside
the fireline. We postulate that if we could track the towers and
troughs as the fire moves through the domain, we could begin to
see how each of these series is affected by their position within this
phenomenon. In particular, our work recognizes some spatial com-
monalities in the series among the fire-induced variables T and Q.
These commonalities may indicate new organizing dynamics that
will need to be investigated further.

C. Threshold analysis

As stated in Sec. I1I A, the threshold we choose for our test
results could drastically change the results we obtain. Looking at
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Fig. 10, we have a vertical line at K = 0.9 in addition to the thresh-
old we chose (K = 0.5). Examining this figure, we can see that if we
move the threshold for chaos detection to 0.9, we vastly increase our
inconclusive zone. In fact, our results would change to show only
24% positive for chaotic signals increasing our inconclusive results
to 51.6%. This would affect the results for T and Q the most, each
losing almost half of their series. The chaotic signals in T fall from
49% chaotic with the lower threshold of 0.5 down to 3% at 0.9,
and in Q from 95% down to 46%. From Fig. 11, we see that all of
the convective heat transfer series from inside the combustion zone
maintain their chaotic signals, so the inconclusive range moves to
the preheating zone in front of the fireline. We can also see that all
of the remaining T series are also within the combustion zone. As
discussed in Sec. I1I A, the inconclusive range does not indicate sta-
ble behavior, but requires a more in-depth analysis of the series to
see if there are chaotic signals or not. Given that we see in Fig. 5 that
the CO1 test struggles with signals “on the edge of chaos,” which is
also discussed in Gottwald and Melbourne’s comment.””

Figure 12 shows the changes in results for each variable
across five threshold values, {0.5,0.6,0.7,0.8,0.9}. The U values
were already very low and, therefore, are the least affected by
the thresholds. The w output values fall significantly after lower-
ing the threshold to 0.7, losing almost half of the chaotic signals.
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FIG. 12. Changes in results for different threshold values of the C01 test. We test
values in {0.5, 0.6, 0.7,0.8,0.9}.

Both the convective heat transfer Q and the temperature of the solid,
T, lose similar percentages with each threshold lowering, which
shows the relationship between these variables clearly.

D. Limitations

We note that there are a few limitations to this study that affect
the results. First, we limit our study to a single FIRETEC simula-
tion, using specific fuel and wind parameters that would keep the
fire burning but also present marginal fire behavior. By designing
our simulation to have cyclic boundary conditions on the lateral
sides and designing the time series to be single dimensional, we were
able to study several thousand time series from this one simulation.
Using a single simulation offers us the ability to analyze the time
series without having to factor in simulation parameters as possi-
ble causes for the differences in results for each series. Future work
should explore the impact of changing simulation parameters that
were held constant, such as fuel heterogeneity, moisture levels, time
step lengths, and ignition parameters.

We also limit our study to the four variables we consider to be
the most influential in fire behavior. As stated in the introduction,
the three main drivers for fire behavior include weather, fuel, and
topography. We eliminated topography from the simulation and the
fuel is homogenous so all the time series would be held constant with
those two drivers. For weather, the two wind variables—horizon-
tal wind trajectories (U) and the vertical wind speed (w)—are the
main contributors to the flow field when affected by the heat of the
fire. The heat variables we choose—the convective heat transfer (Q)
and the temperature of the solid (T)—are descriptive of the thermal
properties of the fire. Other variables should be considered in future
simulations for comparison to the results that are outlined above.
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The methodological choices underlying this study warrant
careful scrutiny and transparent reflection. Although Sec. III pro-
vides a detailed justification for these selections, it is acknowledged
that multiple alternative techniques are available for detecting and
characterizing chaotic dynamics. A data analysis pipeline was con-
structed to implement several such methods, including recurrence
plots and the computation of various fractal dimension measures,
such as the correlation dimension. These methods, however, did not
produce robust or reproducible results for the current dataset. This
limitation is primarily due to the challenges associated with reli-
ably estimating the necessary embedding parameters. Consequently,
these approaches were excluded from the final analysis. Certain
nonlinear time series methods circumvent the need for embedding
parameter estimation entirely. For example, the approach proposed
by Solé and Bascompte®” enables the estimation of Lyapunov expo-
nents without phase-space reconstruction, making it a promising
candidate for future application. The results presented in this study
are intended to provide an empirical foundation for more advanced
implementations of such techniques. Specifically, the insights gained
here may inform more principled parameter selection strategies,
motivate the collection of longer observational records, or suggest
alternative preprocessing approaches that improve the reliability
and interpretability of correlation-dimension and recurrence-based
analyses. More broadly, a wide range of analytical tools from com-
plex systems theory remains to be systematically explored in this
context. To the authors’ knowledge, this work represents an ini-
tial and necessary step toward examining fire behavior through
the conceptual and mathematical framework of nonlinear dynam-
ics. The findings reported here are expected to stimulate further
investigations that will validate, extend, and refine these results
using complementary and increasingly sophisticated methodologi-
cal approaches.

The CO01 test suffers from a few limitations that have been high-
lighted in the literature and should also be acknowledged here. As
shown in Fig. 5 and discussed in Secs. IIT A 2 and IV C, the method
can misclassify “weakly” chaotic or intermittently chaotic regimes,
where the growth of the mean-squared displacement could be sub-
linear and the computed K lies in the inconclusive range, making
the decision threshold ambiguous.” Second, the test is sensitive to
additive measurement noise and stochastic perturbations can inflate
the mean-squared displacement, producing spurious “chaotic” read-
ings or, conversely, masking true chaos.”"”° Finally, the 0-1 test
does not distinguish among different types of chaotic behavior
(e.g., hyperbolic vs non-hyperbolic) and the test’s false-positive and
false-negative rates increase for high-dimensional systems or heavy
turbulence.”’>* While we tried to mitigate these limitations by
combining the CO1 test with the PE test and examining changes in
threshold and results from the logistic map, these limitations may
have affected the results we obtained from this study.

It is also important to recognize that the selection of param-
eters and steps involved in time series construction in the above
analyses warrants further scrutiny. Most techniques in nonlin-
ear time-series analysis require several methodological choices,
including embedding parameters, thresholds, window lengths, and
preprocessing steps; the methods employed in this study are no
exception. Although we have provided justification for our parame-
ter selections in the preceding sections, it should be acknowledged
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that alternative choices could affect the resulting diagnostics. For
instance, in Sec. ['V C, we demonstrate that the outcomes of the C01
test can vary depending on the selected threshold. Such sensitivity
may also depend on how the time series are constructed. In particu-
lar, the spatial placement of the measurement series or the choice of
reference signals—such as comparisons between interior measure-
ments and those taken near the fireline—could lead to qualitatively
different outcomes in the analysis.

The final limitation of this study is our use of a fire simula-
tion without comparison to field collected data. Producing data from
field experiments is challenging due to thermal sensitivity for sensor
technology, changes in expected environmental conditions during
the burn, and due to the chaotic nature of the natural wind field, dif-
ficulty matching a FIRETEC simulation to known conditions. We
are working on developing an experimental design that minimizes
the impact of quantification through measurement on the outcome
of the fire behavior, which can be challenging in such a complex
system.

V. CONCLUSIONS

A broad range of behaviors has been observed in marginal
fires. Some experience sudden extinction, while others transition
into self-sustaining fire. In the past, this sensitivity has been stud-
ied with respect to initial wind conditions>* and moisture content.”
We attempt to capture this potential transition point to test the sys-
tem for the emergence of chaotic dynamics using simulations with
FIRETEGC, a coupled hydrodynamic-fire behavior model.

FIRETEC Produces Deterministic Chaotic Signals in Fire
Behavior. We find the model presents a broad range of results with
61.2% of all 2028 series designated as deterministically chaotic—a
result indicating that FIRETEC simulates fire behavior with strong
chaotic tendencies. Our study shows that the series tested from
the temperature of the solid fuel (T), the convective heat trans-
fer (Q), and the horizontal and vertical wind magnitudes (U and
w) all produce chaotic signals in different circumstances, depend-
ing on spatial location, time series design, and characteristics of the
variables under review. The preheating zone in front of the fireline
shows far less chaos than from within the combustion zone, a result
that supports the original conjecture that ignition causes a phase
change in the behavior of these variables.

Stochasticity Comes From Model and Analysis Design. We
find stochasticity from the Permutation Entropy (PE) test in our
vertical wind velocity time series. We also find that the PE test is
sensitive to the length of the time step and longer time steps produce
more stochastic results. The structure of the domain may also con-
tribute to the stochasticity in our results as a spatial resolution of 2 m
%2 m may be too large to detect the sub-grid turbulent structures of
the flow field. The infinite fireline in the design of our simulation
may also be interrupting the natural entrainment processes, as well
as the dimensional reduction necessary for our methods of detecting
chaotic signals.

Spatial Relationships Affect Chaotic Signals. The preheating
zone in front of the fireline shows less chaotic behaviors as the tem-
peratures rise to ignition, and the combustion zone shows more
chaotic signals, as expected. The infinite fireline we use in the design
for our simulation may directly contribute to the structure of the
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flow field, affecting the horizontal wind magnitudes (U) more than
the other variables in the study. We also find that our fire-induced
variables, T and Q, are highly correlated when compared for the
same spatial coordinate series.
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APPENDIX A: HIGRAD-FIRETEC

Here we describe the governing equations for calculating the
variables we used within FIRETEC and its coupled hydrodynamic
solver HIGRAD. HIGRAD-FIRETEC is, in its essence, a modified
Navier—Stokes system that takes an ignition sequence and a fuel bed
or canopy arrangement as inputs. FIRETEC works with HIGRAD to
track the fire movement throughout the domain space. HIGRAD is
an atmospheric simulator that uses a Method of Averages scheme to
decrease computational expense.®
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1. Definitions

e Solid: The combination of the combustible fuel and the water
within a given material.

o Fuel: The dry portion of the solid.

e Cell: The three-dimensional cube at a given coordinate in the
FIRETEC domain space.

e Cylinder: The basic building blocks of the fuel within a particu-
lar FIRETEC cell; all fuel is modeled to be made up of several
cylinders such that environmental factors may move through
the area in between each cylinder.

2.Q

Q stands for Convective Heat Transfer and is used in FIRETEC
to describe the transfer of heat from the gas to the solid within a
given cell. It is positive when the gas in the cell is hotter than the
solid in the cell as it is measured from the perspective of the solid.
The equation is related to the basic convective heat transfer formula
from Cengel and Ghajar,”

Q= hy(Tg -1, (A1)

where

e K is the convective heat transfer coefficient (units = Wm™2

K,

e y is a scaling coefficient based on the relationship of the bulk
density to the true density,

o T, is the temperature of the gas in the cell, and

e Tis the temperature of the solid.

Note that since we are subtracting T from T, this value can be neg-
ative when the gas in the cell is cooler than the solid. We define each
of these parameters below.

The parameter h can be derived from using the Nusselt num-
ber, which in thermodynamics can be defined as the ratio of the
convective heat transfer to the conductive heat transfer,

hohL

Nu= ——=—,
GJ/L G,

(A2)
where C, is the thermal conductivity or specific heat of the air (units
=W m™' K1), and L is a characteristic length which we define as
the radius of the cylinder (units = m). When we solve for A in this
equation, we find

NuC,

h= . (A3)

In practice, we define the Nusselt number as a function of the
Reynold’s number to represent forced convection within the fire. In
FIRETEC, the vegetation is modeled as a collection of cylinders of
ranging sizes (i.e., 0.005m for grass) so that the wind may travel
through the cylinders and spread the fire. Thus, we use a Nusselt
number associated with crossflow wind across a cylinder,”’

Nu = 0.683Re™*%, (A4)

and altogether we get
C
h=0.683ReM L, (A5)

with units of W/m=2 K~

pubs.aip.org/aip/cha

For the parameter y, we use an area per volume and define it
as the ratio of the bulk density of the fuel in the cylinder to the true
density of the fuel, multiplied by the radius of the cylinder, L. The
bulk density of the fuel py is defined as the mass of the fuel to the
volume of the cell, and the true density of the fuel p, is defined as
the mass of the fuel to the volume of the fuel,

1
y =2a——, (A6)
po L
where a is a dimensionless correction factor for a change in the ori-
entation of the cylinder. This equation can be expressed as being
the surface area of the cylinder to the volume of the cell and has
units 1/m.

3.T

T stands for the temperature of the solid. Using conservation
of energy laws, this quantity is calculated using the specific internal
energy of the solid (E;) divided by the heat capacity for the solid
material at a constant pressure (C,),

E
T=_—". (A7)
Cps
We use the Kopp-Neumann Law”” to define C,,
Cpw + prC
Cp,s _ Pwlp, PF p,f) (A8)
Pw + P

where we take the density of the water within the solid, p,,, and mul-
tiply it by the specific heat of the water at constant pressure, Cy,,.
We add that to pr, the density of the fuel within the solid, multiplied
by the specific heat of the fuel at constant pressure, C, 5 and divide
that sum by p,, + pr = p, the total density of the solid. We define
the change in the energy of the solid (Es) as

dE;
dt

where we have

= Qconv + GSAHRXN - Ef,m + AI_IEVAP - Ew,m + Rs» (A9)

e Q = the convective heat transfer (see Appendix A 2)
e OsAHpxy = the amount of energy from combustion returning
to the solid with
— 65 = the proportion of the combustion energy that returns
to the solid and
— AHxy = the total energy generated through the combus-
tion reaction
o Ep, = mCyTryxy is the loss of energy attributed to mass loss
during combustion with
— my = mass of fuel lost
— G, = heat capacity of the fuel
— Trxn = temperature of the combustion reaction
e AHgysp = amount of energy lost due to evaporation of the
water in the solid
e E,, = the loss of energy attributed to water loss through
evaporation
e R, = —0.80y(T* — T}) is the energy added to the solid through
radiation with
— —0.8 is an emissivity constant for the fuel
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o = 5.678¢ — 8 is the Stefan-Boltzmann constant
y is defined as in Eq. (A6)

T = the temperature of the solid, and

T, = the ambient temperature.

4, Wind variables

The horizontal wind magnitude we are using, UV = +/u? + v?
and the vertical wind velocity W are calculated using HIGRAD, the
hydrodynamics solver coupled with FIRETEC. A complete descrip-
tion and all equations associated with these variables can be found
in Reisner ef al.*
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